Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



tLd^cT 



^oiig.74.^3 2. 



-J 1 



'■■■A 



HARVARD COLLEGE 
LIBRARY 



, V 



C3 CD 



^mipr 



THE GIFT OF 



HAVERFORD CX3LLEGE LIBRARY 



HAVQUORD, PENNSYLVANIA 





3 2044 102 786 225 



V 



MATHEMATICAL WORKS 

BY 

I. TODHUNTER, MX, P.R.S. 

Euclid for Colleges and Schools. New Edition. 

i8mo. doth. 3«. 6d, 

Mensuration for Beginners. With numerous 

Examples. New Edition. i8mo. cloth. 28. 6d. 

Algebra for Beginners. With numerous Ex- 
amples. New Edition. i8mo. cloth. 28. Zd. 

Key to the Algebra for Beginners. New 

Edition, Crown Svo. cloth. 6«. 6d. 

Trigonometry for Beginners. With numerous 

Examples. New Edition. iSmo. cloth. 2$. 6d, 

Key to the Trigonometry for Beginners. 

Crown Svo. cloth. 8«. 6d. 

Mechanics for Beginners. With numerous Ex- 
amples. New Edition. i8mo. cloth. 48. 6d. 

Algebra for the use of Colleges and Schools. 

With numerous Examples. Seventh Edition. Crown 8 vo. cloth. 7». 6d. 

Key to the Algebra for the use of Colleges 

^nd Schools. New Edition. Crown Svo. cloth, los. 6d. 

A Treatise on the Theory of Equations. Third 

Edition. Crown Svo. cloth. 7& 6d. 

Plane Trigonometry for Colleges and Schools. 

With numerous Examples. Fifth Edition. Crown Svo. cloth. 5s. 

Key to the Plane Trigonometry for Colleges 

and Schools. Crown Svo. cloth. 10s. 6d. 

A Treatise on Spherical Trigonometry for the 

use of Colleges and Schools. With numerous Examples. Third 
Edition. Crown Svo. cloth. 45. 6d, 



A Treatise on Conic Sections. With numer* 

ous Examples. Fifth Edition. Crowo 8vo. cloth. 7«. 6d. 

A Treatise on the Differential Calculus. With 

numerous Examples. Seventh Edition. Crown 8vo. cloth. to8. 6d. 

A Treatise on the Integral Calculus. With 

numerous Examples. Fourth Edition. Grown 8vo. cloth, tot. 6d. 

Examples of Analytical Geometry of Three Di- 
mensions. Third Edition. Crown 8vo. cloth. 4«. 

A Treatise on Analytical Statics. With numer- 
ous Examples. Fourth Edition. Crown 8vo. clo^th. i08. 6d, 

A History of the Mathematical Theory of Pro- 
bability, from the time of Pascal to that of Laplace. Svo. cloth. 1 8s. 

Researches in the Calculus of Variations, princi- 
pally on the Theory of Discontinuous Solutions. 8vo. 6s. 

A History of the Mathematical Theories of 

Attraction and of the Figure of the Earth from the time of Newtou 
to that of Laplace. In two Volumes. 8vo. 248. 

The Conflict of Studies, and other Essays on 

Subjects connected with Education. 8vo. loj. 6d. 

Contents. The Conflict of Studies. Competitive Examinations. 
Private Study of Mathematics. Academical Reform. Elementary 
Geometry. The Mathematical Tripos. 

Edited by Mr Todhuntee. 

An Elementary Treatise on Diflferential Equa- 
tions. By GEORGE BOOLE, D.C.L., F.R.S. Third Edition. 
Crown Svo. cloth. 14s. 

A Supplementary Volume. Crown 8vo. clotL 

Si. 6d. 

MACMILLAN AND CO. LONDON. 



KEY TO ALGEBEA. 



KEY TO ALGEBRA 



jf0 tbi list ai CiUtjies an)r Sk^jiak. 



BY 



I. TODHUNTER, M.A., F.RS. 



FOURTH EDITION. 



'EonOon: 

MACMILLAN AND CO. 
1876 



[All Right* retemed.] 



Mfi»V/;ftfi COlL^Ce LIDRAffr 

6lM OF 
HavlnFORD college LbUAftY 

2o{ZS .TC»-S32. APR 6 1936 



EducT 



PBINTBD BY 0. J. CLAT, M.A. 
AT THB UNIVUBSITT PBE88. 



The Key to Algebra for the Use of Colleges and Schools has 
been published in consequence of applications from teachers and 
students. It is hoped that the Key will be acceptable to teachers 
by saving much of the time and trouble which they have to' 
employ in correcting the mistakes of their pupils ; and that it will 
be serviceable to those who enter on the study of Algebra without 
assistance, by affording them guidance and encouragement. The 
examples have been solved in the most simple and natural manner, 
in order to meet the difficulties which are most likely to occur; 
and the processes are given with sufficient detail to render them 



easily intelligible. 



I. TODIIUNTER. 



St John's College, 

November, 1870. 



/ 



KEY 

TO 

ALGEBRA FOR COLLEGES AND SCHOOLS. 

I. 

1. 1 + 6+16=28. 2. 9 + 30-4=86. 

3. 8+24+86=68. 4. 4+96-12a88. 

6. 12 + 72 + 8-0-92. 6. 1 + 9 + 16 + 0=26. 

„ 24 24 24 

7. ~+~- ^=.8 + 8-1 = 15. 8. 256-266+12-6=6. 

9 ?±16_25 _ 216-64 162 

"' 8-3 - 6 ~^* ^"- 86+24+16*" 76 •"^• 

11. V81-\/8+V4=9-2+2=:9. 

12. ^86 + -1/216-^8=6+6-2=10. 

18. (9-6)(3 + l) + (3 + 6)(5 + 7)-112=4x4+8xl2-112 

= 16 + 96-112=0. 

14. 6V(25-24) + 8V(25+24)=6V1+3n/49=6 + 8x7=6+21=26. 

15. 8 V(25-24) + 6V(25+24)=8Vl+6 >/49=8+6x 7=8+85=48. 

16. 10 + 8^(12+4)-(10-8)«/(12-4) = 10 + 8Vi6-2y8 

= 10 + 8x4-2x2 = 10+82 -4=; 88. 

17. (10-5)(Vi6+10) + J{a6-10)(5+l)}=6(4 + 10) + J{6x6} 
=5x14 + 6 = 70 + 6^76. 

(16-l)yi00+25}+V{(16-6)(10+l)} 

= 15 (10 + 25) + ^{11x11} = 15x36 + 11 =525 +11 =586. 

18. yU2 + 3)«x6}+^{(2+6)(6-4)}+«/{(5-8)«x2J 

= /^{5«x5}+4/8 + y{2«x2}=5+2+2=9. 

n. 

5. 4a6-a5«+8x»-2a6 + 2aaB+26a;=2o5+2a?+2aa;+2Jaj. 

6. 6a-85 + 4c-7d-{2a-26 + 8c-(/}=5a-8ft+4c-7(i-2a+26-8c+(i 

=3a-&+c-6<2. 

7. aJ*+4«>-2a:« + 7«-l-{a:* + 2a»-2»2+6aj-lJ 
=a^+4jB'-2x«+7j;-l-a^-2ar»+2a;«-6a;+l=2a:?+«. 

8. 8a*-2aa;+x«-{a«-aa5+a?}=8a«-2aa;+a!'-o*+a«-aB^=2a«-aaR. 

9. 2(a-6)-c+d-{a-6-2(c-d)J=2a-26-c+d-{a-6-2c+2rf} 

= 2a-26-c+d-a+6+2c-2rf=a-6 + c-rf. 

T. K. B 



ni. MULTIPLICATIOISr. 

I 

10. (o+J)a5 + (6 + c)y-{(a-6)a5-(6-<;)y} 

=aa;+6a5+6y +cy- {008- 6aj- 5y + cy} 
=ax+bx+hy+cp- ax + bx + iy - qf-=^lx + ^hy. 

11. o-{5-(c-d)}=a-{6-c+d}=a-6 + c-d 

12. a-{(6-c)-d}=a-{6-c-<Q=a-6+c+d. 

13. a + 2&-6a-{35-(6a-66)}=o+26-6a-{36-6o + 66} 
=a+26-6a-36 + 6a-6ft=a-7ft. 

14. 7a - {3a - [4a - (5a - 2o)] } = 7a - {3a - [4a - (3a)]} 
= 7a-{3a-[4a-3a]} = 7a-{3a-[a]} = 7a-{3a-a} 

= 7a - {2a} = 7a - 2a = 5a. 

15. 3a-[a + &-{a + & + c-(a + 5+c + d)}] 
= 3a-[a + 6-{a+6 + (5-a-6-c-d}] 
=3a-[a + 6-{-d}] = 3a-[a + 6 + d] 
=:3a-a-6-d=2a-6-A 

16. 2a5-[3y-{4fl;- (5jr- 6ap)}] = 2a5- [3.y - {4a5- 6y + 6ic}] 
= 2x- [Sy - {lOx - 6y}] = 2a; - [3y - lOa? + 6yJ 

= 2a;-[8y-10a;] = 2a;-8y+10a; = 12«-8y. 

17. a - [26 + {3c - 3a - (a + &)} 4- 2a - (6 + 3c)] 
= a-[26 + {3c-3o-a-6} + 2a-6-3c] 

= a - [26 + 3c - 3a - a - 6 + 2a - 6 - 3c] 

= a-26-3c + 3a + a + 6-2a+6 + 3c=3a. 

18. a - [56 - {a - (3c - 36) + 2c - (a - 26 - c)}] 
=Va - [66 - {a- 3c + 36 + 2c-a + 26 + c}] 

= a - [66 - {+66}] = a- [56 - 66] = a. 

19. a + 2a; - {6 + y - [a - a - (6 - 2y)]} 
= a + 2a;-{6+y-[a-a;-6+2y]} 
= a + 2a;-{6+y-a + a;+6-2y} 

=a + 2«-6-y + a-a-6 + 2y=2a + aj-26 + y 

=4 + 6-6 + 5=9. 

20. 4a:3-2x2+aJ + l-(3a»-aJ«-a;-7)-(a?-4aj«+2aJ+8) 
=4a:3.2aj2 + a;+l-3{B* + ajHa5 + 7-«» + 4a;«-2»-8 

= BxK 

m. 

29. Each expression will be founds as* + 6** + llx* + 6* + 1. 

30. a+x 

6+ag 

06+60; 
+ aa+sc' 



a6+(a + 6)a;+a:? 
c-^x 



a6c+(a+6)csc + cx' 

+ a6a! + ( a + 6)fle*+a^ 
o6c+^a6+6c+ca)a+(a+6+c)af'+aB*. 



in. klTLTIPLIC:ATION. o 



31. 



X - 
X - 


-a 

-b 

-ax 

-bx +ab 




X*' 

X ■ 


-(a+ 6) 35+06 




9? 
X ■ 


-(a + b)x^ + abx 

- ex* +c(a + b)x-ahc 

-(a+b + cjx^ + iab + bc+cajx- 


-ahc 



X* - (a+b + c) 0^ + {otb+ bc+ €a)x^ - ahcx 

-dsc* + {a + b+c)da^ -(ab + hc+ca)dx + aJjcd 

a^-(a-^b + c-\-d)a? + ai^(ab'^bc+ca + ad + bd + cd)-&e7 

32. We multiply together the first and second factors, then the third and 
fourth factors ; and then multiply together the two Tosults : and we use the 
method of Art. 56. Thus 

{a-^h-e){a+c-b)^{a + h-c)\a-{b-c)\=a^-{b-cY=a^-I^-<^ + 2he, 

(6 + c-a)(or + 6 + c)= (6 + c)«-a«=6» + c2+26c-a* ; 

(6a + c2 + 26c-a«)(a«-&»-c« + 25c) = (26c + 62 + c«-o2){26c-(6S + c«-o2)} 

= 46 V - (69 + c« - a«)8 = Ab^c^ - (6* + c* + a* + 26 V - 2c-a« - 2a^b^ 

= 26V + 2cV + 2a26« - a* - 6* - c*. 

33. (a + 6)(6 + c) = 69 + a6 + 6'5 + ar, 

(c + d){d + a) = d^-\-ed + ac-f-adt 
{a+c){b -d) = al>+bc^ad-cd; 

6'+a6 + 6c+a(j-(d'^ + c(i + ac + a<f) - (ab + b^-ad-'Cd} 
= l^ + db-\-bc + ac-d^-cd-(ic-<id — ab-bc + ad + cd 
=6«-rf2. 

34. (a + 6 + c+<f)«=a' + 6*+c' + d* + 2a6 + 2ac + 2flKi + 26c+26<i + 2c(Z, 
{a--b-c+d)^ = a^+b^ + (^-^d^-2ab-2ae + 2ad + 2bc-2bd-2cd, 
{a-b + c-'d)^=a'^-\'b^ + c^ + d^-2ab+2ac-2ad~2bc + 2bd-2cfL 
(a + b-'C-dy=a^ + h^ + t^ + d^-\-2db-2ac-2ad-2bc-2bd-{-2cd. 

Thus the sum is 4(a« + 6« + 0^ + d^). 

35. See Art. 55. 

36. (a + 6 + c)'- (06+ ac-a«) - (6a + 6c - 6«)-(«i + c6- c») 
= (a + 6 + c)9 - a6 - CMJ + a' - 6a - 6c + 6* - ca - c6 + c' = &c. 

37. 3(flj-y)«(« + y) = 3(x'-2a;y + y»)(a; + 2^) = 3(!r3-a;V-fl?/' + ?A 
S{x + y)^{x-y) = S(x'-\-2xi/ + y^)(x-y)=S{ix^ + x'-i/-xy*-f); 

and see Art. 55 for (x - y)' and {x + y)'. 

38. Use the result of Example 32. 
39* Use thq result of Example 32. 

40. It win he found that 

(« + y)8 = «8 + 8ai7y 4. 28a:^» + Sex'y' + 70«*y* + 56a^3^ + 28x2/ + 805/ + y«. 

41. («« + scy + y2)« - («« -ay + y»)« = (2x« + 2y^){2xy) = 4ay (a? + y^j . 
see Arts. 55 and 56. 

42. See the preceding solution. 

b2 



4 IV. DIVISION. 

43. It wm be found that (a;«-8a: + 2)«=a?*-6aj3 + 13a?-iar+ 4. 

44. When we arrange the expressions snitablj we find we have to 
multiply a5?-«KB*-o*x+a* by Q^--aa^-a^-\-<]fl, 

45. (o+5)«=a«+2a6+&«; (a-5)«=a»-.8o«6+Sa6»-6». 

46. #(»-26)(«-2c) = «»-2»'(6 + c) + 46c», 

«(«-2c)(*-2a)=«*-2«2(c+a)-»-4ca», 
«(«-2a,(«-26)=«'-2<*(a + 6) + 4a^; 

by addition we obtain 

S*" - 4»« (a + 6 + c) + 4« (6<j + CO + a&), 
that is 8«'-4a3+4«(6c+co + a6), 

that is -«'+4»(6c-f'Ca+o6). 

Again (« - 2a)(# - 26)(« - 2e) -t 8a&? 

««> - 2<3 (a + 5+ e) + 4« (he-¥ ca+ a6) - 8a5tf+865e 
that ii -»'-h4»(6c + ca + a5). 

IV. 

18. The product is aJ» - 24aj* + 144a?« - 256. 

19. The product is aJ»- 6a?* + 3a5*+ 6a5^- 7a:+2. 

20. The product is 2a7 - 8a!« - 3ar^ + 12a!* -7a55 + 28a? + 3af- 12. 

21. See Art. 70 for the factors of a' + at* and of o* + aV + ae*. 

22. The product is aj« - 2afia - a^a* + 4aj=*a' - a^a* - 2aJo' + a«. 

23. a^-bc \a* + o«(6+c)-a6c~6*c-6c*/ a+6+c 

a^{b + e) '-bc(b-\-c) 

25. The product is a? -6a:»+15a:^-20!r» + 15a? -6aj + l. 

27. ac + y-l \flc* +3yaj+y'-l/ a!»-a(y-l) + y* + y+l 

y a? + arMy-l) V 

-a?(y-l) + 3j«;+y»-l 
~a?(y-l)-g(y«-2y+l) 



. a? &* + y-t>)+y'-l 

28. 0+6-C W* +3a5c+6»-(j'/ o«-o(6- c) + &*+&c + c* 

Ja^-\ -a»(b^e) \ 

-o«(6-c) + 3a^ + 6»-c' 
-.a»(6-(.)-a(6«..26c-Hc») 

30, a(6+c)-Jc \a«(J«-c») + 2a6c3-62c3/ a(6-c) + 6c 

y a«(6»-c«)-a6c(6-c) V 

0(60=* +6=^6) -6«c» 
o.(6c«+6M-ftV 



IV. DIVISION. 

31. {a + b-c) (rt-6 + c) = a«-6«-c2 + 26<j 

32. The dividend arranged according to powers of a is 

a + b \a*(5 + c) + a(6«+26c+c«)+6G(6 + c)/ a(6+c) + 6c + c^ 
y a^{b + c) + a{^+bc) \ 

a{bc + <^) + be(b + c) 
a{bc-\-€^) + be{b + c) 

33. The dividend arranged according to powers of a is 

a« - Sa*bc + 3a*6V + 76 V 
a« + 5<j \ a« - 3a«6c + 3a«6 V + 76V / o* - 4a«6c + 76V 



J \a«-3a*6c + 3a«6V + 76V/ « 



-4a'»6c+3a«6V 
- 4a*bc - 4o^6 V 

7a«6V+76V 
7a«6V+76V 

34. It is convenient here first to divide by ac > a, and then to divide the 
quotient by a + 6. 

Dividing by « - a we have by Art. 70 

6 (»* + 005+ a') + a* (« +a) + a', 
that- is a^^a*{b + x)+a(bx+x^) + ba^ 

a + b \a' + a*(6+a;) + a(6«+ic*) + 6a;^/ a^-^ax + x^ 

y^+^6 V 

o*«+a(6« + x') + 6a:* 
a^x + abx 

-T • 

oa;* + 6«* 



35. y-«+z \y'(aH-22)-y^+y(-«3+aB»-22»)+a!'2-a-23/ y2(a;+2z)+y(a;2-22?)_a»(a;+£) 
• / yg(g + 22)-fy^(-g«~ag+22') \ 

y2(«»-22«)+y(-iB»4-aa5«-22») + ic3z- 
y=»(«*-2z«)+y(-a? + a:*g+2a»«-2z») 



y«(«*-22«)+y^-iB»4-aa5''-22;») + ic3z-a2« 

'-y{xh + xz^ +ix?z-x^ 
- y (a?2 +a»') +a:^8 - stz* 



36. a-6 + c \a«(6 + c)+a(-6« + c«+6c)-62c + c*6/ a(6+c) + 6c 

/ a«(6 + c)+a(-6« + c«) V 

o6c-6"^c+c*6 
o6c-6'c + c*6 

37. The divisor is (a-b){x+a+b); so we first divide the dividend by 
a-b: this gives a*-»(a* + a6+6^) + a6(a+6) 

a;+a + 6 \a? -a;(a^ + a6-f-6*) + a6(a + 6) / x^-x{a + b)+ab 
/ a^+a^(a+6) V 

- flc* (a + 6) - a; (o'' + a6 + 6*) + a6 (a + 6) 
-^a^(a + 6)-a;(aH2a64-6a) 

xa6 + a6(a + 6) 
xah + ah(a-j-b) 



6 V. MISCELLANEOUS EXAMPLES. 

38. The dividend . 

=--a(;i^--t^)--^{pt?-P) = {a-x)(7?-''t^)={a-x)(x-{-h){x^h). 

S9. a«-a (6+c)+6c \ »» (h-c) +a (-i»+c3)+6»c-.6c» / a (6-c)-f-^'^-c* 

J a« (6-c)-o» (6«-c«)+o (6«<?-6c^) \ 

40. The dividend={a*+6»+c»)«'+(a*+6*+c«)y«. 

41. The dividend 

= 6(a"'^-a^) + fl5(a*-x') = (&+fl5)(a«-a;') = (5 + x)(a-«)(a + flf). 

42. The expression = (a - c?)« - (6 - c)«. See Art. 70. 

43. First divide by x+a : this gives 

6 (sc* - aa + a^) + 00! (a; - a) +a*, 
that is 6(jB»-aa; + a2) + o(a?-aB+a*), 

that is (6 + o) (a* - oa: + a'j. 

44. The dividend = 2 (jc« 4- 6icy+6«*/+y*); or it may be put in tl;e 
form 2{a:«+yy + 6a;y(a^+y«). 

45. The dividend =7a:V+21ar»y« + 35arV + S5dry + 21«y + 7x/; the di- 
visor =05* + 2a^y + 3xV + 2ay + y^, 

47. o!' - x^® = (a* + x^) (a* - x^) ; then resolve the second factor, and so on. 

48. 4o26«-(a« + 6«-c«)' = (2a5 + a«+6'-0(2a&-a2-6' + c') 

= {(a + 6)8 - c*} {c« - (a - 6)2} = «fco. 

49. 4((M2+6c)«-(a«-6'-c«+i«)« 

= {2(ad+6c) + a«-6«-c»+d«}{2(acZ+6c)-a«+6«+c«-«Z»} = &c. 

50. It will be found that the proposed expression 

= (a»+6Hc«)(x« + y^+«*). 

V. 

1 . E ach expression becomes 4 (a + z)'. 

2. 5(l-|^y{8x8»}-|v{8x8}+l=|x8-|x8 + l = 9. 



'• (T-ViH)M-?;/lI4(=-s)i*S 



120 9 15 9 5 „„ 



-(H;/!(T-')t^ll-t^/!K^')l 



+ 10 
3 



_14 4 4 4 10 
~5 ^3"5^3"^¥"^' 



6. Each expression 

«4{a*+6*+c*-2a3(6+c)-26»(a + c)-2c»(a+6) + 8a>6«+3BV+3c2a*}. 



VI. GREATEST COMMON MEASURE. 

7. (»-a)«+(«-5)2+(»-'<;)' + ««=4a>-2«(a+6+c)+a«+y+c^ 

8. 2(«-a)(»-6)+2{«-6)(a-c) + 2(«-c)(«-o) 

= 6«»-4«(a+6+c) + 2a&+26c+2ca 

= -2«»+2a6 + 26c+2ca=--(a+6+c)«+2a5+26c+2ca 

And2s«-o«-6«-c*=s(a+S+<?)*-a«-63-<^=&0. 

9- a(a-6)(»-c)=a{a'-»(6+c)+6c}, 

6(»-<;)(»-a) = J{««-«(c + o) + af}, 
c(«-o)(«-6)s=c{«*-«(o+6)+a6}. 

By addition we get 

28» - 2« (oJ + 6c + ca) + Sahc. 

And 2(« -«)(<- 6) {«-c)=2{83-««(a+6 + c)+«(a5 + 6c + ca)-ak} 

=2 { - «8 + «(a6+ 6c+ cajt - o6c}. 
The sum of these two results is abe. 

10. See Art. 55. 

. 11. (a - aiY = a« - 230^ + a,«, (« - a,)' = «« - 2«aa + a,*, &c. ; 
then by adding the n expressions we obtain 

and 2a{ai+a8 + ... + a,}=n«2; 

so we have the required result. 

12. (^«-a«)((r«-6^ + (<r9-6'){<r«-c») + ((r«-c«)((r«-aS) 

= 3<r* - 4(7* + a^6a + J^c^ + c V 

4 
tlien see Ex. 32 of Chapter III. 



VI. 

1. «*-aj-2 \ aj"-8a!+2 / 1 Divide by 2 and change signs ; 

y g«- a?-2 V a!-2 \SB»- a:-2/ a:+l 

-2»+4 / ag»-2a? V 

»-2 

»-2 
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I 
I 

2. »» + 3«?i-4a;+l2 \ aj»+4aj'+4x+ 3/1 

»« - 9 i«'+3a:?+ 4aj+12/ « + 3 
J op^ -^ 9x V 

3a!»+13fl5 + 12 
8a;« - 27 

13a; + 39 

PividebylS; a? + 3\a;« -9 /a;-3 

y ag^ + 3g V 

-3x-9 
-3a;-9 

3. a!^ + a? + «-3 \ fl5'+3a!?+5a5+3 / 1 

y 2?+ a^+ g-3 V 

2aj«+4aj+6 

Divide by2; «^ + 2« + 3 \ 0?+ a:^+ a5-3 / oc - 1 

y^+2^+3«__ V 

- sc2-2a;-3 
^ >- a^-2a;-3 

4. 05*+ 1 \ a^+fiM^+iwa!+l ( 1 Divide by mac; 

yj^ ±1V a + l)iB» +l(»2_^^i 

""^^ +1 



at+l 
x+l 



5. Divide the first expreBsion by z ; 

3«' + a«-4o* \ 6a;*-7a«-20a« / 2 
y 6aj«4-2aa5- 8a« \ 



-9oa5-12o« 



Divide by - 3a; Sx+ia \ Sx^+ ax-in? lot-a. 

/3x* + 4aaj V 



- 3aa; - 4a' 

— 3aac-4a' 



6. «»-y«)as'» -y»(«» + fl^ Dividebyy*; 

y ag»-g»y« V aj-y)«« -y« / « + y 

g^f'-gy* «y-y* 

aey4-y» sci-y' 
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7. a«»-13«« + 28aj-21 \6a:»+ sB>-44flj+21 / 2 



L \^+ sB>-44flj+21/ 5 
/6a:8-26a:« + 46a;-42 \ 



274B*-90a;+68 
Divide by 9; 8«»-10«+7 \ 3a»-18a!^+23«-21 / «- 1 

- 8a:* + 16x-21 

- 8a:*+10a5- 7 



6a;- U 



Divideby2; 8»-7 ) 8a^-10a;+7 / «-l 

V8««- 7* \ 



- 805+7 

- 8g+7 

8. a:*-a;*-2«+2 \ a5*-8a:»f 2a?+ «-l / «-2 

y g*«- g»-2g;« + 2a8 V 

-2a:» + 4iB»- aj-1 
-2g»+2a!*+4ap-4 

2;i^-5a;+8 

Multiply the new dividend by 2 ; 

2x*-5as+8 \ 20!?- 2«*-4aj+4 / x 
J 2a:»~6 g» + 3a; V 

8«»-7flB+i 
Multiply by 2, and continue the diyision; 

6a:>-14i;+8/ 8 
6«»-16aj + 9 V 

2aj*-6or+8 / 2fl5-8 



«-l \2aj*-6or+8/ 1 
y2aj*-2aj V 



-.3x+3 
-3a;+8 



9. x'-8a»+19af-14 \ «*-7«»+ 8x»+28flj-48 / «+! 

y g*-8ar' + 19g«--14a? V 

a»-ll«« +4208-48 
«»- 8flP*+19g-14 

- 8fli* + 2dx-84 
Multiply the new dividend by 3, and change the signs of the divisor ; 

8«»-23»+34 \ 3a:8_24a;«+57«-42 / « 
y 3a:8-23a;« + 84g? \ 

- flE^ + 23«-42 

Multiply by - 8^ and continue the divisioi:^ ; 

Divide by - 46 ; 
8jr"-69aj+126/ 1 »-2 \ 8a?-28aj+84 / 8ac-17 

8a;*-28a;+ 84 V / 3g»- 6flg V 

-46aj+ 92 -1705+84 

-17«+84 



10 VI. GREATEST COMMON MEASURE. 
10. {r*+2a?-«-2 \a?*- ofi+2x*-¥ «+3 / 1 

-8a;» + 2a5* + 2»+6 

Multiply the new ttiridend bj 8, and diange the signs of the dirlaor ; 

3ar»-2»»-2a;-6 \ Bx^ + Ga? -3aj-6 / x 

y 3g*-.2g»-2a?«-6a? V 

8sB«+2«« + 2x-6 

Multiply by 3, divide by 2, and oontinne the division ; 

12a^+ 8a;«+ 3a;- 9 / 4 



12a?- 8x»- 8a; 



-20 V 



lla;2 + lla;+ll 

Divide by 11; x'+a+l ) 3ar»-2a?-2a;-6 / 3a!-5 

y 3^+3^+8»__\ 

-5x8-5a;-6 
— 6x'-6flB-5 

11. Multiply the first expression by 3 ; 

3a3+6a;a-«+2 \ 12a;*+27ar*+ 6a;'- 6a;-l2 ( 4« 



I \ 12a;*+27ar*+ 6a;'- 6a;-l2 ( 4 
/12a;*+20a;»- 4x»+ 8a; V 



7x* + 10a;«-14a;-12 

Multiply by 3, and continue the division ; 

21a;3 + 30a;a_42x-36/ 7 



2la? + B5x^- 7x 



-36/ "i 
f- 14 V 



- 6ar»-86»-50 



Divideby-6;' a«+7jc+10 ) 3a;3+ s^^a^ ^^ 2/ar-16 

y 3xs + 21ai8+ 80a; \ 



-16jb«- 31a;-»- 2 
-16x«-112x-160 



81a; + lG2 

Divide by 81; «+2 \a^+7x+10 / x+6 

J {x^+2x \ 



6x+10 
5a: +10 



12. Multiply the first expression by 2 ; 

4ir»-18a?+19»-8 \ 4a;*-24a:>+88a5^-12a;+18 i x 

y 4a;*-18g?+19g!«- 3x V 

- 6iF*+19a;«- 9z+18 

Multiply by - 2, and oontinae the division ; 

12x?-38a;«+18a;- 
12a;»-54a? + 67x 



12x?-88a;«+18a;-86/ 8 

- 9 V. 



lex" -39* -27 



i 
I 
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Multiply the new dividend by 4 ; 

16««-89aj-27 \ 16a:»-72««+ 76a;-12 / x 



J \ 16a:»-72««+ 76a;-12 / a 
yi6a?-39»*- 27a5 V 



-83a? + 103a5-12 

Multiply by - 16, and continue the diyiedon ; 

628««-1648»+ 192 / 33 



628a;«-1287aj- 891 



(.' 



~ 3612 + 1083 

Divide by -361; x-3 \ 16a^-39aj-27 / 16aj+9 

y i6ac8-48a; \ 

9a;- 27 
9a; - 27 

13. Divide the first expression by x, and multiply the second by 8 ; 
6a;»+aj«-l \ 12a;»-18a;*-12aJ+ 9 / 2 



L \12a;»-18a;*-12aJ+ 9 / S 
y 12a;3+ 2a;* - 2 V 



-20aj«-12a; + ll 

Multiply the new dividend by 10, and change the signs of the divisor ; 

20a;3^.i2a._il \ 60a;» + 10a;' -10/ 3aj 

J 60a;» + 36 a ;«-33g V 

-26x»+33a;-10 

Multiply by - 10, and continue the division; 

260a;« - 830x + 100 / 13 
260^+1560-143 V 

- 486a; + 243 

Divide by-243; 2x-l \ 20x« + 12a;-ll / 10*+ 11 

/ 20a;«-10a; V 

22X-11 
22X-11 

14. Multiply the second expression by 2 ; 

12»»-15yx+3y8 \l2x»-123AB» + 4y«a;-4y»/ x 

/ 12x» - 15yx« + Syhi V 

83/x*+ y^x — 4y* 

Divide byy; 8a?+yx-4/ U2a?-15yx+ 8y"/ 4 

y i2x»+ 4yx-16 y«V 

-19yx+19y« 

Divide by -19y; x-y \8x'+ yx-4y«/ 8x+4y 

y 8x^-3yg V 

4yx - 4y* 
4yx-4y' 
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15. 2««-ll««-9 \4aJJ + lla^ +81/2 

lla5* + 22a^ + 99 

Dividebyll; »*+2a:»-j 9 \2x» -llaj* -9/2« 

y2gg + 4g » +18a; V 

-4iB»-lla^-18x-9 

Multiply the new diyidend by 4, and ohange the signs of the divisor ; 

4x« + ll««+18aj+9 \4a!* + 8jb« +86/ ob 

y 4a:« + llg»+18g» + 9a; V 

-ll«»-10x*-9x+36 

Multiply by - 4, and continue the diyision ; 

44ic?+ 40x»+ 86a;-144/ U 
44g8 + 121g« + 19aT+ 99 V 

- 81a;*~162«-248 

Divideby -81; «»+2a;+8 )4«»+lla;«+18aj+9 / 4r + 3 

J 4a:^+ 8a« + 12«__ V 

'8x*+ 6a; + 9 
8g«+ 6a;+9 

16. Divide the first expression by a', and the second by ox; as the 
factor a is common to these it will be a factor of the o.aM . ; 

2a»+3a«-9a:» \ 6a»-17a«a;+14a««- 8«» / 8a-13« 
y 6a»+ 9o*ar-27aa:« V 

-26a*a;+41aa:»- ^ 
>26o^-39aa;*+1 17g» 
80ax» - 120aj» 

I)iYideby40a:»5 2a-3a5 )2a*+3aa;-9x* / a+3« 

y 2a«--3aa; V 

6aaj-9a^ 
6aa;-9aB* 



17. 2a;»-13aj+18 \2a>+(2a-. 9)a!»-( 9a+ 6)aj+27 / «+a+2 

y2«» -13«« +18 » V 



I 



«+ 4)a!*-{ 9a+24)a}+27 
;2a+ 4)a^-(13a+26)a;+18o + 36 

( 4o+ 2)aj-18a-9' 

Divide by 2a f 1 ; 2a;-9 \2a;'-18a;+18 / aj-2 

y 2rg«- 9a? V 

- 4a5 + 18 

- 4x+18 
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IS. Multiply the first expression by 2, and divide the second })y ft^; 
2a V - abjcy - 6«y« ) 2a^a? - 2a^bxhf + 2a6*a5y» - 26V ( «* 

- o*6a5V+3aWajy'-26V 

Divide by 6y, multiply by - 2, and continue the division ; 

2aV-6aftiry + 46y / 1 
2aV- otei^- 6VV 



2a'a;*- aJacy 
2aV-2aia^ ' V 



Divide by - 5iy ; ooj-fty \2aV- aJacy— 6y ^ 2aa5 + 6y 



abxy - jy 
o6a^ - Jy 

19. x' + ax^-aajy-y' \ar* + 2a!'y + a;«(y*-o»)-2aar.v«-y* / a5 + 2y-a 

y g*+a ag^ - oji^y - x\^ \ 

(2y-a) «8+x* (y*+ay-a2)+a; (y8-2ay«)-y* 
(2y-a) x^+gg (2ay-a«)+g (-2ay«-f aV)-y8 (2 ?/- a) 

«* (y* - ay) + g (y3 - a^y) + y* - ajf^ 

Divide by y'- ay; 

»'+jc(y+a)+y' jg'+ag' -agy -y'/g-y 

y g»+ gMy+g)+ gy* \ 

- g*y - xy{a+y)-'i^ 

- gV - xy(a-¥y)-y^ 



20. a!" + 3g*-8g*-9g-3 \g»-2g*-6g3+ 4g«+13g+6 / 1 



\g»-2g*-6g3+ 4g«+13g + 6 / 1 
y g» + 8g* - 8ga- 9g-3 V 



-6g*-6g» + 12g^ + 22g + 9 

Multiply the new dividend by 5, and change the signs of the divisor ; 
5jB4 + 6g»-12««-22g-9 15g» + 15g* - 40g« - 46g - 16 / x 



) \ 5g» + 15g* -40g«-46g-16 / a 

y5g«+ 6g* - 12g» - 22ga - 9g V 



9g^ + 12g3 - 18g2 - 36g - 15 

Multiply by 5, and oontlnne the division ; 

45g*+60g3- 90g*-180«-76 / 9 
45g* + 64g8 - I08g 8 - 198g - 81 V 

6g8+ 18*5+ X8gi. 6 

Divide by 6; g» + 3»«+8« + l \5g<+ 6g»-12g«-22a;-9 ( 5g-9 

y 5g^ + 15g» + l5g»+ 5g V 

- 9g8-27g=»-27g-9 

- 9g»-27g^-27g-9 
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21. Multiply the first expreBsion by 2 ; 

4a;* + 2fic»-18a;- + 3«-5 \ 12»5- 8ar<-22a?- Cx»- fiaj-2 / 3« 

/ 12gg+ 6a;^-543g8 4- 9a;«-15 a; V 

-14x* + 32ar»-16x*+ 9a:-2 

Multiply by - 2, and continue the division; 



2<^-c* 



+ 14ic»- 126*^2 he -35 V 



-78a:2+156««-39x+39 

Divide by -S9; 2ji?-4x^+x-1 \4x*+ 2x^-lSx'*+nx-6 l 2x + B 

y 4x*- 8a:»-H 2a;^-2x V 

10ar«-20a;=' + 5aj-6 
10'ji^^20x*-\-5x-5 

22. Multiply the first expression by 3 ; 

3a:3-7flUB' + 3a2aj-2a' \ 3x* - 30x5 - 8aV - Sa^aj - 6a* / x 

y 3g* - 7aa^ + 3a V - 2a»g \ 

4a«' - 6a^' - a^x - 6a* 

Divide by a, multiply by 3, and continue the division; 

12ar»-18aa;«- 3a^a5-18a»/4 
12x3 - 28aa;H 12a«a; - 80^ V 

10a«*-16o*x-10a3 

Divide by 5a, and multiply the new dividend by 2 ; 

2z^-Zax-2a* \ 6«^-14aa;«+ Qa^x-4a^ ( Sx 



* \ 6«^-14aa;«+ Qa^x-4a^ I i 
J W- 9aa;'^- ^aH \ 

- 6ac'' + 12a^a;-4a» 



Divide by a, multiply by - 2, and continue the division ; 

10a;«-24aa;+ 8a« / 5 
10«2-15a.'c-10a« V 





- 9aflc+18a* 


Divide by -9a; 


a;-2a \ 2x^-Zax-2a* i 2x + a 
J 2x*-^ax \ 




ax - 2a* 
ax - 2a* 


23. ae5-9a«+2(5a;- 


-24 \rB»-10a5«+31a5-30 / 1 
yx^- 9a;* + 26aj-24 V 




- x*+ 5«- 6 ){K3-9a;«+26a;~24 
yaj»-5««+ 6a; 




-4a;« + 20a;-24 
-4a;« + 20a;-24 



( 



Thus SB^ - 5«+ 6 is the o.c.m. of the fijrst tv70 expressions. 
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««-6a! + 6 \a'-llaj«+38«-40/ a!-6 
>/ ag»- 5x^+ 6a? V 

- 6aj»» + 32x-40 

- 6a:»+30a;-36 

2a;- 4 
Divide by 2; «-2 \ ««-6aj+6 / »-3 

-3a;+6 
-8ag+6 

24. ««-10aj«+9 )«*+10a:»+20a:»-lQie_21 / ] 

y ag* -l6a;« + 9 V 

lUa;« + 30aj«-l(te-30 

Divide by 10; «8 + 3aj«-a;-3 ) a:* -lOa^ +9/a;-3 

y a;*+3a:«-- a^-3a; V 
-3a;3- 9x« + 3aj+9 
-3a:3- 9a;g+3a; + 9 
Thus a:3 + 3a;» _ a; _ 3 ig the ^^^ j,^ ^j tj^^ ^^^^ ^^ expressions. 

aj3 + 3a;«-a;-3 \ a:*+4a?-.22a?-4a;+21 / a;+l 

«3-.21a;«- aj+21 
g^+ 3a;»- a;- 3 

~24a:« +24 
Divide by -24; x«- 1 \ a:5 + 3a:«-a;-3 / a;f 3 

3«« -3 
3a;» -3 



VII. 



1. 2a;«+3a:-2 )6a;«- aj-1/3 Divide by -6; 
y eoG^+ 9a;~6 V 2aj-l \2a;« + 

-10a;+5 /2a:8_ 



I 



2aj-l )2a;« + 3a;-2/ x \-2 
a; 

4a;-2 
Thus the g.c.m. is 2«-l. 



2. aj»+«-2)«» -1/aj-l Divide by3; 

ya^a;'-2a: \ a?-l )a:2+ a:-2 / a;+2 

y«^- X \ 



^a^+2x-l 

-g^- a;+2 2a;-2 

3«-3 205-2 

Thus the o.c.m. is aj- 1. 
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3. aJ»-8aj + 7 )«'-9a;3 + 23a;-15/ a;^l DividebyS. 

/ a^-8a^+ Ix V a?-l ]aJ»-8aJ+7( ar-7 

- a:«+16aj^l5 y ^*- g \ 

- 0?^+ Sag- 7 -7a:+7 

8a;- 8 JlI?±I 

Thus the o.o.u. is x - 1. 

4. Multiply the second expression by 3 ; 

3a5«-5a5+2 \Ua? -Via? - 3«+8/4« 
y 12g»-20a;«-|- 8a? V 

8a;2-lla;+3 

Multiply by 3, and continue the division ; 



24a;«-33a;+ 9/ 8 Divide by 7; 

t0a;+16 V a;-l )8ai«-6 

7a;- 7 JW-Zx \ 



24a;«-40a;+16V a;- 1 i 8ai«-5aj+2 / 8«-2 



-2(c+2 
■>2a;+2 

Thus the f^.GM, is a;— 1. 

5. ar»-l \a?+a;*-«-l/ 1 Divide byaj; 

y^ -iV »-l )aJ» -l/a5»+aj+l 

jB»-a5 y g'-g' V 

iX? -1 

g*-ag 

^^ 
g?-l 

Thus the a. cm. is x- 1. 

6. a?-2ajV-ajy'+2y» \o^-^2xh/-xy^-2y^ t 1 

y a;S-2a;^y-ay» + 2y» V 

4a«y -4y> 

Divide by 4y; aj'-y* Jar'*-2a;'y-ajy* + 2y' / «— 2y 

y a;8 -xy^ \ 

- 2x^y + 2y» 

-2a;V +2y» 

Thus the g.c*m. is ar* -y*. 

7. 2a; -1 divides ia?-!^ so that 43;"-! is the l.c.m. of the first two 
expressions. Then it will be found that 4a;3 - 1 and 43?* -I- 1 have no common 
measure greater than unity ; so their l.c.m. is their product. 

8. The L.C.M. of the second and third expressions is their product 
{3? + 1)[q^-\) that is a:*-!; the first expression = as (»•-!)= a; (a? +l)(aj-l): 
now at+l divides as'+l and a;-l divides a?-l'. thus a^-1 divides a^-1, 
and is the o.cm. of a; (a;^ - 1) and a;^ - 1 ; and therefore their I1.C.M. is a; (a^ - 1). 

9. The L.O.M. of the second and third expressions is their product ; and 
this is divisible by the first expression. 
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10. a»-6a«+lla:-6 \a^-9a;« + 26a;-24/ 1 

Ja^- Qx^ + ilx- 6 \ 

-Sjc-' + lSaj-lS 
Divideby-3; ar»-6ar+6 )a:'-6a;«+lla;-6 / a:-l 

- a?+ 5x-6 

- g«+ 5a; -6 

Thus »'— 5aj-l-6 is the o.c.m. of the first two expressions ; and their LX.ai. 
is («» - 9a;* + 26a; - 24) (a; - 1), that is X* - lOjc^ + 36«« - 60aj + 24. 

a?-8a;« + 19a;-12 \a^-10a^-hS5x^-50x + 2A i x-2 

J a;*- W 1 19a;3 - ^^^ V 

- 2ar3 + i6a:»-38a; + 24 

- 2ar» + 16a;*-38a;+24 

Thus a;3_8a;^+i9a;_i2 is the o.o.m.; the l.c.m. is (a;3-9a;'+26a;-24)(jr-l): 
it wiU be found that this = (a; -1) (a; -2) (a; -8) (a; -4). 

11. The G.c.M. of the first two expressions is «*-6a:+6, by Ex. 23 
of Chapter VI.; and their l.c.m. is («*- 10a;* + 31a;-30)(a;- 4), that is 
fl:*-14a;8 + 71a;2-154a;+120: it will be found that this is divisible by the 
third expression, and so it is the l.o.m. of the three. And it may be shewn 
to be = (x - 2)(a; - 3)(a; - 4)(a; - 5). 

12. The o.c.u. of the first two expressions is ob' + Sas' - a; - 3 by Ex. 24 
of Chapter VI. ; and their l.c. m. is (a;* + lOa;^ + 20a;« - 10a; - 21)(» - 3), that is 
«'• + 7a;* - 10a;3 _ ^^^ + 9a; + 63 : it will be found that this is divisible by the 
third expression, and so it is the l.c.m. of the three. And it may be shewn 
to be = («« - l)(a;« - 9)(a; + 7). 

13. »«-4a2 \ a;5+2aa;«+4o'a;+ 8o' / a;+2a 

J Qi? - 4a''a; \ 

2aa;2 + 8a«x+ 8a' 
2qy* - 8a» 

8a='a;+ 16a« 
Divide by 8a« ; a; + 2a \ a;' -4a« / a;-2o 

J 7? + %lX \ 

— 2fMc — 4a* 

- 2aa; - 4a' 

Thus x+2a is the g.c.m. of the first two expressions; and their l.c.m. is 
(jr» -I- 2aa;*'* + 4a«x + 8a3) {x - 2a), that is a;* - 16a*. Then it will be found that 
this is divisible by the third expression, and so it is the l.c.m. of the three. 

14. The three expressions are obviously 

(x-a)(as-6), (a;-6)(x-c), (a;-c)(x-a); 
and their l.cm. is {x - a) (x - h) (x - c). 

T. K. 
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15. 2aj*-(8&-2c)a;-36c \ 2x'+(2a-36)a;«-(26«+3a6)a5+36» l x+a-c 

/ 2g»-(36-2c)g^-36cg; V_ 

2 {a-c)x^-(2b'^+Bab-Shc)x+Sb^ 

2 (g-c) g»-(3q6-36c-2ac+2c») g-Sftc («- c) 

-2(6»+ac-c^) «+36 (6Hoc-c*) 

Divide by -(^^-rac-c*); 

2a;-35 \ 2(e^- (35- 2c) »- 36c / a;+c 
J 2x^-'6bx ■ V 

2ca:-86c 
2cag - 36c 

Thus the g.o.m. is 2x - 35 ; and it will be found that the fii>st expression 
= (2a; - 86)(x' +ax- &'), and that the second expression ={2x- Bb){x + c). 

16. Besolying into algebraical factors the three expressions become by 
Art. 70, 

6(a»+a6+6'0(a-6)*. 9 (««+&«) (a +6) (a -6)", 12 (a + 6)8 (a - 6)» ; 

hence we infer that the l.o.u. of the three is 

36((»-6)*(o+6)»(a« + 6«)(a« + a6+6«); 
tliis may be put in the forms 

36 {a^ - 6«)» (a» + 6») (a« - h^) and 36 (a« - by (a* - b*) (a' - J'). 

VIIL 
1. xH2aj-3 



\a;»+6x-7 ( 1 Divide by 4; 



4a:-4 



L ka;'»+2a;-3 / i 
yx«- a: V 



3a;- 3 
3g-3 

Thus a; - 1 is the a.c.u. 



2. a;' - 3a; - 4 \ a;' - 4a; - 5 / 1 Change the signs ; 

ya^_3x-4 V {8+1 )a;«-3a;-4/ «-4 



- a;-l 



-4a;-4 
-4ar-.4 



Thus x+1 is the g.c.m. 

3. aj«-3a;+2 \ a;3-6a;« + lla;-6 / «-8 

/ a;8-3a;«+ 2a; \ 

-3«2+ 9a;-6 
-3g«+ 9x-6 

Thnsa:'-3a; + 2 is the g.cm. 

4. The numerator = (a + 6)*, and the denominator = (a + 6) . 
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> /g*+ 9g» + 26g;8 + 24a; V 
0^+ 9a;* + 26a;+24 
a^+ 9a!« + 26a;+24 

Thus «»+9»»+26«+24 is the g.cm. 
6. Multiply the numerator by 2; 

2x3-11x8+ ITx- 6 ) 6x>-32x*+46x-12 / 3 

y 6x8-33x« + 51x-18 V 
«*- 5x+ 6 

fl:=-5x + 6 )2x»-llx» + 17x-6/ 2x-l 
/ 2x»-.10x^ + 12x V 

- g'+ 5x~6 
Thus aj« - fix + 6 is the gjccm. 

7. 2x'-x«-x+2 \6x»-6x« +4/3 

y 6x8-3x8-8x+6 V 

r.1 ,, . -2x»+3x-2 

Change the signs; 

2x8-3x+2 )2x»- x»- «+2/.a?+l 
y 2x8-3x'+2g V 

2x2-3x+2 
2x«-3x-f 2 

Thus 2x*-3x+2 is the'O.c.M. 

8. Multiply the numerator by 3 ; 

3x»-r-5x«-15x+4 \ 6x' + 27x»+21x- 9 / 2 

y 6x»+10x8--3()x-t- 8 V 
" 17x» + 61x-17 
Divide by 17j x«+3x-l ) 3x»+6x«-15x+4 / 3x-4 

y 3x8 + 9x«- 3x V, 

-4a^-12x+4"" 
-4x8-l2x+4 

Thus x«+3x-li8 the G.c.if. 
9. Divide the numerator-by 3; 

««+4x+3JxJ + 6a^+ 6/x»-4x»+18x-6a 
y x»+4x*+ 3g» V 

-4x*+ 2x3 +6 

-4x*-l6x»-12x« 

18x3Tl2iB« :h5 

I8a^ + 72x«+ 54x 

' -60a;«- 64x+ 6 
~60x«~240x-180 

186X+18C 

c2 
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Dmdebyl86; x + 1 ) a!*+4aj+8 / as+S 

iix + 3 
8a;+3 



Thus z+ 1 is the o. o. u. 

10, «»-6«*-37aJ + 210 )«»+ 4ai»-47x-210 / 1 

y ac8- 6x»-37a; + 210 V 

10x*-10a!-420 

Divide by 10; a;«-x-42 \ a?-6a:*-37a!+210 / a:-5 

y g»- g«-42ai V 

-5«*+ 6fl5 + 210 
"Sg'-f 6gi-210 

Thus x' —as - 42 is the o. c. h. 

11. x* + 2a;« + 9 )x*-4aj» + 4aa- 9/ 1 

/ x* 42x«+ 9 V 

-4x»+2r'-18 

Divide by - 2, and maltiply the new dividend by 2; 

2x»-xH9 \2x* +4x^ +18 /« 
y 2x«-g» +9x \ 

«?+4x«-9x+18 

Multiply by 2, and c6ntinne the diyision; 

1+36 / 1 
+ 9V 



2x» + 8x^-18x+36 / 1 
2x»- x» 



9x'-18x+27 

Divide by 9; »'-2x+3 \ 2x»- x» +9 / 2x+3 

y 2x»>-4x«+6x V 

8x*-6x+9 
3x?-6x+9 

Thus x'--2x+8 is the o.c.u. 

12. Divide both numerator and denominator by o^ so that x is a facto: 
ol the o. 0. M. ; 

x^+2x+2 \x* +4 /x'-2x+2 

y x* + 2x» + 2x» V 

-2x3-2x=» +4 
— 2x' - 4x ^— 4x 

2^+4x + 4 
2x«+4x+4 

Thus x(a?+2x+2) is tlie o.cm. 
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y 05* - «• - ac + l \ 



Divide by -ob; a^+x+l )«*- «^ - 05+1 / x'-2x fl 

y a^+ {g»+ g* \ 

-2a*- jb"- a + l 
-2g»-2x*-2a; 

rB2+ a + l 
08*+ x+l 

Thus «?+x+l is the o.aiff. 
14. Divide the denominator by a; 






o86«-a«6»-a6* + 6* 
Thus a' - o'6 - oS* + 6' is the g. o. m. 

16, fta; + 2 \ 6«a; + 26(l-«»)-4x / J-2« 

y &•-»« + 26 V 

-2&c» -4a; 
-26«a -4aj 



Thns &e+ 2 is the o.c.h. 

16. The numerator is 

7afiy + 21x5y* + 35ary + 85«?y* + 21acy + 7xy^, 

and the denominator is 

6ith/ + lOx'y' + lOxV + Sasy*- 

Divide the numerator by Ixjf and the denominator by Bxtf^ so that a:;^ is a 
factor of the o. c. m. 

ar» + 2a5«y+2a^*+y' Xafi + Sx^+Btx^y^+SxY + ^lf^+y^ i «' + «y + y" 

y ig5 + 2a:V+2a:»yH gy \ 

aJ*y + 3»»y*+ 4a;y + 3a;y* +y* 
g*y + 2g8y8 + 2gV+ g^ 

a?y^ + 2»y + 2a:^ + y» 
g»y« + 2a;V + 2ay*+yS 

Thiis ay (as^ + 205^ + 2ay* + y*) is the a.c.M. 

o(g~&) + ft(a+ft) _^^ - a h _ a-6 _1 

2(4a^~l)-3(2x+l)a?-(2g-3)a ? __2 
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(m + w) (g + 5) - w (a -f 6) + TO (g - 6) 2fna _ 2a 
mn mn n 

5- (g+2)«..(g+2)(a;-l)-8(x>l) 9 

{x-l)(aJ+2)« ~(«-l)(aj + 2)5* 

25(a?.l)(2g4-3)--(a;-Hl ) (2« +3)-48^«-l) rOr-30 

^* r0(««-l)(2a;+3) " 10 (*- - Ij ^2x ^ 3) " *®* 

(6-o)(ag+6)~(a-26)(ag-6) + 8g(a-&) aaj-ft« 

(8+2a:^(2 + g)-(2-3ag)(2-ar)-(16a?-g») _ 2-g _ 1 
^*' 4=1? ■■4-«»"2 + i' 

_. 3(l+2g)~7 (l- 2g) + 4-2Qa; _^ 

(a-5)(a« + ft')+&(a»-f&«)-a(tt»-6*) 2a5« 
^^- a* -6* ""^~M* 

(ag4.6a)«,a«(g . 6)8 , y (g - h)^ - 2a5(a - ft)* 4a«6* 
^^* gi(g-6)-^ "g6(g-V"*®' 

^^ g (g+g) + 8g (g - g) - 2aa5 _ 4a* - 4gag 4a 
o'-or a^-3cr a + x 

„^ 12(3a-4ft)-28(2a-&-c) + 7(15g-4c)-4(a-4J) 81g-45 
oO. gj =,-^^^ 

(g-6)(6-c)(c-a) '""* 

„g (5-fc)(g«-6c) + (c+g)(5«-ca)^(g + ft)(c»~g&) ^ 
'^•^' (g+6)(6 + c)(c+g) "*^- 

(c+6)(a«-ftc)->(g-c)(y+ca)-(g-t)(c«+gft) _^ 
*^'** (^::6){g-c)(6+c) *®' 

, (6-c)6c+(c-g)cg+(g-6)aJ__. 
''^*- (g-6)(6-c)(c-g) *^- 

a6c{a-6)(6-c)(c-a) "" 

3G. Here the oommon denominator is (a + 6) (ft + c) (<; + a) : 
tlie> numerator is 

(a-6)(6+c)(c+g) + (6-c)(c+a)(g+6)+(c-o)(g+6)(6+c) + (o-6)(6-c)(c-a); 
this will be found to be zero. 
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37. Here the common denominator is (a -* 6) (6 -e){e-a): 
the numerator is 

2(6-c)(c-a)+2(a-6)(c-a) + 2(a-6)(6-c) + (a-6)* + (6-c)« + (c-a)'; 

this will be found to he zero. 

46y (c + a;)(c-a;) a(a + a:) a- a: 

5$ ^ '^ g« ^9 (S 

41. Each expression =6 + -j + p + -5 + -3- + 7j+-5. 

42. l + JL=ll±±f= J_. 

1— a? 1-x 1-05 

45 g+y g-y '^y' _ (a; + y)»-(ag-y)»-4y« _4g y-4?/« _ 4y 
x-y oj + y x^-y* x^-y^ sc^-y* ^x+y.* 

48. Multiply x'-x+lbyl + -+--3by ordinary work. Or thus : 

X Or 

(x»-x+l)x(^^ + - + lj=(x«-x+l)x— ^ .^-^ =&c. 

*CQ 2x+y 2y-^ a? _ (2x4- y)(g-y) + (2y-x)(x4- y)-a-« ^ 
x+y x-y x*-y' x*-y* ar-y 

-, x' l__x' + y' X 1 1 x^-xy+y* 
y* X ay* y^ y X xy* 

Sr g + 2y x_ x' + 2xy + 2y» ^ x+2y x _ x'^ + 2xy + 2y« 

x+y y (»+y)y ' y "ac+y y^«+y) 

58. Divide x'+2 + -^ by x+- by ordinary work. Or thus : 

ar X 

_.,„.l <g«+2»'+l (g'+l)' . _.l_a!'+l 
*+''+? = S? = ^?— ■ *+i X • 

59. (..+H.lUf,-H.?:)=4^±^,=*o. 
\ x*/ \ x/ x(x*-x+l) 

60. o3-6«-c« + 26c=o»-(6-c)«=(a+6-c)(a-6 + c). 
62. a«-6«-c»-26c=a«-(6+c)«=(a+6 + c)(a-6-e). 

12a' (x + 3a) (x« - 3ax - 2a') + 12a» 



63. a?-3ax-2a2 + 



x + 3a x+3a 



x'-lla'x+ea' « - 2x« x^+8ax-18a' 
; 3x-6a- 



x+3a ' x+3a x + 3a 

^^ a + h a-h _2(ac-hd) a+h a-h _ 2{ae+hd) 
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67. The8econdfractiop=*'^''-^> + '°<'-V°*^'-^L&o. 
a + 6 a* + b^ _ {a + h)*+a^-¥h^ _ 2{a* + ab+h*) 

0-6 a^-h^ a-b {a^b ){ a*+ah+b ^ ^a-b f a*-\-ab^b* \ 

a-6 -2q 6 ~2o6(a-6) , 

^a-\-b ^ a'-ab + b^" {a+b){a^-ab-{-by 

2(a^+ab + b^) {a+b){a*-ab + b^ _ (o«+a5 + y)(o'-a5-h6«) 
a^-b^ ^ -2a6(a-6) "" " a6(a-6)« * 



72. 



73. 



re. 



TO* + n* m* - mn + n' 
m — 



n m (m' - mn+ «*) ^ 

1 1 "" wi-« ~~ m-n * 

n m mm 

m*-n* _ (»| + n) (m-n) __ m-n 
»* + »' "" (m + «)(m''--m?i + fi^ ~ wi'-mn + n*' 

g-t-o g - g _ (g+ o)* - (as - o)* _ 4(kc 

x + a x-a _ (x + aY + (a? - «)* _ 2 (g^ + a*) , 
x-a x+a~ g*-a* ""o^-a'** 

4aac . 2 (g* -f a*) _ 4ag __ 2ag 
?3^~ g>-a« '"2(g» + o2) ""g* + a«' 

g g 2ag 2ag 2ag 4a^ 

g-a''g + a g** + a^ "" g* - a' g* + o' "g'-o*' 

1 1 _ a-\-b- ¥c^ 1 1 _b + e-a 
' a'^b + e'"a^Tc) * a" b+e^alb+c)' 
a+6+c 6+c-o 0+6+C 
o(6 + c} * a(b'^c) b + e-a* 

b^ + c!^-a^ (6 + c)*-o' (6 + c + a)(6 + c-a) 



1 + 



2bc 2be 26c 



^^ , g + 1 8-g + g + l 
75. 1 + - — = 



'6-x 3-g 8-g* 

4 _3-g .8-g 4g + 3-g 3g4 8 
3^"" "4" 
3g + 3 



1^—— = --- ; x+--r- z — r— . 



1-r 



4 ~3g + 8' 

r/ _ 6<ff + 6g + c/ ^ . ftdf+6g4-c/ _ orf/4-af 
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rx. 

1, Multiply by 8 ; 4 (2aj+ 1) =7«+ 5, &c. 

2. Mtdtiplyby20; 10a;-40=6a;+4«-2a, &5. 

8. Multiply by 40 ; 20(aj+l) + 8(3aj-4) + 6=6(6aj + 7), &o. 

4. Multiply by 60 ; 16(5x-ll) -6(jj-l)=5(lla!-l), Ac. 

5. Multiply by 12 ; 6a; + 4aj - 8a;= 6, &o. 

6. Multiply by 12 ; 6(a; + l)+4(a; + 2) = 192-8(aj+8). &o. 

7. Multiply by 6; 6a:+2(ll-a;) = 3(26-a:), &o.. 

8. Multiply by 2 ; 88«+ 7»-2:^8a; + 35, &o. 

9. Multiply by 24; 6(a:-8) + 8(x-4) = 12(»-5) + 8(a; + l), &c. 

10. Multiply by 6 ; 8 (5x - 7) - 2 (2x + 7) = 6 (3aB - 14), &c. 

11. Multiply by 60 ;15(a;-8)-I0(2x-5) = 41+ 12 (3a;-8)-4(5a; + C),&c. 

12. Multiply by6; 2 (5a; + 3) -8 (3a; -7) = 6 (Sac -10), &o. 
18. Multiply by 6; 8-a;+6a;-10=8(x+6)-2a;, &c. 

14. Multiply by 12 ; 6(x+8)-4(x-2)=8x-5 + 8, &o. 

15. Multiply by 80 ; 6 (8x - 1) - 15 (13 - x) = 70x - 55 (x+ 3), &o. 

16. Multiply by 42 ; 6(5x-8)-14(9-x) = 105x+133(x-4), &c. 

17. Multiply by5x7xll; 55(6x-l)+85(9x-5) = 77(9x-7), &c: 

18. Multiply by3x5x7; 15(3x+5)-86(2x+7) + 1050-63x=0, &c. 

19. Multiply by 12 ; 3x - 2 (5x + 8) =4 (2x - 9), &o. 

20. Multiply by 6 ; 12x - 8 (19 - 2x) = 2 (2x - 11), &o. 

7x4-9 2x-l „ ,i. , , «.. . 

21. —7 X + —5— = 7 ; multiply by 86, &o, 

22. I±?f -l+^=7a;; Multiply by 86, *o. 

23. Multiply by 12^; 6(x + l)-8(5-x) = 168-4(x + 2), &o. 

24. Multiply by 22 ; 2 (7x-8) + ^^^ff '^^^ = 66x~ll (31-x) ; 

that is I4x-16 + ?^^^^±^=66x-.841 + llx; 

therefore 22(15x+8) ^ gg^ _ 335 . multiply by 18, &c. 

25. Multiply by 8 ; 2 (3x - 11) - 28 + 9x= 82x - 118, Ac. 

26. Multiply by 12 ; 4(2x-l)-8(3x-2) = 2(5x-4)-7x-6, A:c. 

27. Multiply by 108 ; 4(2x-9)4 6x-27(x-8)=900-108x, <fco. 

28. Multiply by 120 ; 

40(x-l) + 24^4x-|)-15(7x-6)=240+60(x-2) + 12(3x-9), &c 
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29. Multiply by5x9xl8; 117(2«-6)-66(«-4)-186aj=0, &o 

30. Multiply by 6 ; 6x = I82 - 3 (4 - ») + 2, &c. 

31. Multiply by 46 ; 9(3a:-7) + 6(26-4a;)=16(6«-U), &o. ^ 

32. Multiply by 8x13x19; 152(2x+6)+247(40-aj)=104(10a:-427), &c. 

33. ^-^ + 5=«-^-l; multiply by 77, &o. 

34. Multiply by 12 ; 6(a;-l)+4(a;-2)=3(a5+3) + 2(x+4) + 12, Ac. 

((e-l)(x-3)-(a;-2)« _ (x-6)(fl;-7)-.(a?-6)« . 
(a;-2)(a;-3) " (a;-6)(«-7) ' 

^^ ^ (x-2)V-3) = (x-6)V7) ' ^^^^ °' *~*^*^^'^«' 

(a;-e)(«-7) = (x-2)(r-8); x'-13« + 42=x«-6x + 6, &c, 

36. x?-7x+10-(2x»-16x+25) + x^+6x-14=0, Sm. 

37. 3-x-2(x»+«-2)=-2x^ + llx-15, &o, 

38. x-3-(3+2x-x^=x»-2x-3+3-x, &o. 

39. Multiplyby30; 10(x + 10)-18(3x-4) + 6(3x-2)(2x-3)=30x*- IG; 

lQx+100-64x+72+5(6x«-13x + 6)=30»«-16, &c. 

40. »«+x-^-(x«+2x-15)+|=0; 
therefore a^+x-(x'+2x-15)=3, ^0. 

41. x'-x-^-(x«-2x-15)-^=0; 
therefore »'-x-(x^-2x-16)=27, &c. 

42. Multiply by 56; 4(9x + 5)+??^^^=36x+15+41; 

^u * 28(8x-7) „^ ., , 7(8x-7) « 

therefore — „ — r-^= 36 ; therefore —5 =-^ = 9 ; 

ax+l ox + x 

therefore 7(8x-7)=9(3x+l), &o. 

43. Multiply by 15; 6x + 7-"^^^^=3(2x+l); 

therefore 4= J ^~ ^ ; therefore 28x-24=80x-30, &c. 

7x— o 

44. Multiply by 15; 6x+l-i|^^^=8(2«-l); 

7x — io 

15 r2fl: - 4^ 
therefore 4 = „ ,.^ ; therefore 28x - 64 = 3Qx - 60, &o. 

7x— 10 

45. l^±»L!^«4i) =3-^: therefore U»+26=87. ic. 

x-' + Sx+e x^ + 6x+6 
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46. iB' + 2x+l = (6-l4-x)aB-2; therefore ^+^+l=^5x+3^~2, &o, 

'• (a;-2)(x-4) " (a; - 6) (« - 8) ' (a5-2)(x-4) ""(a:-6j («-8) ' 
therefore (aj-6) (aj-8)=(«-2) (aj-4); »*-14»+48=sa:^-6x+8, &c, 

48. Clear of fractions ; 

2(«-8)(Saj-l) + (2«-6)(8aj-l)=6(2aj-6)(a!-8); 
2(3x»-10x+3) + 6a^-17«+6=6(2aa-lla!+16), &c. 

(x+l) (lte+^^) 

49. Multiply by «+l; 25-t^x+ ^ .^ ^ =23-f og-f 5; 



(a; + l)(l6«+^) 



16aj 
8^+2 '^'*" 3 ' 

(«+l) (l6a5+^) = (8«+2) (8 + ^) ; 

O 9 

50. Multiply by 60; 80raj-|)-20^»-|^+15rs»-|) =0; 

80a;-10a-20fl;+5a+15a;-Sa=0^ 25x=8a, &o. 

51. a:^+(a+&)a;+a5=a:^ + (c+<Q«-i-cc2f &o. 

52. Multiply by a(6'- a*); a;(6«-a*) + aaj(6 + a)=a'(6-o), &c. 

53. Multiply by a6; a*&as+a('=6x4-a, &0. 

54. Multiply by o5c; oc(a!-a) + aJ(a5— 6)+&c(«-c)=«-a-6-c, «Sro. 

55. aj'+(a+5)«+o&-a5-aca=---+flB^; 

(a + o) «= -,- +a€= — i-v — •' ; divide by o + 6. 

56. Clear of fractions; 

{a+h){x-a)(x^h)=a{x-b){x~e) + h{x-c){X'-a); 
(a+6)a5«-(a+6)*aj + a6(a + 6) = (a+6)aj^-{c(a+6) + 2a6}«+2a&c; 
therefore x{a*+b^ - c(a+ 6)} =o6 (a+ h) - 2a5c, 

57. Clear of fractions; (ax*+hx+e){jXD+q)-{pa?+qx+r){ax+i); 

paaj» + (|)6+2a)«^+(2)C+g6)« + }c==jpaa^+(|)6+jo)x»+(26+ra)x+r6; 
therefore (pc - ro) « = r6 - gc. 
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68.. Multiply by o (a + 6)»; 

8a«6c(a+6) + — --+(2o + 6)6»«=3ac(a + 6)»aj + ft(a+6)«:r; 

therefore Sa^hc (a + 6) + — r = Sac (a + l)^x + o'6x ; 

therefore a«6 ^''^''^^^^'^"^ =ag{3c(a.i-&)« + ab}, &c 

59. Clear of fractions ; m (« + o)* + n (ac + 6)" = (m + n) (« + a) (x + 6) ; 

(»» + »)ac* + 2 (ma+n6) X + ma* + n6' = (m + n) x' + (m + n) (a + &) X + (m + n) a6 ; 
therefore (i» - n) (a - 6) x= ot (ab -a^)+n {ab - 6^ = (n6 - ma) (a - 6) , &c. 

60. Clear of fractions ; (x - a)' (x + o + 2ft) = (x + 6)' (x - 2a - &) ; 

x*+(26-2a)x»-6aix>+2(a» + 3a*6)x-a«(a + 26) 
=x* + (26 - 2a)x3 - 6a6x« - 2 (6»+ 3a6«)x - 6^ (ft + 2a) : 
therefore 2(a + ft)»x=a*-ft*+ 2aft(a»- 6«) = (a*-ft*) (a + ft)«, &c. 

61. * 8x»-8(a + ft + c)x« + 8(a« + 6« + c2)x-a»-6'-c» 

= 3{x'-(a + ft + c)x*+(a6+ftc+ca)x-aftc} ; 
therefore 3 (a* + ft* + c* - aft - ftc - ca)xssa^ + fti + c3 - ^abe 

= (a'+ft*+c"-oft-ftc-(»)(a + ft + c), &c. 

^_ 15x 1575 875x 625x --/»/> . ^^n^A nprf/v ^^r • 
^^' 100 + 1000 -1000 = 10000' 1600x+15750-8760x=625x, &c 

12x 10 /18x ^ \ f« 89, 12a8 36x J!^_4x 89 
10 - 6 U00'"l00/"10"*'10' 10 ""100'*'10"10"*"10' 

61 48x 10 /72» M-1^ ??. 
10 - 6 \100 " 100^ "" 10 ■*■ 10' 

48x 144x JL^_16x 89 
10 " 100 "^10" 10 **"10' 



1. Suppose the property of the poorer person to be x pounds, then that 
of the richer person is 2x pounds : thus x+2x=3870. 

2. Let X denote the number of shillings which one receives, and the 

X X 

number of half -crowns which the other receives : thus 57: + ^=420. 

8. Let X denote the number of shillings in the money of the purse : thus 

A + r =^^- 
4 o 
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4. Let X denote the number of pounds in the amount of the bill : thus 

* 7 6-^^' 

5. Let X denote the first part ; then 46 -x denotes the other part : thus 
X 46~a5 .- 

6. Let X denote the number of children ; then 4x denotes the number of 
men, and 2x the number Qf women: thus x + 4a;+'i«=266. 

7. Let X denote the number of pounds in the person*s income : thus 

XXX 

8 + 8+10+^^^=*- 

« 

8. Let X denote the number of pounds which J? contributes ; then A 

contributes ~ pounds, and (7 contributes -^ pounds : thus x+-^ +-5- =594. 
o o 00 

9. Let X denote the number of pounds which A has ; then B has SP+ 100 
pounds, and C has x+ 100+ 270 pounds : thus 

aJ + a + lOO+sc + 100 + 270=1620. 

X 

10. Let X denote the nmnber of pounds in the sum ; then A has ^ ~ ^0 

XXX 

^-30 + |-10 + | + 8=a;. 

11. Let X denote the greater number, then 5760 -as denotes the less 

X 

number : thus x - (5760 - jc) = - . 

6 

12. Let X denote the number of quarts which each cask originally con- 
tained : thus « - 34 = 2 (« - 80) . 

13. Let X denote the number of shillings in the cost of the print : thus 

ar-t-lS 
^-20=-2-. 

14. Let X denote the number of pounds in the yalueof a sheep: thus 
72a: + 35 = 92aj-36. 

15. Let X denote the number of pounds in the price of the house ; then 
9oQ—x denotes the number of pounds in the price of the garden : thus 

5a;=12(850-a). 

16. Let X denote the nxmiber of inches in the length of the rod : thus 

Q^ 9? ^K 9? fl^ ^ff 

lO + 20 + 30 + 40 + 60 + 60 + ^^^=*- 
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17. Let X denote the number of persons; then -^ persons received 

o 

3 X 5 

- shillings each, and - persons recei'ved ^ shillings each : thus 

J o ^ 

2a; 3 SB 5 ..^ 

X X 

18. Let X denote the nnmber : thus ^ + ==20. 

19. Let X denote the less number, then x+ 1 denotes the other : thus 

(a;+l)«-»«=16. 

20. Let X denote the whole number of kings : thus 

X X X X g 

21. Let X denote the number of miles per hour at which the stream flows : 
then with the stream the boat moves over 9 + x miles an hour, and agaiiist 
the stream the boat moves over 9 - a; miles an hour : thus 9 + x = 2 (9 - a;). 

22. Let X denote the number of shillings each had at the commence- 

X X 

ment. After the first game A has ar+^+l shillings, and B has x- ^1 

8x X 

shillings, that is A has -^ + 1 shillings and B has ^-1. After the second 

gameilhas — + l-2fy+lj-l, and 5 has |-1 + - Ty + lJ +1: thus 

23. Let X denote the number of pounds in the cost of the house ; then 
12000 - X denotes the remainder : thus 

12000-x 4 2(12000-*) 6 _ 
3 ^ 100 ■*■ 3 " ^ 100 '"'^^' 

24. Let X denote the number of oxen, and therefore 35 - a; the number of 
sheep : thus -5- + ."^^ =191^. 

25. Let X denote the number of shillings in the purse : then A takes 
2 + —?, and£takes3 + ^ix-2-^-3|: thug 

2+^-34.— *"^ 
2 + -g--3+ g --gg-. 
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26. Let X denote the number of leaps the hare takes ; then the grey- 
hound takes -^ leaps, which are equivalent to -^ leaps of the hare : thus 

80+x=^. 

27. Let X denote the number of yards in the breadth of the first field, 
and therefore 2x the number of yards in the length ; then this field contain s 
2x^ square yards. Similarly the second field contains (2a5+50) (as+ 10) square 
yards. Thus (2a;+50) (x + 10)=2a:?+ 6800. 

28. Let X denote the number of minutes. Then, as in Art. 171, 

80"*'200'^300~ 

29. Let X denote the number of pounds in the sum of the incomes below 

£100 a year, and therefore 500000— x the number in the sum of the incomes 

7x 
above £100 a ^ear. Then ^j^r is the number of pounds raised by the tax on 

the former incomes, and jr-r is the number of poxmds raised by the 

* *v. 1 ** • *v. 7a; 500000 -a; ^___ 
tax on the latter mcomes : thus ^rs H t^ = 18750. 

30. Let X denote the number of pounds of the inferior tea ; the cost in 

44 

shillings of the tea which is mixed is 3x+5, and it is sold for =^(a;+l) 

shillings : thus -^ (ag+l)=3ag+5+ ^ ■ . 

31. Let X denote the number of oranges, and therefore x+ 180 the num- 

3 

ber of apples. Each apple is sold for ? of a penny ; thus 35 apples are sold 

o 

for 21 pence, and therefore 15 oranges are sold for 22} pence. Therefore 

At! O 

each orange is sold for ^ pence, that is for - pence. Thus 

oU ^ 

|^+|(a;+180)=234. 

32. Let X denote the number of gallons drawn from A^ and therefore 
14-05 the number drawn from B, Two-fifths of what is drawn from A 
consists of wine, and three- fourths of what is drawn from J3 : thus 

2x 3(U-x) 

33. Let Zx denote the number of days in which C could dig the trench ; 
then JB could dig it in 2a; days, and J. in a; days ; therefore in 6 days digs 

fi fi ft AAA 

5- of the trench, JB digs jr- of it, and A digs - of it : thus ^r- + ^ + - = 1. 
ox Jai X ox ix X 

34. Let x denote the number of pounds the person had at first : thus 

«-— — = 408il4L 
' 240 '^^^ 
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ijo. Let X denote the number of minutes after one o*olock. In x 
minutes the long hand will move over x divisions, and as the long hand 
moves twelve times faster than the short hand, the short hand will move 

X 

over r^ divisions in x minutes. At one o'clock the short hand is 5 divisions 

X 

in advance of the long hand. Thus 6 + ^ =x-'l. 

36. Let X denote the number of miles the person can ride in the coach ; 

then this takes r- hours : and to walk back takes - hours : thus - + -=a. 
b e be 

37. Let X shillings per cwt. denote the duty after reduction. Since the 
consumption increases one-half -jr shilh'ngs is now obtained for every 6 shil- 
lings formerly obtained. As the revenue falls one-third what is now obtained 
is two-thirds of what was formerly obtained. Thus -j,- = x 6. 

38. Let X denote the number of men. Then the ship sails with GOselbs. 

of biscuit. In 20 days 20x lbs. are consumed. Then in the remaining &i 

5 6 (a; — 6) 64 

days - (ac - 5) 64 lbs. are consumed. Thus Q0x=20x + — ^ — =-^ — . 

XI. 

15 . Simplify the equations ; thus sc + 5y = 48, 7x + y= 132. 

16. From the first equation l^dx=91y; therefore 11a; =7y. 

17. Multiply the first equation by 12 ; 

8aj-48-f 6y-hl2«=96-9i/-|-l, that is 20sr-Hl57/=145; 
therefore 4a? + 3y = 29. Multiply the second equation by 6 ; 

y-3aj-|-12 = l-l2a;+36, that is 9x -1-^ = 25. 
Then multiply the latter by 3, and subtract the former. 

18. 4a; + 8y = — , -^r—- - 6y = r^rj- : multiply the first equation by 3, and 

Xx) XKJ Xw) 

the second by 4, and add. 

19. Substitute the value of x from the first equation in the second: thuH 

5(8y + 7y)-l=g(8y-6y-»-l). 

that ia 3y - 1 = ^ + 1 . Then multiply by 3. 

o o 

20. Multiply the first equation by 4 ; 

4af+6a5~2y-2 = l + 3y-3, that is 10a5-6y=0; therefore y=2x, 
Multiply the second equation by 10 ; 

8a;+6y=7y-l-20, that is y=8a;-20. 
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21. Multiply the first equation by 10 ; 

16a}-25y+30=4a;+2y, that is llaj-27y+ 80=0. 
Multiply the second equation by 12 ; 

96-3a;+6y=6a5+4y, that is Ste-2y=96. 

22. Multiply the first equation by 180 ; 

64a;-12y-80=15a;-10y, that is 39a;-2y=80. 
Multiply the second equation by 60 ; 

120a; - 160 = 5a; - 4y + 66, that is 115a; + 4y = 226. 
Then multiply the former by 2 and add to the latter. 

23. Multiply the first equation by 30; 

24a;- ISy- 42 = 9a;-4y - 25, that is 16a; - 14y=17. 
Multiply the second equation by 60 ; 

20y-20+30a;-9y=4y-4a;+10a;+66, that is 24a;+7y=86. 
Then multiply the latter by 2, and add to the former. 

24. The first equation is 

4/2x_5y\ 2^/3« y\ 

7 V3 12/ "23 V 2 '^)~ 
... . Qx By Sx 2y n 

*^^*^« 21-21-23 + 69 = 2- 

Multiply by 3x21x23: thus 562a; -345y-.189x+42y= 2898, that is 
863flc-303y=2898; divide by 3: thus 121a; -lUly= 966. The second equation 
gives 5(x-y)=a;+y, that is 4x=6^; therefore 2x=3^. 

25. Multiply the first equation by 3x5x7x8; 

840a; - 560y + 840 + 1155y - 1050 = 480a; - 360y + 600 + 7560 - 168a^ 
that is 528a; +955^=8370. Multiply the second equation by 18; 
810 - 24a; + 12 = 55a; + 71y + 1, that is 79x + 71y = 821. 
Then multiply the former by 71, and the latter by 955, and subtract. 

26. The first equation is 

24a; 82y _ 10 /36« _ _5_\ _ 8« 100/26 5y \ 
10 "*" 100 5' VIOO lOOy "" 10 "^ 25 VIO "*" 1000 j * 

^, ^. 24a; 32y 72a; 10 8a; 104 20y 

that IS — ^ — - h — = — H ^ ^ : 

10 ^ 100 100 ^ 100 10 ^ 10 ^ 1000 

multiply by 100 ; 240a; + 32y - 72x + 10 = 80a; + 1040 + 2y , 

that is 88a; +30^=1030. The second equation is 

10/4y 1\ 10/^_J,\ /j^ IN ^^2 

3 VlOO + lO; - 6 \m 10 J ' "^«^®^^^® ^ ViOO + 10 J - 100 10 • 

Multiply by 100; 8y + 20 = 7a;- 10, that is 7x- 8y=30. Then multiply the 
former by 4, and the latter by 15, and add. 

T. K. D 
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27* Multiply the first equation by 6, and the second by 11, and add. 

28. Multiply the first equation by m, and the second by n, and subtract: 

thus =m-w; therefore fls= sm+n. Again multiply the first 

X fn — n 

equation by n, and the second by m, and subtract: thus we obtain y=m+n. 

29. Multiply the second equation by 6; — + |=4; then subtract the 
first equation. 

30. Multiply the first equation by n, and the second by h, and add : thus 
{na+mb)x=^nc+bd. Again multiply the first equation by m, and tiie second 
by a, and subtract : thus {na + nib) y=mc^ ad. 

31. aj(a+c)+y(6 + c)=2{a+c)(6 + c), ax-'hy={a-h)e. Multiply the 
first equation by &, and the second by {b+c) and add: thus 

a;{c(o + 6) + 2a6}=c»(a + 6) + (3a6+6^c+2a6«; 

hence, by division, x=c+h. Substitute this Talue in the first equation: 
thus y{b + c)={a+c)(b + c); therefore y=a+c. 

32.. aj^a-6)+y(a+6)=2a(a'-6'), x-y=idb. Multiply the second 
equation by a + 6, and add it to the first ; thus 

2ax=2a{a*-b^ + 4ab{a + b); 

therefore a = o^ - 6* + 2ab + 26* = (a + &)'. Substitute this value in the second 
equation : thus y = (a + 6)* - idb = (a - b)K 

XII. 

2 11 

10. Add the fijrst and second equations; - + -+-=3: subtract the 

X y z 

2 3 4 

third; - = n' therefore a;=^. Substitute the value of x in the first and 

X Ji O 

second equations. 

11. Multiply the first equation by 2, and add to the second; 

4 3 6„., ..4 3- 

- + -=-+2, that IS =2: 

X z z X z 

7 7 

multiply the third equation by 3 and add to this ; -=6: therefore ^=^ - 

Then find z from the third equation, and y from the second. 

17 fi 7fi8 

12. Add the second and third equations ; TH" + ~ = 30 • therefor© 

17 90 

— + — =394. Multiply the first equation by 5, and the second by 8, and 

X z 

add; P + — = 5^ : therefore — + — =358. Multiply the former result 

ox Z O X z 

411 1 

by 7 and the latter by 10, and subtract ; — =822 : therefore «=« • 
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13. Multiply the first equation by 20, the second by 12, the third by 42, 
and simplify; 

10aj+X5y-24z=41, 15aj-12y+162!=10, 18aj-14y- 72= -13. 

14 Clear of fraotions, and simplify; 

35a;+3y- 162=0, 3fl;-y-2=-4, 125a;+129y-105z=0. 

15. Multiply the second equation by 3, and the fourth by 7, and subtract ; 
133a;-33z=4. Mult^)ly the first equation by 7, and the third by 3, and 
subtract; 49aB- 122=4. Hence find as and 2. 

16. Find a;, y, and s from the last thre^ equations ; and then find « 
from the first. 

17. Multiply the third equation by 3, and the fourth by 4, and subtract; 
6a; +20^=38 : use this and the first two equations. 

18. Find m, oj, and z from the first, third, and fourth equations ; and then 
fijid y from the second. 

19. Multiply the second equation by 2, and subtract the fourth; 
4y-4z + 3tt = 13. Multiply the first equation by 3, and the third by 7, and 
add; 35y-6z-6M=107. From these two and the fifth equation find y, z, 
andtt. 

20. Find v from the third equation; substitute in the others; clear of 
fractions and simplify : thus we eliminate v and obtain 

6aj+22y-32-3tt=28, 

3aj- 6y+22-4M=ll, . 

-2a5+l()y+22+7«= 5, 

aB-34y+92+3t£= 6. 

Next we eliminate u from these equations; we find u from the first equa- 
tion, substitute in the others, and simplify; thus we obtain 

15a;+103y-182=79, 36aJ+184y-162=211, 7aJ-6y+32=17. 

21. Add the first and second equations, and subtract the third. 

22. From the fiirst equation y= ; from the second z— ; sub- 

a a 

stitute in the third; — ' +-^-^^ — ' =a\ multiply by a and simplify. 

23. Add the first and second equations, and subtract the third. 

24. Substitute the value of z from the first equation in the second; 
(6 + (?)a5 + (c+a)y-(a + 6)(jB+y)=0, that is (c-a)aj = (6-c)y. 

Again substitute the value of y from the first equation* in the second: 
thus we get (6 - a) a; = (c - 6) z. Then from the third equation 



h-c c-b 



D2 
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that IS hcx+ — ^ z ^ x=l, 

o — c 

thatis a;{&c+a'-a(6+c)}=:l, that is aB(a-6)(a-c)=l. 

25. Multiply the first equation by c and subtract the second; 

a(c-a)»+6(c-6)y=^ {c-A). 
Multiply the second equation by c and subtract the third ; 

o" (<? - a) aj+ 6« (c - 6) y =ii« (c - ^). 
Multiply the former by h and subtract the latter ; 

o (6 - a) (c - a) a5=u4 (6 - ^) (c - ^). 
Similarly for y and z. 

26. xyz=a{yz-zx-xy). Divide by azyz: thus -= . Simi- 

d X y s 

iarly we get - = , and - = . Add the second and third 

y X z c z X y 

of these. 

27. x+y+2=a+h + Ct 

6a!+ cy + a5=a" + 6* + c*, 
ca5+oy+ 62=a' + 6'+ c*. 

Substitute the value of z from the first in the others ; 

(6-a)a5+(c-a)y=6' + c*-a(6 + c), 
(c - 6) a;+ (a - 6) y =a'+ c^ - 6 (a +c). 
Multiply the former by & - a, and the latter by e - a, and add ; 

i»{(6~a)»+(c-o)(c-6)}=(6-o)(6«+c2-o6-ac) + (c-o)(o«+c--Vt-Jr), 
thatis as(a'+6*+c*-a6-6c-co) 

= -a5 + 63 + cS^2o«&+2a«c-26*a-2c»a-.a&c, 
therefore by division x= h-^c-a. Similarly for y and z. 

28. Subtract the second equation from the first, 

-(a--6)y+(a«-6«)3=a5-6'; 
divide by a- 6, -y + (a+6)«=a* + a6+6*. 

Subtract the third equation from the second, 

-(6-c)y+(6»-c»)z=6»-c'; 

divide by 6-c, -y+ (!) + c)2=6"+6c + c'. 

Subtract the latter from the former, 

(a - c) z=a' - c* + 6(a - c) ; 

divide by a - c, z=a+e+h. 

Hence y=(6 + c)(a+c+ Jj-ft'-ftc-c*; from which we get y=a6 + Jc+cflr. 

Substitute the values of y and z in any of the three given equations, and wo 
obtain the value of as. 



J 
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1. Let X denote the nnmerator, and y the denominator of the fraction : 
thus— =1, ^ = 2- 

2. Let X denote the nnmber of ponnds in.A*B money, and y the num- 
ber in JB'b: thus a;+y=670, 8a!+5y=2860. 

3. Let X denote the numerator, and y the denominator of the fraction : 

., oj+l 1 a; 1 

tnus = o » — n ~ 7 • 

y 8 y+1 4 

4. Let X denote the first number, and y the second: thus 

a5 + 4y=29, 6a5 + y=86. 

5. Let X denote the number of shillings in ^'s money, and y the num- 

X 

berin-B*s: thus « + 86=8y, y-6=s. 

6. Let X denote the number of shillings mA^B money, and y the num- 
ber in JB's: thus «-10=2(y+10)-26, y-10=^(«+10). 

7. Let X denote the first number, and y the second: thus 

2a;+y=17, 2y-\^x=19. 

8. Let X denote the first number, and y the second : thus 

?+^=te-y, lte-y=ll. 

9. Suppose that tea. costs x shillings a poxmd and coffee y shillings a 
pound: thus 82a;+15y=105, 8600+ 9y= 105. 

10. Let Xt y, and z denote the first, second, and third numbers respect- 
ively: thus x + y + z=9, fl;+2y+82=22, a!+4y+9z=68. 

11. Let X shillings denote the price of a pound of tea, and y shillings 
the price of a pound of sugar: thus 

«+3y=6, -j5-+2^3y=7. 

12. Let X denote the number of pounds inyested in consols, and y the 
number in railway shares: thus x+y=2550. The annual income from con- 

sols is ^ ; and that from the railway shares is -^ : thus sr = Jr • ^e shall 

find that y= 1200, so that the number of railway shares =50. 

18. Let X denote the number of pounds in the capital of the first per- 
son, and y the rate per cent, at which it is invested: thus 

?Si(«+1000)=^ + 80. ^^?(« + 1500)=^^ + 150; 

therefore »+1000y+ 1000 =8000, 2a; +1600y+ 3000 =16000. 



I 
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14. Suppose that there are x persons and each receiyefl y shilliDgs : thus 
(x + 4){y-l)=xy, (a;-5)(y:J-2)=ajy. 

15. Let X denote the nnmber of gallons which the first plug hole would 
discharge in an hour, and y the number the second would disdiaige: thus 
ai; + % + lly=192, 6a: +63^+63^ =192. 

16. Suppose the original income to be x pounds, and the poor-rate to 
be y pence per pound: thus 

* 240 240"*^^* 240 ■"2i0^^^** 

7jb 1x 
therefore by addition, x - -^ = ^^ + 608 J ; this finds as, and by substituting 

the value of a; in either equation we obtain y. 

17. Let Xf yy and z denote the numbers in the first, second, and third 

classes respectively : thus 

a + y-2=4(y+2-a;)-10, 

a; + 30=y+2-29 + l, 
a;+y+2=8(«-y) + 34. 

18. Suppose that the farmer has x pounds, that an ox costs y pounds, 

and a lamb z pounds. Thus x=^y-^%2z, x=iy+ 162+^ (4+16) + 9. Each 

Ifia 
OX cost y shillings for conveyance, and each Iamb -^ shillings ; so that the 

o 

256z 
whole cost of conveyance was 4y+— ^— shillings, and as 20 animals were 

o 

conveyed at an average cost of 6 shillings per head we have 4^ + -«— = 120. 

o 

19. Suppose that A won x games and B won y games. Then A has 
receivech2x shillings and paid 3^ shillings. Thus 2iB-3^=3. Similarly we 
obtain 2(a;-l)-6(y + l)= -30. 

20. Suppose that originally A, B, C, D, and E had x, y, z, u, v 

shillings respectively: thus «+^y=80, y-oy+o2=30, «- 52+714=30, 

111 
• -■7U+ziV=^0, v-7;v=30. From the last equation find v: then u from 
4 6 6 

the preceding equation; and so on. 

21. Suppose that the distance is x miles, and that the coach goes at the 
rate of y miles an hour ; then the railway train goes at the rate of 2y miles 

2« ^ 

, -, x-15 X ^ S 3- 

anhour. Thus =s-+8, — = 5p-+3. 

y 2y ' y 2y 

22. Suppose that A could do the work in x days, and ^ in y days : thus 

30 30_ 80 + 5^-8 30 + 5i-4 _ 
x y " * X y "* ' 
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23. Suppose that A cotdd rnn a mile in x miniites and that B could ran 
a siile in y minntes* At first B rons 1760 - 44 yards in 51 seconds more 

time than A takes to run a mile : thus — =7^^^ — y=«+fi7T» At the second 

1760 60 

heat A runs 1760 - 88 yards in 1 minute 15 seconds less time than B takes to 

., ., 1760-88 -, 

run a mile : thus — ^ a8=s=y- IJ- 

24. Suppose that the distance from the foot to the summit of the 

mountain is x miles, that A walks y miles per hour, and B walks 2 miles 

<u 
per hour. Therefore - is the time in which A would reach the summit : 

V 

thus - = — TT . And -^ is the time A takes over the needless mile and 
y z ^ 2y 

, , ., a: 2 a? 6 ., « « 10 20 „ , . . ., , 

back: thus - + jr- =- -^. Also ;rr = - + t^tt - ^ . Subtract the second 
3^ 2^ z 60 2| 2 60 60 

equation from the first and we find y ; then subtract the third from the first 

aud we find x, 

25. Suppose that the length of the line is x miles, and that the train 
originally goes y miles an hour. When the accident happens the train has 



K-y miles still to go, and at the diminished rate this will take ---^ hours. 

o 

Then 2+«---i^s-+3. If the accident had happened 50 miles further on 
3 « 

the time taken before the accident would have been 1 + — hours ; and there 

y 

would have been of-SO-y miles still to go. Thus 2+ — + ^~- ^^ = - + 8 - U* 

y 3 y • 

Multiply each equation by 8y ; 

6y+5{x-y)=3aj+9y, 6y+160+5(x-50-y)=3a;+5y. 

26. Suppose that originally A has x shillings, B has y shillings, 
and O has z shillings. After the first game A has x-y-z shillings; 
B has 2y; and O has 2z. After the second game A has 2a;-2y-22 shil- 
lings; B has 2y— (x-y-z)'-22, that is 3y-a;-z; and C has 4z. After 
the third game A has 4as— 4y~42 shillings; B has Qy-2x-2z; and C7has 
42-(2a:-2y-2z)-(3y-a;-2), that is 7»-y-a;. Thus 4a; - 4y - 4z =s 16, 
6y-2»-22=16, 7z-y-a;=16. 



27. Suppose that A could do it in as days, and S in y days : thus 

111 wi- ^ n n+p - 

X y X y 
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28. Sappose tliat the original rate of the train is » miles per honr, and 
that the accident happens y nules from Cambridge. By the diminiahing of tlie 

speed the time taken oyer these y miles is f^ hours instead of ^ hours: thus 

n 

JLs^ + a; therefore ny = y+ax. Similarly «^=s«^+c; therefore 

~x -« 

n n 

n (y''h)=y-b+cx. Subtract the second equation from the first, and we find x. 

29. Sappose the circumference of the fore-wheel to be k yards, and 

XI, * * *!. v ;i 1. 1 * V A tx. 120 120 ^ 120 120 . 

that of the hind-wheel to be y yards : thus =6, ■— - - -r"=^ 

' •' X y 6x by 

4 T 

30. Let X denote the digit in the tens' place, and y the digit in the 
units' place ; then the number is lOx+y : thus 

I0x+y^9(x+y), 10aj+y+45=10y+aj. 

81. Let X denote the digit in the tens' place, and y the digit in the units' 
place; then the number is IQx+y: thus lQx+y=s7 (x-^y), 10se+y~27=10y+x. 

82. Suppose that the distance from A to J9 is as miles, from il to C7 is y 
miles, and &om C ix) B is e miles ; and that the coach goes it miles an 
hour, and therefore the train 8tf miles. Then 

M Of «{ 1 

- = S~ + h — oi therefore 305 =y +2- 11 ; 
u 8u 3tt 8 

— =-^ + 5- + Q- ; therefore 6x=y+2z ; 
u 8tt Stt Bu ^ 

S + gS 

-+l=s:^ + ., ; therefore 6»+6tt=2y+82; 
« 8tf du ' ' 

a5+y+«=76i. 

33. Suppose that the course is x yards, that A^b original rate is y yards 
per minute and B'u original rate z yards per minute. A goes twice round 

the course and 150 yards more while JB goes twice round : thus = — . 

4y 
In the second race A goes round four times at the rate of -~- yards per 

9 

92 

minute ; £ goes round once at the rate of -^ yards per minute, once at the 

o 

rate of z yards per minute, and once round all but 180 yards at the rate of ^r- 

yards per minute : thus 

4x X X aj-180 .... 9x 1 (8« . 10(a5-180)) 

-—8=-- + -+---— that IS — =-•{—+«+ — ^r -}, 

^92« ^ y z id 9 ) 

8 8 10 



XIV. MISCELLANEOUS KXAMPLEa ^1 

Divide the terms of this eqiiation by the terms of the first : jthtis 

8g Ja a? 10(ag-180) 

2«+ 160 ~ 18» **" 2» "^ 18« '• 

,,, . 8ie 4 1^6 100 

^^"^ 2JTiro=9+2+9-ir' 

,^ , 100 8 Sa 450 

therefore "^ "= 2 " 2^^7150 ° 2(2g+150) ' 

therefore 400x4- 80000 s450fl;; therefore a; =600. 

84. . Suppose the original rate of the coach to be s miles per honr, and 
that of the man y miles. Suppose that the coach goes z hours before it 
overtakes the man; then as the man started p hours before the coach, 

(p + z)y=zx (1). 

6a 
At the increased rates the coach goes -7-(2+s) miles in z+j hours, and 

the man goes -?-{z+q) miles: thus -g-(2+(r)--7^(z+2)=92, 

that is (y-^)(2+3) = 92 (2). 

Also ^-y)(«+ff)=80 (3). 

^ 5y 
IHyiae(2)by(3); "7^ = ^' 
from this we get «=2y (4). 

Then from (1) we get z^^p. Therefore from (3) if p+2 = 16, we get 

80 
s-y = Ye=5 : from this and (4) find x and y, 

XIV. 

1. 3a«[ft+{2a-(6-c)}]=3a-[& + {2a-6 + c}]=3a-[5+2«-6 + cl 
= 3a-[2a+<j]=3a-2a-c=«-c, 

2 4c«-l _ 2c-l 
2c + l ""2(2c + l)" 2 ' 
1 2c-l 1. 1 

2. 3«»+14«».|-22a?+21 \6«*+10aj»+ 2a:^- 20aj- 28/ 2a;-6 

y 6g*+28a:» + 44a:«+ 42a; \ 

-18«»-42a;«- 62a;- 28 
~18a^-84a:«- 182a; -126 

42a;«+ 70a;+ 98 



42 ^ XIV. MISCELLANEOUS EXAMPLES. 

Pivide'by U; &ij«+5«+7 ) 8a5»+14aj"+22aj+21 / «+8 

9aE^+15x+21 
9a6'+15a9+21 



ThnB 8aB^ + 5ac + 7i8thea.o.u. 



o« a« 



3. 



a-6 -6 a^-a^+ab o'-oJ+J* 

a "" 6 (a- 6) a{a-b) 

db 



"6(0-6)"" o(a-6) "" o(a-&) ~a(a-6)'"a* 

4. The oqwrion = f " ' "^ *~'',t * " % 0. 

(a - 6) (6 - c) (c - o) 

5. First take m=sl. Mtiltiply out the factors in the xiiiinerator and in 
the denominator; some of the terms cancel, and we shall then have 

(6 - d) (oc - 5d) 
(o-c)(ac-W)* 

Next take ms2. Multiply out, and we shall then have 

(a - c) (a5c + ac(2 - o&d - 5c(Q * 



e. 



(a-.6)«+(6-c)«i-(c-o)»"' 2(a«+6»+c»-o6-6c-oa) 



^ y .^ 



, g(l-y«)(l-2«)+y(l-a;«)(l-g«)+g(l-x^(l-y«) 

(!-»'•) (l-y«)(l-2«) 

The numerator of the last expression 

=«+y +« -oj (y*+«') - y (z*+ sc*) -« («*+y*) +0^ (yz+ac+ay) ; 
and since y2+zx+xy=l, we may write this 

(at +y +2) (yg+«c+ jcy) - 05 (y'+a?) - y (z^+aj') - « (oB? +y^ + aryz, 
which gives by multiplying out dxyz+o^, that is 4ay2. 

8. »?-6aaj^+12a««-8a»+a;?-6&B*+126V?-8J» 

=2{«»-8(a+6)«»+3(o+6)«aj-(a+5)»}, 
therefore « {12a» + 12&« - 6 (a + J)^} = 8o> + 86» - 2 (o + b)\ 

that is 6a;(a»-2aJ+6«)=6o»+6ft»-6a«6-6a6«. 

therefore a;(a«-2a6+6«)=(a+J)(a«-2o6+J«), 

therefore K=a + b, 



XV. MISCELLANEOUS EXAMPLES. 43 

9. «+y+2=o+6+c, 

hx+cy+az=^ab+hc+€a, 
ex+ay + hz—ab+he+ca. 

Multiply the first equation by a, and subtract the second; 

(a - 5) » + (a - c) y=sa^^ he. 

Multiply the first equation by h, and subtract the third; 

(6 - c) a!+ (6 - o) y= J* - ae. 

Multiply the former hya-h, and the latter by a - e, and add; 

«{(a-6)» + (a-c)(6-c)}=(<i-6)(a»-&c) + (a-c)(6»'-ac); 

that ifl «(a'+6'+c'-a5-Jc-co)=a(a'+6'+c*-o6-&c-ca), 
therefore »=a. 

10. iB» + 6a;» + lLc+6 \ a:»+7a^+14a6+8 



1 \a:»+7a*+14a5+8/ 1 
y a^ + 6x*+llaj+6 V 



flB'+8a;-i>2 \ »»+ftBP+lla;+6 / as + S 



J \«»+ftB«+lla;+6 / a 



3aj»+ 9a5+6 
8x*+ 9xt6 

Thus the o.c.u. of the first two expressions is a?-¥9x+2; and their 
L.c.M.is (fl;+8)(aB>+7a^+14a;+8), that is a^+l(XE'+85a^+50x+24. 

It will be found that this is divisible by the other two expressions, and is 
therefore the l. cm. of the four. It may be shewn that it 

= («+!) (x+2)(a;+8)(«+ 4). 

XV. 
1. »«+2a!»-10a;»-llaj-12 \aj*rf8a!»- 7aj»-21a;-86 / 1 



I \aj*rf8a!»- 7aj»-21a;-86/ 1 
yiB*+2x»-10a:«-llaj-12V 



a?+ 8aj«-10a;-24 

a:» + 3a!«-10ae-24 \«*+2»»-10{c»-llaj-12 / aj-1 

y ag*+3x?-10ag«~24a? y 

- JB^ +1805-12 

- a?- 8a!^+10se+24 

9x^+ dx-de 
Divide by 3; a5"49!-12 )«»+3aj»-10aj-24 / «+2 

2a^+ 22;- 24 
2g'4- 2a;- 24 

Thus 0^4-06-12 is the a.aic. 



8. 
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2 2 2(2-3?) _2-x 

2-y" _2_~4-2a5-2 ""!-*' 
2-» 

2 2 2(l-g) _2(l~a;) 

2-2 2-« 2-2a;-2+» -a? 

2 2 2as 2a; 

= -;r=a;. 



2-«> ^ . 2(1-0?) 2a;+2-2a; 2 
^■^ ^^I — 

X 

4. Beduce the expression to a common denominator; then the numerator 
= « (« - 6) (« - <j) +« (a - a) (« - c) +«(a - o) (« - 6) - (« - a) (< - b) (« - c) 

=« {3«'- 2a (a+6 +c) +6(;+ca+a5} - {^ - «"(a+6+c) + « (a6+ 6c+ca) -oJc} 
=2«5 - «» (a + 6 + c) + aJc=o5c. 

5. It is shewn in Art. 110 that eveiy expression whioh is a measnre of 
A and B divides D : thus D is a common multiple of all the common mea- 
sures. But no expression lower than 2> can be divided by J). Thus D is 
the least common multiple of all the divisors. 

6. Multiply out ; thus ir* - 22a' + 164fl:« - 458a5 +315 

. =a^-22jB» + 164a;«-488a;+480. 

7. Multiply the first equation by c, and subtract the second ; 

(c-o)«+(c-6)y=sO; 

therefore y= ~ ^ . Multiply the first equation by h, and subtract the 

second ; (6-a)aj+(6-c)2=0; therefore z = ^ ." , Substitute the values 
of y and 2 in the third equation ; 

^l^-*- 6-c + ^_^ 7 +(g~&)(^~c)(c-a)=0. 

mu J. a;(a-6)(&-c)(c-o) . ..., ., . 
Thus we get — ^ -j- ^-^ = (a - J) (6 - e) {e - o). 

9. Suppose that x pounds are left to a child, and y pounds to a brother ; 
thus 6a;+3y=12670, »- j^=2 (y- ?^^ . 

10. Clear of fractions ; 

(a5-3a)(a;+2a)(a!+a) + 2(a;+6a)(a;+2a)(aj+o) + S(a5+6a)(j5-3a)(aj+a) 

= 6 («+6a) (aj-8a) (»+2a) ; 

«» - 7o«a: - 6a8 + 2 (a? + 9aa? + 20a»a; + 12a8) + 3 («' + 40*^ - 15o'!» - 18a3) 

= 6 (a!» + 5a«* - 12a«« - 36o») ; 

therefore -12o«aj-86a'= - 72a«a5-216a'; 
therefore 6QsB=s-180a; therefore a;=:-3a. 
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XVI. 

All these examples may be worked by ordinaxy multiplication. 

XVII. 

«* v 

2»'-aj \ -2aB3^8a;«-2aj + l 

2«»-2a; + l \2aj^-2aj+l 
y 2x»-2a;+l 



aj*-4a:^ +8a5+4 ^ a5'-2x-2 



c 



2«3-2aj j -4ar» +8aj+4 

y -4a' + 405' 

2a»-4a;-2 ] -4a;«+8a; + 4 
y -4a?»+8g+4 

3.V 4jB*+12a:' + 5aj»-.6a+l/ 2x* + 3«-l 

4ar* 



4a^ + 3aTl2^+5s?^-aJB+T 
y i2a^ + 9a;« 

4a^ + 6aj-l 1 -4a;»-6a+l 

6a;+l 



c 



12a^ + 9a;« 

L \ -4a;«- 
y -4aj«- 



4*8-3? \ -4ar» + 6a;«-2a;+l 



t= 



4a:' + a* 



4x'-2a;+l )4a;«-2a;-hl 
y4aj«-2aj+l 



6. 4a:*-12aa;5+25aV-24a'aj+16a* / 2x'-3ffaj+4i« 

4«* 



4a;«-3aa5 \ -12aa:3+25a2««-24a3a; + 16a* 
y -12flKe8+ 9oV 

4a?-6aaj+4a8 \ 16aV-2ia»aj+16a* 
y 16aV-24a3a:+16o* 



c 



c,' 



6. 26a:*-S0aa'+49aV-24a'aj+16a^ / 6a?-3aaj+4a« 
25a;* 

lOx' - 3aa; \ - SOoa;' + 49aV - 24a3x + 16a* 

yj-30a^+_9a^ 

10a!« - 6aa; + W \ 40a V - 24a3x + 16a* 
y 40aV-24a8x+16o* 



46 xvn. EVOLUTION, 

7. ««-6«x!'+16aV-20aV + 15a*aB^-6a»a5+a« / «»-8ax«+3a««-o» 
^ \ 

2aJ-3aa? \-6aaj»+15aV-20a»»* + 15aV-6a»»+a« 

J -^ca?^- 9o»g* 

2a? - 6aa» + 3a'te \ 6a«a^-20a«x» + 16aV-6o«a+a«' 

2aj'-6aJB»+6a«a;-a« ) - 2o««s+ 6oV-6o««+a« 

y *- 2o3ac»+ 6oV-6a'ag+o' 

8. Multiplying out we find that the proposed expression becomes 
a^ + 2a^6^ + &^ : the square root is a^ + &'. 

9. Multiplying out we find that the proposed expression becomes 

a*(c'+<P)'+2aa6«(c>+cr)«+6*(c«+<P)*: 
the square root is o»(c* + d^) + 6" (c» + <P), 

10. o* - 2a*(6« - c"+(P)+6* - 2J*(c» - (i«)+ ej*- 2c»<i»+d*/ a«-(&»-c*+cP) 



11. a;»-4a;+2+-+i(a:-2-- 

05 X* \ X 



x' 



2x-2 



) -4X+2+- + -5 
y X x* 

-4x+4 
2X-4-- ) -2+i + i 

X-/ X X* 

-44 



12. «._^+J+4»-2 + i(^»'-|+? 



s< 



2«^-y -'^+?+^-2+? 









13. 
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4 









0« + i -005-2 + -= 

m ay a* 



-a«-2+^. 



a- 



14. o* + 2(26 -c)a»+(46«- 46c +3c^a«+2c«(26-c)a+c*/ a»+(26-c)a+c« 



o* 



V 



2a*+(26-c)a ) 2 (26 -c)a3 + (46* - 46c +3<r')oH2c«(26-c)a+c* 
y 2(26- c)a» + (26- c)«a« 

2a»+2(26-c)a+c» \ 2c«a»+2c«(26-c)a+c* 

y 2c«o« + 2c^(26-c)a+c* 

15. For shortness pnt ui f or a' + 4a6 - 6a - 86' + 126, ^ lor 4a6 - 6a, and 
Cfor46»-126 + 9. 

(a-26)V-2a(a-26)a?+J[aj'--B« + (7 / (a-26)a5«-aa:+26-3 
(a-26)?g* \ 

2(a-26)»«-a» \ -2a(o-26)a:»+ila?-J?« + (7 

y -2a(a-26)g» + a«a;« 

2(a-26)a:^-2aa;+26-3 \ (4a6-6a-86« + 126)x»-^a;+C' 

J (4a6-6a-86« + 126)x"-5a; + C 



16. The sum of the squares is 1-2996. 



17. 8aj»-8aj) Sic* 



- 3a; (8x* - Zx) 



8a;*-9x+2 3a;*- 9a;3^ ^^a 

9x« 



} 



3a;*-18a;3 + 27a;« 
4-2(3g^-9a;+2) 

3a;* - 18a;? + 33a;? - 18a; + 4 



(.' 



a!«-9a:«+33aj*-63a? + 66a;»-36a;+8 / aj«-3x+2 
«^ 

-9a;»+33a;*-63a;» + 66a?-36a!+8 
-9a;g+27g*~27a^ 

6a;*-36a;? + 66x"-86aj+8 
6a;* - 36a;? + 66ai» - 36aj + 8 
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18. 60? + 4«j) 12aj* 

Scx\ 4ca;(6ae»+4cg) \ 

6aj*+12(»-3c* 12a!*+2to? + 16c«jB> \ 

l2a?*+48(»»+48AS« 
-18cV~86c»g+9g* 

12j»* + 48ca^ + 30cV - 36c»a; + 9c* 
8«8+48c3c«+60c*aj*- 80c»{Bp-90c<iB»+108c'a;-27c« / 2aj»+4c«-3c» 

4Sca^+60(^- 80c8a:*-90cV + 108(ftp-27c« 
48car» + 96c»ag*+ 64c»ag» 

- 36c*«4 - 144c3aj» - 9Q(M + 108c»a; - 27c« 

- 36cV - 144c»a:» - 90c*a?' + IQec^g - 27c» 

19. ex^-Scx) 12aJ* 

-6ca;t -8cag(6g«»8cg) ) 

6a5«-9c»+4c» 12{B*-18(»'+ 9c*B« y 

9c V J 

12a;*-86c8B»+27cV 
+24cV~86c^-fl6c* 

12a?* - 36car» + 51cV - 36c»a; + Itkr* 

8a:«-36c»»+102cV-171<?«^+204c*a!*-144c««+64c« / 2aJ»-3(»+4c« 

8a;« V 

- 36ca« + 102c2a;* - 171c»a^ + 204c*»» - Uic^x + 64c« 
-36cx»+ 54cV>- 27c»g» 

48c8a;* - 144c»flJ* + 204c*a^ - 144c»« + 64c« 
48cV - 144c3a? + 204c*iB* - 144c«a; + 64c« 



20. 165 ) 75.. 167-28415i ( 6-51 

10 ( 775 ) 126 

1051 8276 i 42284 

25 ) 41876 



e 



9076.. 909161 
1651 909161 

909161 

21. 27009 2430000.. 73ll8§187726 / 9009 



243081 729 



243243081 2189187729 

2189187729 



c 



22. 62 ) 12. . 10976-645048 ( 22*22 

4 j 124) 8 \ 

i 



662 ) 1324 f 2970 

4 1 4 ) 2648 



6662 1462 . . 322645 

1324 1 2 93048 

146524 \ 29697048 

4 ) 29697048 



147862.. 
13324 

14798624 
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49 



23. 



81 
_2 

831 
2 



i 



8331 ) 
_2j 
83331 ) 

2J 

833331 ) 

2_i 

8333331 } 

2j 

83333331 
2_ 

833333331 

l37i74Sl0§36762589d26663l / 111111111 
1 



a 



371 
331 




40742 
86631 




4111108 
8699631 




411477367 
870329631 




41147736626 
87036629631 




4111106995890 
8703699629631 


-^. 


407407366259260 
870370329629631 




87037036629629631 
87037086629629631 




24. a;*-4x»+6- 


4 1 


2»«-.2 ) -4a;» + 6- 
-4a:» + 4 


4 1 


2- 


4 1 




863.. 
831 

86631 
1_ 

86963 . . 
3331 

8<699631 
1^ 

8702963.. 
33831 

370329631 
1^ 

870362963.. 
333331 

87036629631 
_^ 1_ 

87036962963.. 
3333331 ) 

8703699629631 [ 

8703702962963 . . 
83333331 ) 

370370329629631 [ 

370370362962963.. 
8 33333331 

87037086629629631 



«« 11 

The sqnare root of as'^ - 2 + — . is « - . 



T. K. 



£ 
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25. First snppose n an even number, sa7=2m; then there are m digits 
in the square root: and j |2n+l-(-l)*| sj |4)ii + l-l|=fli* 

Next snppose n an odd number, Ba,j=2m+1; then there are m+1 digits 
in the square root: and 7 |2n+l-(-l)v =j |4ii»+2 + l4-l|=fii+l. 



xvm. 




16. The numerator ssa{a^-x^)+x(ai-'ai) = {a+x){ai-xi); the 
denominator=o*(oi -a5J) + 3ax(ai -»3)+aj«(ai -»i)= (o'+ 3ax+«*) {ai-x^ : 
then remove the common factor a^ - x^. 

17 y'.Sy* **^^(yj.il « 

17. "+"T --T + r- V i+y^^ 



X 



2yi 



x^ ^ x^ yf ^ 

2yT I 1 

xi 



-|+2yia:T-— ^ _ yTxif - -^ + - 

11 x^' a? 

38. 4a - 4a^ (36 J - 4ci) + 96* - 246*ct + 16c^ / 2o4 - (36* - 4ct) 
4tf \ 

4a^ - (36T - 4cl) \ - 4a^ (36^ - 4ct) + 96^ - 2464ct + 16ci 
-/ - 4a7 (36* - 4ci) + 96^ - 246*0^ + 16ci 
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19. 256a;*-512x+640a;l-512xi+304-128ari+40»-l-8a5-i+a:-*/ 16a;?-16a;^+12 
256aji ^ -4a;-4+a5"S 

32ajt-16a;* \ -512aH-640a;l-512aji+3(H-128sB-i+40«-*-8a;-i+aj-4 



■): 



612aH-256a;7 



32a;*-32aj*+12 \ 384a;^-512a;i+804-128sB-i-HU)aj-T-8aj'i+a;-i 

-^ 884a;^-384iey+144 

32x5 - 32a;i + 24 - 4af-* ) -128a:i+160-128ar J+40aj- J-8»-i+«-4 

'^ -■128a;*+128- 96a;-T+16a;-T 

82xi-32a;J + 24-8a5-i+flrJ \ 32- 32aj-i+24aj-T--8a;-^+a;-^ 

'^ 32- 32ary+24a;-l-8a;-^+ar-^ 

20. a*=h'; extract tlie 5^ root ; thus a=&»: and 

If a=26 we have (26)»=62*; extract the 6«»root; 26 = 6*: divide by 6; 
then2=6« 



XIX. 



1 2-V3 2-V3 



5. 



2+V3 2 + V3 2-V3 4-3 

(3+V3)(3 + V5)(V5-2) V3(3 + V5)(V5-2) 
(6-V5)(l + V3) "" 6-V5 

V3(V5-1) _V3 V 3xv5 ^n/15 
"" 5-V5 ''y/5~y/Bxy/5'' 5 ' 

6. v'l^=V5xV2; V20=2V5; V^=2\/5xV2; V80=4V5. Thus the 

fraction 

15 3 V5 X x/5 

'"V6{V2 + 2+2V2-l-4}"V5{3V2-3} 

_ V5 _ V5(V2+1) ,,..g,.. 

=V2^ (V2-1)(V2 + 1) = ^^(^^"^^^- 

8. Multiply out: then the expression becomes 

o' - iahi + 2a6 + iahi + 6". 

E 2 
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15. Assume y/{ah + c« + ^ (a^ - c^){b* - c^)] = yjx f y/y ; then 

therefore x-y=c (a+6), &o. 

16. \/27+V15=V3(3+V5); therefore V{V27+V15} = ^3n/{3+V5}; &c. 

17. - 9 + 6V3 = V3 (6 - 3 V3) ; therefore V{- 9 + 6>/3} =^3 V{6 - 3^3} ; &c. 

18. U(l-<^)-J.yJh^; therefore V{U(l-^H}= ^^^^;;:y^ i.c. 



19. V(l + «) = \/(^ +^-) J ^® ^^ *^^^ = 



\/3 + l 
2 

V3-1 



1 + ^^ , n/3 



2 2 ^2 + V3 2-V8 2 + v/3 2y3-3 
- .V3 + 1 , . \/3-l""3+V3'^l+V3~"3 + V3"^ V3 + 3 
1 + -2- ^ + -2— 

^ 3V3-1 ^ (3V3-1)(3-V3) _ -12+10V3 _ 5v/3-fi 

3 + V3 " (3 + V3)(3-V3) "" 6 ~ 3 * 

l+>^-? 1-^' 
20 2 2 2 + V3 2-V3 

s/3 + 1'^ V3--l ~3f-V3"*"8-V3 

^ 2 2 

_ (2 + V3)(3-V 3) + ( 2-V3)(3 + V3) _^6 ' 

9-3 "6"" 

23. We observe that four of the radicals have the negative sign, and two 
the positive sign : this leads us to assume for the square root y/x-h^y- y/z-y/t. 
Square; thus, a5+y+z+«=15; also we may put 2y(«y)=6V2, 2V(2<)=2V6; 
then we must try to adjust the remaining quantities. Thus 2y/{xz) will be 
equal to one of the other four radical expressions, and 2y/(xt) to another of 
them. After trial we take 2V(^)=2V30, and 2y/{xt)=2y/6. Hence by 
multiplication x\/(zt)=y/30xy/Q=6y/5, But y/{zt)=y/5. Thus a;=6. Pro- 
ceeding in this way we obtain the required square root. 

24. Proceed as in Art. 310: we have a=7, 6 = 50; thus 0*= - 1, c= - 1; 
the cubic equation is 4ar^ + 3a;=7; and a root is a; = 1. 

25. Here o=16, 6=320; c=: -4: a root of 4aj» + 12a;=16 is «=!. 

26. 9V3-llV2=3V3r3-y^?V Take a=8, V6=y ^^: then 

c ^ » : a root of 4aE^ - x=-3 is a?=i 1. 

o 
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27. 21V6-23V5=6V6Q-|y/|). Take a=J, Vi=f y|; 

then c=^ : a root of 4jb' - ^r = ^r is a5=l, 
o 2 a 

28. We first find- -^p+VS). Here 0=2, 6 = 5, c=-l: a root of 
4«s + 3aj=2 is «=i. Thus ^(V5+2)=^^i^^. Then >^(V5-2)=>^^. 

29. Transpose and square ; a+ 11 =05 + 2 ^x + 1 ; 10 = 2 \Jx, &c. 

30. Transpose and square; 8a;+4=8«-6-18 V(3x-5) + 81; 

18V(3»-5) = 72; V(3«-6) = 4; square, &c. 

31. Square ; a» (6 -a) = 6' (a - «) ; (a' - 6«) a; = a6 (a - 6), &c. 

32. Transpose and square ; x-\-a=^x-\-h-^ sJc{x-\-h)-\-c\ 

2\fc{x-\-h)=l-\-e'-a\ 4c(a; + 6) = (6 + c-a)', &c. 



XX. 

10. 4x'-4a;-3=0, &c. 11. Car' -18 =05- 3, &c. 

15. a;«-8aj+2=6, &c. 16. 3jB»-5a; + 2 = 14, &c. 

20. 2a;* - 9a; + 10 = 12a; - 30, &c. 21. 4a? - 12a; + 9 = 8a;, &c. 

24. 100a;« + 196a; + 73 = 0, &c. 
„^ » 5a; 1 , 7a; 1 , 9a; 1 , 

26. Multiply by 6a;; 3a*+12=2«« + 18, &o. 

27. 26a;(a;+l)-15(2a;'+a;-l) = 12(a;+l), &c. 

30. a;(x+6) + 147=23(a;+5), &o. 81. 147-«(5-a:)=23 (5 - x), &c. 

82. Multiply by 4 (x« - 1) ; 2 («+ 1) + 12 =a:« - 1, &c. 

33. Multiply by 8 (a;«-l); 12+2a!(a;-l)=3 (a;^-!), &c. 

34. 19a; (10 - a;) + 40 x 95 = 9 (100 - a;«), &c. 

85. 76a;(10+a:) + 190(3x-50)=8(10+a!)(12a;+70), &c. 

36. X {x^-5x) =a; (08* - 9) +05+ 3; therefore - 5a?= - 8a; + 3, &c. 

37. 6a;(»+2)-3(aj-l)(4-a;)=l4a;(«-l), &c. 
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38. 2x'=3a6(a;-l) + 2(a{-l)», &o. Or we may proceed thus: put y for 

•* 8X3 

— r , then the equation becomes y=5 + - ; therefore y*=n y+1. By solving 
x — j. A y « 

1 
this quadratic equation in the usual way we obtain y =2 or - ^ . Taking the 

OR 

former value we have — :7«2, which gives x=2; taking the latter value we 

X 1 1 

have — r = - s » vhich gives «=« . This method may be applied to other 
oj— 1 2 8 

examples, as for instance to 39, 40, 41, 42, 46, and 47: it will in some cases 

diminish the work. 

43. 6(a:+2)-10(«-2) = 3(a^-4), &c. 

44. 4(sB+2)(a;+3)+5{aj+l)(»+3)=12(«+l)(aj+2), &o. 

45. 5a;(aj+4)+8(a;+2)(a;+4)=14aj(aj+2), &o. 

48. (a;+3){«-2)(a5-l) + (a;-3)(aj+2)(a;-l)=(aj+2)(aj-2)(2aJ-3), &c. Or 

thus — ;r = s— =1 + — jr; and treating the other fractions similarly 

a;+2 05+2 05 + 2 ^ ^ 

we have 1+— -^ + 1 ^=2 ^ ; therefore — -^ ^= = , &c. 

a;+2 flJ-2 x-1 a;+2 05-2 x-1 

60. 49a;* -28a; -21=0, &c. 

51. oe' +7= — -. — r^ a:= •= — -r—^ ; that is, making the denominators rational, 

(2-V3)(7 + 4V3) 2(7 + 4V3) . /qN^-iixR./^ 
49-48 49-48 * *^** " a;'+(2+V3)fl5=14+8V3. 

/2 + \/3\' 
Complete the square by adding f — ~— j to both sides ; thus 

/ 2+V3V 63 + 36V3 ., , 2+V3 6+3V3 ^ * 
(«+ — ^J = i~^» therefore «+ — ^=± 2 » *®' 

52. a;'-2afl5+a'=6', that is(«-a)*=6«, Ac. 

53. (X? - 2aa;= - 5» ; therefore («- a)'=a' - 6«, &c. 

54. 2(a«-6«)a;«-4(a«+6»)a;=2(6«-a«); therefore a;«-B^!±5!)=x .1; 

therefore «-__=-j-^,; therefore a: = ^,_^, = W* ' 
With the upper sign 05= — = ; with the lower sign 05= — =■ . 



X' 
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55. {»-6)(a5-c) + (x-a)(aj-c) + (a;-o)(aj-6)=0; therefore 

ai^-2aj(a+6+c)+Jc+(»+o6=0, 
, 2(af 6+c)aj /a+6+<j\» (a+h+cy Jc+ca+oft ^ 

66. (a+c)(a+6) + (a;-6)(«-c)=(a+6)(a;-6)+(o+c)(x-c), 

«^-2x(a+6+c) + (»'+6'+c*+2tc+2ca+2a5=0; 
therefore (x - a - 6 - c)' = ; therefore x= a + 6 + c. 

67. aftx=6x(a + 6+x)+<ix(a+6+x)+o6(a+J+x); 

(a+6)x?+(a*+2o6+6»)x+o6(a+6)=0; 
therefore «' + (a + 6) x = - a6 ; 

therefore (*"*■"¥") ~ ( T" ) ~ °^ 4 * *^' 

68. o&x»-(a«+6«)x=c"-a6, aj»-?!±^«=^^^, 

V*" 2aJ y- 4a«6« "^"W 4a«6» ' *®* 

69. a(x-6)(x-c) + 6(x-a)(x-c)=2(j(x-a)(x-J), 

(a+6-2c)x»-{2a6-c(a+6)}x=0; therefore «=0 or ^^"f^"^^ . 
60.ate»+-^«= ^ ; therefore x»+-^^x= ^^^~i 

therefore (^^+-256^; ^ + (,^^ j 

9a*+24o»6 + 10o*y-8ay+6* 
4a«6V • 

,^ , 3a»4-6» . 8a«+4a6-6> ^ 
therefore «+-5r-r — ==*= h~i » *c. 

61. Clear of fractions and Bimplify ; then 

x^(a+6+e)-2x(5e+ca+a5)+3a5c=0, &c. 

The process may ^th advantage be conducted thns: 

x+a - . x+ft - . x+e , A AT. * 2a 26 2c - 

1+ — J-1+— J 1=0: therefore + — =- + =0; 

x-a x-o x-e x-a x-6 x-c 

therefore a(x-6)(«-c) + 6(x-c)(x-o)+c(x-a)(x-6)=0, ^. 
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62. Clear of fractions and reduce ; thus we shall get 

(2c*+8c)a:*+aa;(2c« + 2c-l)-a«(l+c)=0; 

( a(2c^-f2c-l) )« a«(l4-c) a«(2 c«+2c- l)«_ CT»(4g*+16c»+20c«4 8cf 1) 
r"*" 4c«+6c j~2c»+3c"*" 4(2c«+3c)> "" 4(2c2 + 3c)» ' 

therefore x+ . c . ^ — ^ = ± . o . ^ — ^ , &c. 

4<r+6c 4c^ + Gc 

XXI. 

2Va 111^ 

1. «+-^ + 9 = 3+9.&o. 

2. .-+31«^+f^y=32-.(|Y==T-'.*c. 

3. a? + 14a!4+49=U07+49=1166, &c. 

4. «*- 13x»* + ( Y 1 =14 + -J- = -J- ; therefore x^ - 7r='*= o" » *°- 



S 1 1 1 /> X 



6. a;^-a;'»=2;x»-x»+^=2 + ^ = |; x»-^=±|,&c. 

7. «+2V»V*=-c, x+2Vav'«+a=a-c; y/x+y/a=Jt.y/{a-c), &c. 

o -4 7 , 49 43076 49 516961 ^ 

^' *^-3*"*"36 = "T~'*'36 = "^36""'*°- 

9. «* - 14a?+ 49 = - 40+ 49, &c. 

in i 13 1 6 > 13 1 169 5 169 9 i 13 8 
4* 2' 4 ^64 2^64 64' 8" 8* 

13. «+6-V(«+6) + |=6+J = ?5; V(* + 5)-^=4-*''- 
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WOK/ o ^ / 1 ^ / ^25 .25 9 . 

14. 2a;-6V«=-2; «-2V«='-l; ^-g'^^'^'IS"" '^'ic'^ie' 

.. . \ ^ ^ i 1 1 22 1 1 1 1 22 1 441 ^ 

17. 4a;+2V(4«+8)=7; 4a;+8 + 2 V(4aj+8) = 15, 

|V(4a;+8) + l}«=15+l = 16, &o. 

,o ! i 6 i J 6 i 25 , 25 9 ^ 

18. x-^l=.^x\ **-2^-+i6=-l+i6 = r6'*'- 

19. Square; 2a;+7 + 3a5-18 + 2V{(2«+7)(3aj-18)} = 7a;+l; therefore 
V{(2a;+7)(3aj-18)}=a;+6; therefore (2a;+7) (3x-18) = (a5 + 6)«, &c. 

20. V(*' - 16) + V(a^ - 9) = 7 ; transpose and square ; thus 
a;«-16=x2-9-14V(a;«-9) + 49; simplify V(a^- 9) = 4, &c 

21. Square; fl+a;+2V(«'-«') + a-«=6; therefore 2 V(a' -«*) = & -2a; 
therefore 4(a^-»*)=6"-4a6+4a^ &o. 

22. Square; a;+9=4a;- 12 Va5+9; aj=4\/»; «*=16fl!; «=0orl6. 

23. Transpose and square ; 5a5 + 10 = (8 - x)\ &c. 

24. 2**-! + 2** = 80 ; put y for 2', thus 2y + y» = 80 : solve this quadratic in y. 

25 . Performing the divisions a; (a; + 2) + x - 1 = 39, &g. 

26. Clear of fractions V(»' + ax) - V(a' -«*)=%/(«'-««:) + V(a' - «') ; 
therefore Vi*' + ox) - -%/(»' - oaj) = 2 V(a^ — ^j^ ; square 

2a«-2V(a*-«V)=4(a*-a;*); therefore 2x^-o* =>/(»*-«'«*); square, &c. 

27. Clear of fractions a?{x+ 1)« + aj« (aj - 1)» = n (n - 1) («« - 1)« ; 
therefore x* {» (» - 1) - 2} - 20^ {» (n - 1) + 1} + n (n - 1) = ; therefore 

n^»-l)-2 (n(»-l)-2j 

— w (» - 1) ( ft(n~l) + l ) •_ 4n« - 4n + 1 
~"n(»-l)-2"'"(n(»-l)-2) "*" {n (» - 1) - 2}« ' 

,- , . n(n-l) + l 2n-l 

therefore a^ ] r\-^==*»~T — 1\— o» *°- 

n (n - 1) - 2 n (n - 1) - 2 

28. (a+6)«(a« + 6» + x«) + (a-6)«(aH6»-a?)-2(a«-6«)v{(»' + ft^*-«*} 
= (a«+A«)«; therefore 4a&c« + (a«+6«)«=2(a«-6») V{(»'+6')*-«*}; 

therefore 16a«6V + 8a6 (a« + 6«)»x« + (a« + 6«)*= 4 (a« - 6»)« {(«» + 6«)« - x*} ; 
by siiaplifying, 4x* + 8a6.x« = 3a* + 36* - 10a*6". 

Divide by 4, and then add a?b^ to both sides, &q. 
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29. s/{x+2)-{-y/{x^+2x) = a-x-^x; square 

aj+2+aB?+2x+2V{(a;+2)(aB»+2a;)}=a«-2o(aj+V*) + («+V^)'j 
therefore 8aj+ 2 + 2 (oj +2) y/x-a* - 2a («+ V«) +2» Vx+« » 

therefore 2(a+l)a5+2(a+2)V«=»'-2; therefore 

a+2 , /a + 2V a'-2 . (a + 2)« 2a» + 3a« ■ 
'' + STI^*+\,2^+2; =2ST2"*-^i:f2? = W+2F' *''• 

30. 2+2a={c-(2+c)a;}«; simplifying (c+2)«a:*-2 (c+l)«aj=2-c«: divide by 
(c + 2)«, and add (£±3)' to both sides; [x^ g-±-J)] "=. :^, &c. 

31. Clear of fractions, 2oT+a{V(a+«) + V(«-«)} +«{V(« -«) - >/(«+«)} 

= a^ + a {V(o 4- a) + \/{a - ac)} + y/a^(a* - a*) ; therefore 

0! {V(a - «) - >/(« +«)}=%/« { V(a' -«*) - o}' 
Square; «*{2a-2V(a'-aJ^}=a{2a«-a^-2aV(o'-«*)}; 
SoiB* - 2a8= -2 (a» - a*) V(a" - ai^ ; 
square and simplify, 4a:^-3aV=0 ; therefore a;=0 or ±^~- . 

oA V(«+2a) 2a + « .- - -^^ ., . 

32. -^77 — jr-: = r: ! See Algehrat page 182 : therefore 

V(a!-2a) 2a -a? » x—o 

(at + 2a) (2a - a)' = (2a +«)«(« -.2a); (2a+a5) (2a-a;){2a-a:+2a + a:}^0; 
therefore (2a + 2;) (2a- as) =0, &c. 

33. Transpose and square, x+S=x+x+B + 2\/{a?+9x) ; 
transpose and. square again ; (5 - x)*=4k (x^ + Bx), &o. 

34. Transpose and square, of + 8 = 25as - 10 V(^ +9x)+x + Z; 
transpose and simplify, 5x - 1 =2 v(a^ + Sos) ; square, &c. 

85. Put y for . " , ; thus y +- = tf ; tenoe we get y== or - , &c. 
OG^+ar ^ y iJS ^ ^ ' b 3 

36. Transpose and square ; a + &i^ = a + 26 y/(abx*) + hch^ ; 
therefore 6 (1 - c^) as* = 2c y/{abaf^) ; square, &o. 

3 

37. Square; a!+4+a5-2V(a^+4aj)=«+H; therefore 

as+-5s2 v^(«*+4je) ; square again, &c. 
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38. sc* - a:^ ( a» + -5 ] = - 1 ; therefore 

Of thus :»»-<.«= i - i = '^; (a^ - ««) (1 - ^) =0. &c. See Art. 332. 

Ktxa-r^ gl +4 81x4' . 

40. Multiply each term of the first fraction by its nmnerator, and each 
term of the second fraction by its numerator : thus 

{V(x« + 1)+V(x«-1)}« ^ My« + 1)-V(a:«-1)}» _^ ^,(^, ,^^ 

therefore 2a:* = 4 y/{z^ - 1) ; therefore a?* = 4 («» - 1), &c. 

41. Baise both sides to the sixth power ; (ai +a;i) = (oT+acTr) ; therefore 
o+2aJaji+«=a+3a?aj^+3a^a;?+sB; therefore 202053 =3aTa;T+3aTfa;T. 
This is satisfied by aj=0 ; dividing by xi we have 2aiaBT=3aT+ 3a^af^ ; 

42. ° **" +a+g=:4a: a'+a'+(a+a;)'=4a(a+a;); therefore st?-ax=a^, &c. 

43. Square 2 +2aj«- 2 >/{(! + »*)'-«*}=*»' 5 therefore 

(2+ 2a5»-m')'=4(l +»•+«*); therefore 4a;«-4m«(l+a?)-i-i»*=0, &c. 

44. Proceed as in Example 40 ; {a; +V(a5' -!)}'+{«-%/(«'- 1)5'= 3^- 
thus 4a:«-2=34, &c. 

45. Square. 2 (aj» + a«) + 2 V{(a' + a^)' - 9«'«^} = 2a' + 26« ; 
therefore (a«+aj«)«-9a«ai*=(6»-a;')«, &c. 

46. jps (- - a?) = G-±^ ; therefore 6a;» - «* = (1 + a5«)», &o. 
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p^i 1 1 J * 

47. a^' - 2" \^^ +«*) =0 ; this is satisfied by «= ; divide by x* ; 



*"* = 2c ^*" "^ ^) ' ^'^ "" 2«e*''= - 1 ; add c> to both sides, &c. 

48. Transpose and square ; x - y/(l -«) = (!- V*)' J - \/{l -x) = l-2y/x\ 

sqoare, l-aj=l-4V« + 4«; 6a5=4V«; &c. 

49. 2 {5ac*a + 10a:»a' + o«} = 242a» ; therefore »* + 2xV = 24a*, &o. 

^^' ^-^rr:-*=\/^ *^^^'^'^ ^= \/i» '^^"^' ^''• 

61. Transpose and square ; a;*+aaj+6'=(a+6)2-2(a+&)V(a^+&«+«')+«*'+2»« f a^, 
(6-a)a5+2a(a+6) = 2(a+6)V(«' + &c+a^; square 
(6-a)V+4o(6«-o")aj=4(a+6)=x« + 4(a + 6)'te, &o. 

,^ 25a;«~16 8(a;»-4)a? 6»4-4 8 , . „, ^ 

63. Square; 2ar+9 + 3aj-15+2V{(2a; + 9)(3a;-15)} = 7iF + 8; 
therefore y/{(^ + 9) (3* - 15)} =x + 7; square, &c. 

64. Transpose and square; ^ -. ^ = 1-2^./+ t 

<ibc \/ a a 

therefore — r «=1 -2 / - + -; therefore 2 ^ / + , =0; 

6 ac \ a a ac \ a b 

that is Iv^ " \/^| '"^» therefore Va;=^. 

00. Transpose and square; 

ar«+2x-l = 5 + 2V6 + a?+x + l-2(V2 + V3)\/(»'+« + l); 
therefore (a5-7-2V6)»=4(5 + 2V6)(«»+a5+l); 

therefore (19 + 8V6)a5' + (84 + 12\/6)a;=63 + 20V6; 

, , , 34 + 12V6 63 + 20V6 

therefore ^+ ^^^q^^ ^= ly-^g^^ ' 

^ , , (34 + 12V6)(8V6-19)a; (53 + 20V6)(8V5-19) 
therefore »-+ gg = 23 ' ' 

, 44^ 6-70 44>/6-47 
that 18 x« + — -^ X = gg- — . 
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Completing the square we have 

/ 44v/6-70V 12192-2112V6 /44V6- 24\' . 

56. Transpose and square ; 

therefore 2 V(a' + &» - 1) = Va + V& - (\/a - y/h) x. 

Square; a:«j4-(Va- Vi^)^(+2(a+6)aj=4 + (>/a+\/*)*. 
Divide by the coefficient of as', and complete the square ; 

L, ^ + ^ l'__4+( VflH-V6)» (a + b)^ [ i+2yy (ah) \^ 

I '^ i-(s/a- y/b)^) 4-(Va-VV {4-(Va-V6)*(«""i4-(Va-N/'6)*i * 

67. rB? + 2aj» + a!=0; therefore a5=0 or a:? + 2a; + l = 0, &c. 

58. ar' + &c« + aa; = 0; therefore x=0 or a;* + 6a5 + a=0, &c. 

69. a5'-x'(a + & + c) + «(&c + ca + a5) = 0; 

therefore aj=0 or a:^-x(af 6 + c)= -(ftc + ca + aft); 

therefore fa; — 1 = - (bc + ca+ab) +- j =&c. 

2x Ax 

60. z — o = 1 9 ; therefore a; (1 + a') = 2a; (1 - a;') ; therefore a; = or 

1-a;'' 1 + ar ^ 

l+ar«=2(l-a;'^), ifcc. 

61. i- + r + ^ — I + ^r = ; therefore 

x+a+b x-a-b x-a+b x+a-b 

therefore a; = or 2a;' = (a + 6)» + (a - 6)«. 

62. (a-x) (x+m) (x'-'n) = {a +x)(x+ n)(x- m); 
therefore -a^+x^ {a+n- m)+x{mn+ma~ na) - amn 

=a?+x^{a + n-m) + x(na-fna-mn)-amn; 
therefore x=0 or ob* = mn + (m - ») a. 

- 63. ( I - 1= -r ; therefore ^^ = — ; 

\a-x/ ab {a~x)^ oA 

therefore ia^bx=cx{a^x)*; therefore af=0 or 4a-6=c(a-jc)'; &c. 
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64. Transpose and square; 
(2a!+l)a+2a:(2«+l)V(«*+2)+«^(«» + 2) = («+l)«(x»+2aJ+8); 

therefore 2a5(2a5+l)>/(a^+2)=4a*+2»«+4a5+2=2(«"+l)(2as+l); 
therefore (2a;+l) («>/(«' +2) -(«"+l)|=0; 

therefore either 2x+ 1=0 or xy/{si?+2) -(«*+!) =0. 

The former gives x= - ^ ; from the latter we have sb* (x' + 2) = (o^ + 1)^ 

that is, 8B* + %?=9^^2a?+l, which is impossible. 

65. a:«-2x+2-2V(a!^-2a;+2) + l=0; 

that is, j ^(aj' -2»+2)-l(«=.0; therefore Ja^'-2x+2 = 1 ; square, &c. 

66. ««+6«+28-6V(»'+6a5+28)=24; therefore 

|v(«'+6«+28)-|P=?5+24=^; therefore V(a^+6«+ 28) =^± y, &c. 

67. a;«-2a;+9-2V(a'-2a5+9)=8; therefore {V(ac*-2a! + 9)-l}*=4;«fcc. 

68. 3(a:*+5a;+l)-2V(x'+o«+l)=6, 

{3)9 9 
V(«'+3x)+2J- =7+10; &c. 

70. 2ar»-3a;+2-2V(2a5'-3aj+2)+l=0; that is, {v/(2a»-3a;+2)-l}2=0, &c. 

71. 2a;«+6x+5+6V(2a5'+6aH-5)=66; therefore {V(2iB*+6a5+5)+3}»=64, &o. 

72. Sx* - 2aa;+ 4- 6 V(3x' - 2aa;+4) =a« + 2o - 8 ; 
therefore {V(3aj' - 2a« + 4) - 3}« = (a + 1)«, &c. 

73. 2a;«-3a;+2+6 s/(2»«-3x+2) = 16 ; therefore {V(2ar»-3aj+2)+3}« = 25, &c 

74. 9=5+4(x+x«)-(«+«2)«^ Putyforx+flc*; 
thus y*-4y + 4=0; therefore y=2; thus 2e'+x = 2, &c. 

75. {x + a) (x+4a) (x+2a) (x+3o) = c<; 

that is, (aj» + 6aa5+4a')(x» + 5ax+6a*) = c*. Put y for o^+Sasc; 
therefore (y+4a2)(y + 6a') = c*; therefore y"+10a«y+25a*=c*+a*, &o. 
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76. 16a;(a5+3)(a?+l)(x + 2) = 9; that is, 16(a5^+8aj)(iB*+3«j+2)=9; 

put yioiit^+^; therefore 16y (^ + 2) = 9, &o. 

77. s= a ad • ^^^ Algebra, page 182 : {a'+ ac*) (a*-aj«- iiaj)=0 ; 

therefore a'-i-»'=0 or a^-ix^-ax^O, The former giyes impossihle values to x. 

a' 5a' 
a^4.ax=a'; therefore «'+aa;+— =3-j-; &o. 

4 4 

78. a=(a;^| + |) +(35-^^5); put yfor«-|; 

therefore (^+2) "*" (^"2) ~**' therefore 2y*+3y*+- =»; 

, , •3««9al 9al^ 

therefore 2^ + -2- +16=2 "■l6'*"i6=2 +2' *°- 

79. iC*-2a:'+aj'-fl5'+a5=a; that is, {x^-x)^-{ix^-x)=a; put y for 
«'-«; therefore y'-y= a; &c. 

80. (a:«-a;)«-(»«-x) = 132; therefore (aj»-«-^y= 132+ | =^; 

1 23 

therefore a?-x-^=^-^; &o. 

81. 2aj+7 + 2V(«' + 7a;)+Va5+V{»+7)=42; 
therefore {VaJ + %/(« + 7)}' + V« + V(» + 7) = 42 ; 

C 1 ) * ^« 1 169 , //ml 13 

therefore < V«+V(«+7)+2 J ='*2 + j=-4-; V» + V(«+7) + ^ = ±-2 . 

Take the upper sign y/(x -f 7) = 6 - V^J ; square, &o. Then take the lower sigii. 

82. (a;-4Va5)'+2(a;-4Vaj) + l=0; therefore (jc- 4 V«+1)*=0; 
therefore a!-4>/a;=-l, &c. 

83. {y/x+y/{a+x)}^ + y/x+\/{a+x)=h-i-a; 

( 1 ) * 1 

therefore ] \/x+y/(a+x)+^ \ =h-\-a+g=e^ say: 

therefore ^/x+y/^a+x) + ^=:iiC; 

therefore %/(«+*)=»=*»«- o"""^** square, &c. 

84. («'+«)«+4(a5'+aj)+4=16a^; therefore «»+ 05+ 2 =dk4aj, &c. 
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85. (aj* + o')* = 2a' (« - a)' ; therefore as' + o« = st a V2 (« - a). The npper 
sign gives impossible values ; take the lower sign x^ + ox \/2 = - a' + ai^y/2 ; 

therefore (»+-i)'=-aH<,V2 + |'4VaV2;«=-^,*^,^'^^> 

86. Divide by »'; ('aj+~y+ofa:+-Vft=— ; 

\ axj ■ \ axj a 

05+ — +i. ) = 6 + T ; &o. From this we could find «+ - ; 

cus 2/ a 4 ' oo; 

suppose that x-\- — = m ; clear of fractions and we have a quadratic in x, 

ox 

87. Square ^ V(^-l)^l-I=l + :; V^"!) = G^^'O^ 

square 4- — =(-.+ -) -2(-+ ) + l; therefore 

X \a xj \a xj 

I - - j-2( )+l=0; therefore - - - = 1 ; therefore x' -ax=a^; &c. 

\a xJ \a xJ ax 

/ 1\' / 1\ 142 

88. (, + -j+2(a.+ -) = — +2; 

therefore I « + ,- + ! I = -jr +3=-x- ; therefore »+-+!— 

V^)_Vte-J,)^»j:l therefore V(«-l)Wl)-l-^-'}=0; 
therefore either ^{x - 1) = or \/{x + 1) - 1 = ~ ^ ; square 

JC-l 1 

«+l + l-2 V(«+l)= ; therefore «+l + -=2V(»+l); square 

X X 

^a;+^^ +2^a:+M+l = 4x + 4; therefore ^aj-^V- 2^3; -i^ 4-1 = 0. 

90. 2(as* + l) = (aj + l)*; therefore «*- 4«» - 6«» - 4x + 1 = : 

I 4 

divide by as*; a;*+-j-4x 6=0; therefore 

X X 

/^x+-j -4^«+-J=8; therefore f«+ — 2J =12; therefore 
«+-=2± Vi2=2±2V3. Take the upper sign; a:*-2x(l+>/3)=s -1; 

X 

therefore tc-(l + >/3)}'= -1 + (1 + V3)*=3+2V3; &o. 



13 . 
db--; Arc. 



i 
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91. (a!+l)(ac'-a5+l)=0; thereforGa5+l=0 ora^-a5+l=0, &o, 

92. n (a^+ l).+fl8+ 1 =0 ; therefore (« + 1) {» (a5»-» + 1) + 1} =3 0, &o. 

93. It is obyious that x=5 is a solution; multiplying out we get 
x'-9aj*+26x-30=0; and we know that 6'-9x6''+26x6-30=^0; sub- 
tract; ac8-6'-9(aj*-6«) + 26(a;-5)=0; divide hy a; - 6 ; 

a:^ + 5a; + 25 - 9 (x + 5) + 26 = ; this gives impossible valaes for a% 

94. It is obyious that a; = 6 is a solution; multiplying out we get 
«»-6aj« + lla;-66 = 0; that is aj»(a;-6) + ll(a!-6)?=0. Divide by as-6; 
x^* + 11 = ; this gives impossible values for x, 

95. It is obvious that a; =5 is a solution; multiplying out we g^t 
a?-6ai»+llaj-30 = 0; and we know that 5*-6x5«+llx6-30 = 0j 

subtract; «»-6»-6(a:^-53) + ll(x-5) = 0; divide by aj-6; 

a;^ + 5a; + 25 - 6 (x + 5) + 11 = ; this gives impossible values for x. 

96. a;(6aj«-5a;+l)=0; either a;=0 or 6a;»-5aJ+l=0, &c. 

97. «»(aH-l)-4(a;+l)=0; (ai»-4)(a;+l)=0; either aj+l=0 or a^-4=0, &o. 

98. It is obvious that x=a is a solution; --1+ + -; — 5=0; 

a X a OB* a^ 

therefore o»^-aJa;-6*a;-6'a=0; therefore 

a * j 2a ) ( 2a 5 4a* ' ' 

99. 8a?-l + 8(2a;-l)=0; therefore (2jc-l){4aj»+2a;+9}=0; 
either 2a; - 1 = or 4a^ + 2a; + 9 = ; the latter gives impossible values for x. 

XOO. «.-|=i(.+ |); (.+1) j»-| -^1=0; therefore »+|=0 

2 1 2s; / 1\' 1 

or a;-— — =0 ; the latter gives oi? — 5^=1; therefore fa- -J =1+^ ; &?c. 

ox 6 \ oj 9 

101. 3 (««- 1) + 8ar'(a;2- 1) = ; therefore (a;»- 1) {3 (aj^+^B^ + l) + frx^J =0; 
therefore either aj^ - 1 = or 3a;* + llx^ +3=0; &o. 

102. It is obvious that a;= - m is a solution ; 

a;3-«ia;2-2(m2 + l)a;-2m=0; 
and we know that - m^ - m3+2 (m*+ 1) m - 2m=0 ; 

subtract; a;9 + m' - m (ar* - m'^ - 2 (ni^ + 1) (a;+ m) = ; 

divide by a;+m ; a;* - wia; +m* - m (as - m) - 2 (m* + 1) = ; 
therefore ac* - 2TOa! = 2 ; therefore (« — »i)* = m' + 2 ; &o. 

T. K. F 



X 



.j_ 
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103. It is obvious that «=sa is a solution; multiply out, and divide by 
h-a; thus a?^{a*+ah+h*)x+ah{a + h)=0; and we know that 

o'-(a" + a6 + 6«)a + o6(a + 6)=0; subtract; a^-€i'-(a*+a6+5*)(a;-a)=0; 

divide by x-a; «'+aa;-|-o"-(a»+a6+6*)=0; &o. 

104. a(ai«+|a+p-l)+^±?^li=0; «{««-l+|,(«+l)}+?±^=0; 

p~ 1 jp — 1 

«(a;+l){*-l+Jp)+'^±^=0; (u+j)-!) |aj(aj+l)+ ~^|=0; 
therefore either »+»-l=0 or 85* + x+ ==0, &o. 

106. «|(p-l)V+iMJ+-^| + (li-l)x+l=0; 

therefore « |(p -!)•«•- 1 +|w + 1 + — j| + (jp-l)a; + l=0; 
therefore g|(l>~l)'a^-l + ^^""^^^'*'^ | +(p-l)g + l=0; 
therefore |(l>-l)«+l||a;[(i)-l)«^l]+-^+l|=0; 

therefore either (p-l)«+l=0 or a![(p-l)a5-l]+-^=-+lsB0, &c. 

xxn. 

10. For equal roots 8'= 4 x 2 x m ; therefore m = 8. 

o»+/3» = (a+/5)»-8aj8(a+/3)=p'-3|)g. 

,- 1 '1 o+j8 6.C Jllltf., ., ._ 

12. --*-o = — zr= r— =--; -x- = -5=-; thus the required 

a p a^ a a c a p afi c ^ 

equation is «' + - a; + =0. 
c c 

13. Therootsare "P'^^^P*"^^ ; and p'-4g=^* + jY-4j 

=i:'+ 2g +I5 - 4^ = ( ife - 1) , which is a perfect square. 
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14. Suppose that a; is a value whioh satisfies both (nx^+hx+e^Oi and 
«'«*+ 6'aB+ (?=0 ; nraltiply the first by c' and the second by <?, and subtract ; 

(a</-a'c)»'+(6c'-J'c)a;=0; therefore (ac'-a'c)a?=6'c.— 6c' (1). 

Again, multiply the first by a' and the second by a, and subtract ; 

{a/b - ah')x+afC''acf=0 ; therefore (a'6 - a6') x=^ad - a!o ;.(2). 

Multiply (1) and (2) crosswise ; thus (ac'—a*e)^=(afh-ab') (Jb'c-bc^. 

^1. -o ^ 2ajT7 ^, ^ i+y±v{(y-i)(iiy"i)J 

as in Art. 345. This shews that y must not lie between 1 and ^ . 

. 16. Put ^z^=j,, then ^^-CyH-D^Vifa+D'-yiy-m . 

a5'+2a!+jp' '^ y-1 

Here the expression under the radical sign will be found to be 
(1-|)»)[ y-^^ ) (y-^ — = ) ; and as 1-|)' is negative, one of the other factors 

must be negative to make as real : thus y must lie between - — ^ and ^- — =- . 

xxm. 

1. Multiply the second equation by 7, and add to the first, &Q, 

2. From the first equation y =100 - x ; substitute in the second, .&c. 

3. The second equation gives x+y=xy; therefore 4:=xy; substitute 
4 - as for y, &c. 

4. From the first equation y = 7 - x ; substitute in the second, &c, 

5. From the first equation y=af - 12 ; substitute in the second, &c. 

6. x+y=Sj yx-y=2 + 2x; from the first equation y =8 -a;; substitute 
in the second, &c. * 

7. aj«+2a!y+y«=65 + 56; that is (a;+y)«=121; also 
a^-2jry+y«=65-66; that is (aj-y)«=9, &c. 

8. From the second equation x= ^ ; substitute in the first, &c. 

o 

9. x+y= 2xy ; therefore l=xy; substitute 2 - a; for y, &c. 

10. Multiply the first equation by 2, and subtract the second, &c. 

* 

37 — 3 »/ 

11. 2a;+3y=37, 45(a;+y) = 14a^; from the first equation x= — ^ — ; 

substitute in the second, &c. 

F2 
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to t>.x XV 4t>»+« 116 - 6 23 . 

12. Pat y=taj thTi8-j-j-^ = -gj.; hence t;=^ or -.^, &c. 

Or, add the eqnations, extract the square root, Sse, 

«o TU.X xv v-v* 2 , 2 1^ 

15, Put y=vx; thus s — =t?^; hence t;=5 or ^, &c. 

^ ' l + vlS 3 6 

14. Put y=ta; thus g^.g =TZ' ^®^^ •=! ^' ""^j *®' 

16. Put y=vx; thus -r— — =th; hence v=^ or ^i &0. 

16. Put y=ivx; thus — = — ;r-=-r?; hence t>=7 or =, &c. 

' ^-2» 15 4 3 

17. Put y=w; thus . o^ =n» *1^* ^^ ^^ ./, «, , ^ =8; 

' ' v+2i;* 8 v(l + 2w) 

therefore -^ — -=3, &o. 

V 

18. From the second equation y=—^^ ; substitute in the first, &o. 

19. From the second equation y=2-x\ substitute in the first, &c. 
Or, add the first equation to the square of the second, &o. 

20. (x+y)'»+(a;-y)»=-g («^-y'); therefore 6 (x'+y*)= 10 (a?- y«); 

therefore 4x^=16^; therefore a; = db2y, &c. 

5 

21. (aj+y)'+(a;-y)*=2(aJ*-y'); therefore 4 (as* +y«)= 6 (aj»-y*); 

therefore x^=9y^; therefore a; =±3y, &o. 



22. 



~ + g=y-a!, y-H = -T^-3«: from the first equation we get 

5a/ 
y=—\ substitute ia the second, &c. 

28. T"n+Q=3ic-y, 3aj-^ = -^ + 3y: from the first equation we get 

V2x 
y=-=- ; substitute in the second, &c. 



24. Multiply the first equation by 4, and add it to the second; thus 
9 (y* - 607 + 9a;"^) = : therefore (y - 3a;)*= ; therefore y = 3aj, &c. 

25. Subtract the first equation from the second ; 2 (y - a) sy* - v^ ; there- 
fore (y-«)(y+aj-2) = 0; therefore either y-a;=0 or y+a5-2=0; thus y=» 
or y = 2 - as : substitute in either of the giyen equations, &c. 
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26. Square the Becond equation ; »' - l^y + v's^ ; flnbatitute from the 

Id 

5 aN^ 

first oa5y-2«y=^ ; therefore xh/*=Bxy: therefore a?y=0 or 8. The former 

gives aj«+y«=0, a5-y=0, so that «=0, y=0; the latter gives ««+y*3s20, 
x-y=2; &G. 

27. 16-a;-2y=— , 23-y-8a!=— ; therefore 16- a;- 2y = 23- y- 8a;; 

y y 

therefore y=2ie— 7 : substitnte in either of the given equations, &c. 

4 8 

28. xy=n(x+y); therefore 2xy - » (a; + y) = 0, add to the second equation : 

thus (a;+y)»-g(aj+y) = 26; therefore («+y-g) ^"^^"^ 36~"86 * *^®'®*^'® 

r m 13 

x+y-c=^^-a'y therefore x+y=6 or - -^: substitute in the first equation, &o. 

o 

29. ^=«; thatis«»+«y+y*=:4; substitute as -2 for y, &o. 

jc-y 2 

80. ^ = -=- ; that is ic*— ley +y'= 13 ; substitute 6 - a; for y, &c 

»+y 5 

31. ^±y! =1^ ; that is a^-aw +y»=91; substitute 11 -a; for y. 
aj+y 11 

aj»+y« 86 . , . . aj»-ay+y« 7 ^. ., l-v+t;« 7 

3 2 

therefore 1;=^ or 5 , &c. Or, add three times the first equation to the 

second, extract the cube root; thua a;+y=5; then from the first equation 
a^=6; &c. 

83. a5?+y'=18ajy, «+y=12; therefore, by division, ai'-iBy+y^sis-S, 

3tf 1 

Pnty=«9;; thus l-v+v'rs-^; therefore v= 2 or ;r , &c. 

84. ^±2(!„^. thatis««-a^+y'=273; substitute 18- aj for y. 

oc+y 18 it if ^ 9 

3 

85. si^+y^= 9a;y, a? + y = j ajy ; by division a^-a^+ y^=12 ; and by squaring 

g^^s 8 

the second equation we get —A- - 3a!y= 12 ; this gives ay =8 or - 5 , &c. 

Id o 

36. a6*(a;+y)=saB^(2«-8y); therefore a5+y=2a!-8y; therefore a;=s4y; 
substitute for x in eitner of the given equations. 
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R R 

87. ajy(a;+y)=20, lajysoc-f-y; nniltiply ^a8*y'(a;+y)=20(a5+y); 

therefore a^=lQ ; therefore xjf^^^; substitute in the first equation, &o» 
8S. a^f^^y. = ^^? thatis g+y=^^; sqnare; thufl 

aj»+y»+2ag^=^^^'; T+Jtey^^-?^^'; 12xV«-5&^- 114=0; 

19 6spv - 1 

from this quadratic we get 0(^=6 or -^-5 : substitute in x+y= — ^ — , Ac 

Id 7 

89. »'+y"= -TT- » therefore 8=^ ; 16=«V » substitute 8-x* for y\ &o. 

40. «+y=4; square; thusa?+y'=16-2a5y; square; thus 
iB*+y*+2a;y=256-64jry+4a;y; therefore 82 + 2«V=256-64a!y+4aBV; 

«^*-d2a^- 87 ; therefore xy=Q or 29. Use these with the first given equation. 

41. ^zy* = ?^, that is »*+«»y + «V+ajy»+y«=1031, that is 

!C*+y*+ay(«*+y')+a:»y«=1081. Now a;-y=8; therefore a^+y>=9+2a^; 
therefore sB*+y*=(9+2ajy)*-2fl5V*=81+86a;y+2a5y. Substitute: thus 

* 

8l+dQsaf+2xh/*+x}/{9 + 2xy)+a?y*=1091; that is 6x»y'+45ay=950; theie- 
fore d^ = 10 or - 19. Use these with the second given equation. 

1 

therefore 9u<-82u>+9=0; from this we get u'=9 or ^; therefore 

-^=±- or ±3. Take^^ = 5; thus S(x-y)=sx+y; therefore x=2y: 
x+y 3 x+y 8 \ 9/ 9 f 9 

substitute in the second given equation, &q, 

43. x+y=4+xy:i therefore sB»+y*=(4+a!y)*-2aBy=16+6a!y+a(V: sub- 
stitute in the first equation; 16+6sBy=19 ; therefore xy=^. Use this with 
the seoond given equation. 

44. ^^^ ^u -'Wl *lii8 ^^ giv« a^+ay+y9=19. From this and 
the first given equation, by addition and subtraction a^+yS=18, sEy=6> iso, 

46. «^+A'+ 2^^9^ this wiU give aj»-a^+ y«= 19. From this and 
the first given equation, by addition and subtraction ac'+y'=84) xy=i6» 
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: 46. Add twice the second equation to the first ; thns (x'+y^)'-fa^+^s_sig2 ; 
tram this quadratic a^+y*=18 or - 14. Take the former and substitate in 
the second equation ; thus we get xy=: db6, &o. 

47. The first equation gives xy{y+X''d) = Z{4x+y-xy). Multiply this 
and the second together : xh/* (y +4aj- sey) (y +05 - 8)= 36 (»+ y - 3) (4»+ y - »y). 
Therefore either (j^ + 4fl5-a!y)(y + a5-3)=0 or as V = 36. Take ojy = + 6, and, 
substitute in the first given equation ; next take a;y=-6. Next take y+os-d^O, 
this will lead to y+4«-flEy=0 ; from these find x and y. 

48. Divide the second equation by the first: thus x+y-y/(xi/) = 6; 
therefore by addition Bod subtraction as+y=slO, '^{xy)=^i therefore icy=16; 
substitute 10 -oc for y, &c. 

49. Divide the second equation by the first: thus x+y + y/{xy)=19; 
therefore by addition and subtraction x +y=13, >/(a!y)=6, &c. 

50. x+y=72, x^+y^=6; divide the first equation by the second : thus 
xl-a;*yT+y^=12; substitute 6-a5» for y»: thus we get «*-6a?» + 12=4; 
therefore (x7-'3)'=l, &o. 

61. as^ - y*= (8 -as)'; substitute a; - 1 for y, &o. 

52. aJ+y=7+V(ay), («+y)V(«y)=78; therefore {7+V(«y)}V(a^)=78; 
from this quadratic we get y/(xy) = 6 or ~ 13 ; &c. 

63. «+y=10, x+y=^y/(xy); therefore 10=^V{«y); V(a5y)=4, &c. 

54. Square the first equation ; x+y-2 y/{xy) = 4iry ; therefore 
20-2 yj{pBy)=^ixy\ from this quadratic we get \/(xy)=2 or - ^ , &o. 

56. Put y=w in the second equation ; = :p= ; hence «=c or ^ ; the 

*^ V lO 8 

first equation gives V(«'-y^-2y= -2; put «=y , &o. 

56. 8 + OE^ = (8 - 2y)' ; 6y' + 4^^= (9 - 20^*)' ; from the second equation we 

get ^= — o7-^; substitute in the first equation, &o. 
So 

hx 
67. ay+&B=34aBy; substituted fory, &o. 

58. y=-; substitute in the ^t equation; afi-'^s:a^; therefore 



• a5*-oV=6*; therefore ^x»-^y=6*+?^, &o. 
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59. a*«(«+y)*-a^+3^+4ajy(a5Hs^ + 6aj«y*=i6*+4«y(a»-2ary) + 6aV; 
see Alffehra, page 199 ; thus 2a:^'-4a%Ey=5^-a^ ; find xy from this quadratic, Sco, 

60. a5*+y*+2a5y=16ajV; therefore a^+y*=fc4a^; substitute a-« for y, &e. 

61. Clear the first equation of fractions; thus ab = xy; substitute 
o+6-ajfory; thusa&=(a+6— a;)as; therefore »*- (a + 6) «= -a6, &c. 

62. Clear the first equation of fractions ; and substitute 2b for y ; 

thus we get (a+6)a5*-4a6aj+o* (36-o)=0, &c. 

63. Divide the second equation by the first ; o^+y^+aiy (a^+y^-HBV=— ; 

Now a5»+y*=a*+2acy; «*+y^s=a*+4a*ay+2a5V'; thus we get 5a:*y'+^*^-H»*=- ; 
find iry from this quadratic, &o, 

64. Square the first equation; a5* + V(«*-y*)=2y*; thus i'±a-=2y*; 
therefore S6^=2y>7a'; substitute in the second equation, &o, 

65. The second equation gives y {2 (a + 6) - a;} = - x (2a5 - y) ; anct the 
first gives y{2{ib-y)=x{2{a+b)-x)ab; multiply the two together; thus 
y«{2a6-y)i2(a+6)-a;}=:-ar'(2a6-y){2(a+6)-x}a6; therefore either 
(2a6-y){2(a+6)-x}=0, or y^=-'X^ab. Take 2ab-y=:0; then from the 
second equation we must also have 2 (a+&) -x^O, &c. 

66. 4 (sc« - y') = (1 - xy)\ x*-y*=axy; therefore 4aary = (1 - xy)* ; find xy 
from this quadratic, &c. 

67. Divide the first equation by the second; also multiply the two 

together; thus — - = ~ ; «• - y'=caa; ; from the former «= W + wy g^jj-^. 

a!-y c ay-c 

tute in the latter ; thus 4acy^=cay(ah^ - c'), &o. 

68. Square the first equation; 2a;+2 V(^-y')=a; transpose and 
square; therefore 4 («* - y*) = (a - 2a;)' ; therefore 4^=4aa!-a'. Square 
the second equation; 2x^+2 V(^-y^)=&'; transpose and square; therefore 

4(«*-y*)=(6'-2sB')«; therefore 4y*=462a:«- 5*; substitute ^^5^=^ for y«, &o. 

69. Substitute — for y in the first equation; thus 2 (-3+^)* =4; 

* Var or J 

therefore z3+n = ^; therieforea5*-46*a^+6*=0, &c. ' 

' 70. Add: thus aj«(x-l)«+y*(y-l)«=a+J; and «(aj-l)+y(y"l)=a; 
put u for 05(05-1) and V for y(y-l); thus we have u^+v^=a+b, tt+v=a; 
find u and v from these, and tixen 05 and y can be found. 
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71. From the second and the thiid equations t = -; therefore y=s-^: 
Sttbstitate in the first, &c« 



5 — &K 

72. 2y'i-3x=slSxy; snbetitnte — r — for y; thus find x and y, and theil 

o 

2 from the first given equation. 

73. Clear of fractions; then we find ^=^, »b=s^, ^^o> ^^i^^ore, by 
multiplication, aj^=7; and by division, «W , &o. Thus x=y=z=^-- or - -rjr . 

' 11 1 11 1 1 11 , 11 12 

^*- ?~^+5* 55-^+^» (ja^^+yj; «^^8 ^^d*""?"";^' 

this gives a^; similarly we find yz and^ocz. Then as in Example 73 we can 
find X, y, and z. 

75. g^+yz=iC, y*+xz=e, !^+xy=a. Subtract the second equation from 
the first; (x-y) (a;+y-2)sO; therefore either x-y^^O or x+y=z, First 

take «=«; thus we have »*+a»=c, a^+aB^=a: therefore »= , and 

X 
(C - SB*)' 

by substitution „ +gy=g, &o. Next take y=«~a!: thus we have 
(2 - as)' + as = c, af + SB (2 - se) = a ; add these two equations, &c. 

76. x+^=-^t y+-= — ; by addition (a5+y)fl+-j =y; therefore 
2l2 .1. 2I2 -- . 

1 17 

77. 2= — ; substitute in the other two equations; ac+y +—==-, 

acy ^ ' ^ xy 2 

117 / 1\ 1— «*v' 

-+-+a5y=H; l>y subtraction (as + y) ( 1 ) + ^ = ; therefore either 

« y ^ \ acyy xy 

l+on/ 
>ey-l=0 or a5+y=5 ^, &c. 

78. (jB+y+2)'=l, (aj+y+2)(a;'+y«+2')=l, iB^+y»+2»=l; therefore 
(ar+y+2)*+2(a!'+y»+2')-3(a;+y+2)({B'+y«+2')=0; that is 6a?y2=0, &c. 

79. Add the three equations together; thus («+y+2)':=a'+&'+c'; 
therefore a5+y+2=sbV(«*+ft*+c'), &o. 

80. ajy+yz4-2a;=26 (1), 

(a;+y+2)(scy+y2+aB)-3iBj/«=162 (2), 

(«'+y'+2')(ajy+2/2+2a;)-«y2(aj+y+2)=588 (3). 

Substitute from (1) in (2); thus 26 (as +y+ 2) -8x3^ =162 (4). 
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Substitute from (1) and (4) in (8) thus 



3 

^ this add (1) multiplied by 52 ; thus 

26 
26(a;+y+2)«--s-(aJ+y+z)«+54'(a5+y+2)=1890; 
o 

52 

that is — (a5+y+2)« + 64(aj+y+2)=:1890. 

Solving this quadratic we get 9 as one Talue of x-\-y+z; and thne 
xyz=2i. We have now x + y + z = 9, 4y+yz + zsx = 26, «yz = 2^; therefore 

« + y+ — = 9, a!w+?i^^^i^=a6; thereforeay+f9-— V— =26; therefore 
SBV xu V xuJ xy 

(a^)S-26(xy)*+216qr-576=0. By trial we find xy=6 or 8 or 12; &c. 



XXIV. 

1. Let « denote one number and y the other. Then 

jB + y=589, aB^+y»=r 17199. 

2. Let » (oB + 1) (fl? + 2) denote the number. Thus 

(» + l)(a5 + 2)+aB(a5+2) + a;(x+l)=47. 

3. Let the length be x yards, and the breadth x - 1 yards. Then 

x(x-l)=3x4840. 

4. Suppose the crew could row at the rate of x miles per hour in still 

water. Then with the current 8^ miles are passed oyer in — ^ hours. 

* x+2 



and against the current in — ^ hours. Therefore — ^. + — i-. = IJ. 

X — A X+A X — a 

' 5. Suppose X hurdles are placed in each of two opposite sides of the 
rectangle ; and y hurdles in each of the other two opposite sides ; then 
2x + 2y = 176. ibid as each hurdle is two yards long the area of the rectangle 
is 4aBy square yards. Therefore 40^=4840+968. 

84 
6. Let X denote the number of acres he rents. Then he pays — pounds 

84 1 
for each acre ; and he lets x- 4 acres at — + ;> pounds an acre. Therefore 

X iS 



^-*) (?+§)=«*• 



iXIV. PBOBLEBfS* 75 

sir 

' 7. Let X denote the number of sheep he purohasecL Then he pays — 

S5 1 
pounds for each sheep; and he sells x-3 sheep at — + ^ pounds eaoh. 

X A 

Therefore (* - 2) (^ + ^) = 36. 

8. Let a denote the length of the given line, and x the length of the 
produced part. Then o(s + *)=*** 

9. Let % denote the dividend, and y the divisor. Then -=8|, 0^=750. 

10. Let X denote the number the gentleman got. Then the market price 
of each is —-^ of a shilling, and the gentleman paid for each - of a shilling. 

X'T A X 

Therefore H . ^^ ^ 



X at;+2 12* 

12 

11. Suppose eggs cost x pence per dozen. Then for a shilling ^e get — 

X 

144 
dozen, that is — eggs ; and if the price were lowered one penny per dozen 

X 

144 144 144 

we should get — ^ for a shilling. Therefore — = =2. 

as — 1 05 — 1 X 

12. Suppose that x Ansiriim kreimaw ore worth a shilling. Then x+ 6 
kreuzers are worth a shilling. The worth of 15 Austrian kreuzers 

is — of a shilling; and the worth of 15 Bavarian kreuzers is ^ of a 

X 06 + D 

shilling. Therefore ------^=-^. 

OB x + o la 

13. Let X denote the greater number, and y the less. Then 

A / % 12a5 

«+y=9(a5-y), ay= — +05. 

14. Let X denote the number of days the first worked; and therefore 

05-6 the number of days Uie second worked. Then the first received 

96 54 

— shillings a day, and the second received — ^ shillings a day. Therefore 

05 05—0 

/ ^. 96 54 

(05-6)— = 05X g. 

' X a-6 

15. Let 05 denote the number of persons in the party, and y the num- 
ber of shillings each spent. Therefore 

(« + 5)(y + l)=120, («-8)^y-|)=&2. 

16. Let X denote the number of shares he bought, and y the rate per 
cent, discount. Then he paid — \c^ pounds per share and received 
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— ^^^ ^' pounds per share. Therefore 

20(100-y)« 20(100+y)(a?-60) _ 

100 "'^^""' 100 -IWO. 

17. Let a; denote the nnmber. ThenaB^4-flE^=9(«+l). Divide by x+1. 

18. Suppose that he lends x pounds at the rate of y per cent., and 
1300— as pounds at the rate of 2 per cent. Then 

xy (1300-g)g ^_ofi (1800 -g)y _, 
100" 100 ' 100" ' 100 "^' 

Substitute in the first equation the values of z and y found from the 
second and third equations ; &o, 

19. Let X denote the number of miles in the rest of his journey ; and 

suppose that the coach goes y miles per hour and the train z miles per hour. 

»,, 66+05 5 66 . a; 66 + 85+« -, ., - . .. 20z ^^ 

Then — -. — =- , — + - = . From the first equation aj= 56; 

4z y z y z ^ y 

and from the second equation x= — - . Therefore 66= — ~, Put u 

2-y y z-y 

m OK 

for-: thus 20tt-66= — r ; therefore 20tt«-76tt+21=0. The only admis- 
y tt-1 ^ 

7 
sible root of this quadratic is ^ . Thus ac=14. 

20. Let c denote the number of miles from London to Tork ; and sup- 
pose that A travels x miles per hour, and that B travels y miles per hour. 
Suppose that they meet at the distance of z miles from London. Then as 

they have travelled for the same time when they meet - = -^ ; therefore 

X y 

t= . Thus when they meet B has still miles to travel, and A has 

»+y x+y 

c miles to travel, that is —^— . Therefore 

jB+y x+y 

x{x-\-y) ^ ' y{x+y) ^ ' 

Divide (2) by (1); thus -a=7g; therefore - = 5« And from (1) we have 
-=3l6 [ - + 1 ] =sl6 X -; and - is the time in which A performs the journey, &c, 

21. Let X denote the number of miles in the distance. Then the first 
courier goes ^j ii^^s an hour, and the second goes ■ ^ miles an hour. 

^ , 20x14 20x14 1 

Therefore rT7r=o • 

X a;+10 2 

22. Let X denote the number of miles in the distance ; and suppose that 
A travels y miles per day, and that B travels z miles per day. Then as in 
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the solution of Example 20 we shall find that A and B meet at the distanoe 

of -^-- miles from P and miles from Q. Therefore 

y+z y+z 

y+z y+z y{y+z) z{y+z) 

3z 
Divide the third equation by the second; thus we get y=^-^i suhstitnte 

in the first, &o. 

23. Let X denote the nmnber of honrs in which the one pipe alone 
would fill the vessel, and x— 2 the nnmber of honrs in which the second pipe 

11 18 

alone would fill the vessel. Then - + — r =■=-== vr . 

X x-2 H 15 

24. Let X denote the nnmber of hours in which the first pipe alone 
would fill the vessel, and y the number of hours in which the second pipe 

alone would fill the vessel. The first pipe is kept open for -f hours, and 



therefore fills -^ of the vessel ; there remains 1 - =^ of the vessel to fill : 
ox 6x 

this is filled by the second pipe in y{^-^) hours. Thus the whole time in 
hours is "K^+y(l""r^)» ^ *^® ^^ pipes had been kept open together 

the time would have been -^ hours. Thus -^ = ^ + y( 1-p^ 1-6. 

x+y x+y 6 "\ 5xJ 

Also - X -—^ = « ( 1 - ?- ) • P^t « for - in the second equation ; thus 
X x+y 3 \ 6xJ X 

*L -?( i_ J^) ; therefore 6tt«+llM-10=0. The only admissible root 
1 + tt 3 \ 5 / 

2 2£B 

of this quadratic is ^ . Then put *^ f or ^ in the first equation. 

25. Let X denote the number of workmen, and y the number of pounds 
each carried at a time ; and suppose that z journeys are made in an hour. 
Then 8xyz is the total number of pounds moved. Thus 

8xyz=7(x+S)(y-5)z, Sxyz=9 (x-S) (y+ 11) z. 
Therefore Qxy=7(x+S){y-5), 8icy=9(a!-8) (y + 11). 

XXV. 

1. The expressions ' ,. ,,^ — r? r ; it will be found that 

*^ (a - 5) (6 - c) (c - o) 

the numerator is equal to the denominator. 

2. All three statements reduce to a-h+e~d-~ led + acd - ahd+ abc= 0. 
5. Let a and b denote the quantities ; and suppose that V(^) =h : then 

a6=*» ; therefore r = rj ; therefore ^^ = t . 
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1 



c 



X 



i \2a;5+i 

>^ 2«'i+i 



'; 



^■¥2xi+x^ \2xT^ -2ajt+a?-2a54 + ae* 

f -2a;i 

5 _ T 



2a;^+2x» +«» 



2 + 2a;J + 2a;5-jB» \ -2a?-2a:* -2a;t+x* 

^^ -2a:^-2»4 -2aji + a^ 



7. The roots are ±V{a±V(a'-6')}. Assume Vfa +>/(«'- ^)}=V«+Vy: 
thenasinArt. 301, a;+y=a; 2Vay=V(a*-6'); therefore (x--y)*=6«; &o. 

8. The roots are ^^ ^l+^'-^Va-Hn'+n*)^ ^^^^ 

/l + n« + V(X+n«+fi<) , ^ , . ^ 

y^ -^ -'=V«+\/y; &c. 

«*+6fl^+lla?+8a;+31 / ««+3ac + l 



2a;' + 3a; iOo^+lla^ + Sx+Sl 

2aB»+6aJ + l i 2aj'' + 3a;+31 
2»2 + 6a;+ 1 



'; 



-3a;+S0 
Thus if - 3a; + 30 =0 the process terminates ; that is if 0;= 10. 

10. Jia^+aoi?+ba?-^cx + dheA perfect square the square root must be 
of the form jc* + />« + j, where p and q do not contain sc Thus we must have 
ideiUi(Mllyai^+ao^ + bs^+<^+d={3^+px+q)^=x*+2pix?^+.(j^ 

Thus we see that a=2pt b=p^+2qt c=2jp^, d=^^'i 

therefore a(46-a«)=2i>x82=16pg'=8c, (46-a^«=(82)«=642»=64rf. 

11. (1 + xx^+ yyy= (1 + aj« + y") (1 + jc^ + y") ; working it out we have 

ac^ + y» + a/2 + y 's + a^sya + aj'y - 2a»' - 2yy' - 2aa;V = 0, 
that is (a;-xO' + (y-y')'+(ay-«W=0. 

Each of the squares then must vanish ; therefore x=x! and y^y'. 

13. Suppose that the cost was x pounds; then the loss was x-24J; 

18a; 
therefore «-24|==7rpr, &c. 

14. Let x^y^z denote the parts in descending order of magnitude. Then 
« + y + 2=16, y-z—\Jx^ x-y—^. From the second a;=y' + z'-2yz; sub- 
stitute in the third and divide by y ; thus y=:2z + l. Then from the second 
« = (2 •(• 1)'. Substitute for x and y iu the first ; z^ + 52 = 14, iS^c. 
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16. Put p for ^ — ^ ~ and q for " "q • First suppode n a 

multiple of 3, say »=3m. By Art. 360 we have jj'=1; therefore p'"*=l; 
5*=1; therefore 53'*=1: thus the sum =2. Next suppose that when n is 
divided by 3 there is a remainder 1; so that n is of the form 3m +1* 
|)S»H-i— p3ii»xp=jj; 55'»+i=5*»»x2=g; the Bvan.=p+q= -1. Last suppose 
that when n is divided by 3 there is a remainder 2 ; so that n is of the form 
3m+2. 2)«w^=p3»xp«=i)', 2««+«=28"»x2'=2*; the 6wai=p^+^ which=-l. 

(»-l)(a5-2) «-3 

(x'-2)(a;-3) = (a;-l)(a;-2)(a;+3); therefore iB«-3a:^-2a;+6=«»-7«+ 6, &o. 

17. zs^-t: z — =«'--sb; therefore -7 — m/ 1^ =a^-«;; 

aB*-2» »"-« « (oj - 2) (a - 1) 

therefore 2=aj(aj-2)(a;-l)«=(aj«-2a!)(««-2a;+l). 

Put y for 05' - 2a! ; thus 2 = y (y + 1) ; therefore y=l or - 2, &o. 

18. (aj«-l)(a;«-4)(a:«-9)-a»(a;-l)(«-2)(aj-3)=0; thus either 

(a;-l)(«-2)(aj-3)=0 or («+!)(« 4-2) (x+ 3)- a^^O, &o. 

19. ({B«-4a;)«-4(aJ«-4aj)=16; a^-4a;=2±2V5, &c. 

20. v(2a5-l)-V(5«-4)=V(4«-8)-V(3a5-2); square 

7»-5-2V{(2»-l)(5x-4)}=7«-6-2V{(4a;-3)(3a;-2)}; 
therefore V(2« - 1) V(5« - 4) = ^{(4* - 8) (Sac - 2)} ; square, &c. 

21. Multiply by 2, and arrange thus ; 

a5-a+4cV(«-«)+4c'=«+a-46v^(«+a) + 46'; 

extract the square root ; %/(« - a) + 2c= ± {V(« + a) - 26}. 

Thus V(«-«)=fV(«+«)=-2(c±6); square jb^f >/(«■-»') =2 {c±6)«, • 

transpose and square {x - 2 (c :i= 6)^}' = as" - a^, Sec, 

22. {>/(a + x) - V*} {V(a - aj) + V«} = ^ {V(<* + x) + \/«} {V(a + x) - V*}* 
Either V(<* +x) - y/a=0 or v(<» - «) + V<*=« {V(«+*c) +>/«}• The former gives 
x=0; take the latter; transpose \/(a-x)-ny/{a+x) = {n-l)'\/a; square 

a(l+n«)+x(«*-l)-2»V(a'-««) = (»-l)«a, 2na+x(»«-l) =2«V(«*-a*). 
Square again, &c. 

23. ay+6x=2xy; put a+&-xfor y; thus 2x*-(3a+6)x+a*+a6=0. 

-. a6(x+y) + (a+6)xy (a+6)c .i. j. • xi. j x- 

24. — ^. — ^^-rjL — r^^ =^- — r^- » therefore, usmg the second equation, 

(a+x)(6+y) a + b + c* > © 1 » 

(a-^h+c) {abc + {a+b) a^}={a+b) c {a+x) (&+y); 

therefore (a + &)*xy+a6c'=(a+6)c(ay+&c). Substitute c-x for y; 

thus we get (a+6)V-2(Mx(a+6)+aV=0, that is i(a+6)x-ac}«=0. 
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26, 6(aB^-y*);^6a^, 6(«+y)=5iry; by diviBion«-y=l, Scq, 

26. From the first equation niy + hx=^^ — ^ ; Bubstitnte in the second ; 

c 

^^(«+y-c)=»o6c(a;+y-c). Thus either 05+ y-csO, or asV = a6c« Take 

the former then we have also from the second equation ay-^-hx-xy^O, Sub- 
stitute c -a; for y, &o. Next take xy=^cyjab ; substitute in the first equation; 
thus ay + 6aj= V(«^) (« + y) ; therefore y yja {y/a - y/b)^xy/b {y/a - V*) i &o- 

27. From the second equation x-\—=9y; substitute in the first equa- 

z 

tion; thus y(ac+z) = l. Hence the second and third equations become 
(aj+2) (a5+-) =9, («+«) (^+ — )=5» divide the former by the latter; 

«+ -==2 ( 1 H — ) ; therefore x-2 = -{ — 1); therefore either »=2 or a»=-l ; 

S \ 052/ z\x J ' 

only the former will be found admissible. Hence s + - = 2 ; &o. 

28. Add the four equations; thus we get (v+05+y+z)'=4(a+&+c). 
By subtracting from this four times the first, second, and third equations in 
succession we get (v+x-y-«)'=8a, (»-fl5+y-2)'=8&, (t;-a5-y+«)'=8c. 
Extract the square roots ; thus we have ifour simple equations. 



XXVI. 



/2\»_ 4 /lOO _ 10 



« 8 7_ 7 



8. Let 2x and 8x denote the numbers : then = j , &e. 



>■ C-^)'- 



o^ +2a<?4-c* _ a*+2gc+ofe _ a (a-t- 2c+ 5) _ g 
6«+2te+c«""6*+26c + a6""&(6 + 2c+a)"'6' 



5. Let a; be the number of miles in the distance from ^ to ^ by the 
phorter road; then 05 + 14 is the number of miles by the longer road. The 
distance from ^ to C by the shorter road is 2x miles, and by the longer road 

2a; + 8 miles. Therefore ^ — ^ = ^ • 

205 + o o 

^ ax-\-ly cz + ax 6y+C2 2{ax + hy + €z) „ x . • t n, 

6. ^ = —7 =-^ =— ^ r^ -• If aa;+Jy+(» IS not=0 

cz by ax ax-{-by-\- as 

we thus get aa5+6y=s2c2, cz + ax=2byj by + cz^2ax. Subtracting the 

second of these from the first, 5y =cz; similarly 5y =005; and x + y+z=2. If 



<M!+Jy+C2=0 then —=• -1; thus 05+y+«= -1, 
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7. By Art. 384 each fraction^ 

gi + gaag + aa + Osg-f gfl-f-gia ; __(tti +gg-l-g8) (! + « ) _l+x 
aa + aay + a^ + aiy + Oi + aai/ "~(aj + a« + aa) (1 + y) "" 1 + y ' 

8. By Art. 384 each fraction = 

a-l + h-c+c-a + a-^-h + e a + S+c 

a!/ + bx + bB + cx + q/-^az+aX'i-by + cz^(a + b + c){x + y + z)* 

and this =— ; — —if a+ 6 +c is not zero. 

x + y + z 

9. ^y r jg -fj^gg _, ^!z^ = ^ (qy- Rag) + ft (gag- gg) + (feg- cy) 

Thus ai/-bx=0, ca:-az=0, 6z-cy=0. 

10 _gLl^- ^--^' _ fe'(g-g')-g' (6-&0 __ 6'g-6a' 

Similarly the other cases are established* 

11. From the first two equations s = ? = l=Jfc say ; thus x=Sh, y=4jfe, 

o 4 o 

2=5^: substitute in the last equation, and we have k'^=S; therefore A; =2. 

12. From the first two equations J = ^ = / = h say : 

a{o^-c^) b{c^-a^) c(g'-o*) "^ 

substitute in the last equation : thus we find ifc= il or 0. 

XXVII. 

4.^ Let z be the required number of days ; and let t be the number of 
days in which x men could copy the manuscript working 8 hours a day. Then 

e : 32 :: 2 : «, and » : « :: 8 : y; therefore «-^^, j^^?? ^2x8x32^ 

X * y xy 

X (x+z)^ x'^^2xz + zy x-y_ x^^f' + 2{x-y)z , 

^' y-(y+.)«-~y^ + 2y.+z-^' ^ ^' ^^^» — " y'+2yz + z^ ' 

divide by oc-y; thus - = f ^ — ^ ; clear of fractions : z'*=xy. 

y y^ + 2yz + 2* * ^ 

6. Suppose r=«'« then -=r; thus o=r&, ?>=ro: 

therefore the required result follows. 

T. K. G 
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« 

7. Suppose that a :h ::c :d; and let i^^cd; then ad^be; therefore 

* - =6c : therefore ab=e^. 

c ' 

8. (a+<0''-(6+c)'=(a-d)''-(6-c)«; therefore 2flKf-26c= -2ad+26c; 
therefore ad=bc, 

10. Suppose that m the first vessel the fraction x of the whole is wine, 
and 1 -a; of the whole is water; and that in the second vessel the fraction y 
of the whole is wine, and 1 - y of the whole is water. If we take a measure 
from each the mixture contains as much wine as water; therefore 
x+y=l-x-\-l-y. If we take four measures from the first and one measure 
from the second, we obtain 4a; + ^ measures of wine and ^{X-xj + l-y mea- 
sures of water ; therefore 4a; +y : 4 (1 —x) + 1 - y :: 2 : 3. 

11. Suppose that A has x pounds, and that B has y pounds ; and sup- 
pose that A stakes mx pounds, then B stakes my pounds. Then 

x + y=lQ8t x+my=2(y-my), y + ma; = 3 (oj - waj) ; 

therefore aj=(2-3»i)y, and y=(3-4m)x; therefore hy multiplication 

5 

1 = (2 - 3m) (3 - 4m). The only admissible root of this quadratic is ^ . 

12. Suppose X the original number of male criminals, and y the 

(4*6\ / 9*8 \ 

1 - r^ J and y ( 1 + ^^ ) are 

the new numbers of male and female criminals respectively ; therefore 
^(^-liS) + 2'(^"^lS)=(^+yK^ + lS)- Hence we get y=-^. 



xxvm. 

1. Put y=mx; then 3 = mxl; therefore m=3 : thus ys^Bx, and y = 9 
whenx=3. 

2. Put a=mb; then 15=m x 3 ; therefore m=5 : thus a=56. 

3. Put z=mxy; then l=mxl; therefore m=l: thus z=xy, and z=4 
when x — 2 and y = 2. 

« 

4. Put z= m {px+ y) ; then 3 = m (p + 2), and 6=m (2j> + 8) ; therefore 

^ = ^ ; therefore «=:1. 
3 i> + 2 * ^ 

5. x varies as y when - is constant, and varies as - when y is constant : 

^ z z 

therefore by Art 425 when both y and - vary x varies as their product. 

z 

6. Put aj=— ; then 3=2m; therefore m=^; thus «=^, an^ »=i 
when y =2 and 2=4. 
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7. The nnmber of weeks varies as the snm of money directly, and the 

number of men inversely. Let x, y, z he corresponding values of the num- 

mtf .*1 

ber of weeks, the number of pounds, and the number of men. Then x=--^ , 

z ] 

6=^^; therefore *»=jq; ^^^ *~i^' Now put 19 for y, and 4 for 2; j 

then 2?= 10. ] 

AAA 

8. Put s^=my^ ; then 4=27f» ; thus m=jr= , and 05^= X , 

9. Denote one quantity by ax and the other by -; then y varies as 

X 

005+-. Put y=f»[aaj+-J; then 4t=ifna-^mb, 6=2wia+-^ ; therefore 

2 
ma=^2f andm&=2: thusy=2x-i — . 

' X 

10. Let X denote the former quantity, and y the latter. Put x=my; 

then 7 = -^- ; therefore m=:rj ; thus x=^ ; therefore y= 16 when aj=9. 
4 o 10 10 

11. Suppose that 2 varies aax+y when os-y is constant, and varies as 
x-y when jc + y is constant. Put tt for a; + y , and r for aj - y. Then z varies 
as u when 1; is constant, and vaiies as v when u is constant. Therefore by 
Art. 425 when both u and v vary z varies as their product, that is as ay^—y\ 

12. Let X denote the radius of a sphere, y the volume of the sphere ; 
then y varies as x^. Put y^ma?. Thus the sum of the volumes of spheres, 
whose radii are 3, 4, and 5 inches is m (8' + 4^ + 5^), that is mx216, that is 
fln6^, that is the volume of a sphere whose radius is 6 inches. 

13. Let x denote the radius of a circle, y the area of the circle ; then y 
varies as x^. Put y = nu?. Then the sum of the areas of circles whose 
diameters are 6 inches and 8 inches respectively is ffi(6'+8^) that is m (36+64) 
that is ml(fi ; that is the area of a circle whose diameter is 10 inches. 

14. Since the volume of a globe varies as the cube of its radius we 
may denote the volumes of the two globes by mr* and mr^ respectively. Let 
R be the radius of the single globe which is formed ; then the volume is mM^ ; 
therefore mB^ = » (r* + r''). 

16. The speed in the nth mile varies inversely as n - 1 ; and therefore the 
time of describing the nth mile varies directly as n - 1. Denote this time in 
hours by m (n - 1). Since the second mile is described in two hours we have 
2 = m (2 - 1) ; therefore m = 2. 

17. Denote the first quantity by p, the second by qx, and the third by 
rx^; then y varies ABp + qz+ra^, Put y=m(p + ga!+ri*); then 

0=f»(jp + ja + ra*), a=m{p-\-2qa-\-ira*), 4a=m(p+32a+9m'); 

1 / 2x x^\ (x \' 
therefore fii.pz=^a^ mq='-2y mr=-; thus y=a fl ■¥ -i] = al--l] , 

g2 



84 
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18. Let X denote the quantity of work done in y hoars by 2 men ; then x 
varies as z^ when z alone varies, and varies as y^ when y alone varies ; there- 
fore when both y and 2 vazy as varies as x^yK Put x=mz^yK Pat z=24, 

y=25, and x=l; thus m= =-; so that«=(57) ,^^ Next put z=3, 

5(24)T \^V o 

x= = ; and find ^: thusy*=8¥=2; therefore y= 4. 



XXIX. 



7 I 123456 



5 1 1357531 



7 
7 
7 


17636.. .4 


4. 

ten 4444 
ten 1 222... 4 


6 


271606...1 


2519.. .3 


5 
5 


54301...1 


' 369.. .6 


10860...1 


7 1 61.. .2 


5 


1 2172...0 


7 7...2 


5 ' 


134...2 


1...0 


5 
5 


86...4 




17...1 


3. 7 357284 

7 51033...3 


eleven [ 
eleven 
eleven 
eleve 


3...2 

333310 
30300... « 


7 


7290...3 


1 2764... 6 


7 


1041...3 


n 1 260... 4 


7 
5. ten 1 54S 


148...5 


eleven 22... 8 


7|21...1 


2...0 


3...0 

; 6. 
}...9 


7. seven 1 3413 


ten 32 


seven 310... 3 


2...0 


ten 11.. .2 


seven | 24... 2 


8. twelve 40234 
twelve 1324.. .1 


...6 

9. eleven | 6' 

eleven * 

eleven | 

eleven 

:|x8=6. 


1520 
1151... < 


2...2 

10. ten 115951 
I ten 1 1760...1 


twelve 32... < 


246.. 5 


» 


ten 1 194... 4 


1...5 


15...0 


ten 20...4 


11. 8 15 75 ^ 
1...T 106 '^^" 


1...1 2...2 

12. 8 31462 

8 8932...6 125 
8 491...4 iOOo'*®"' 




8 


61...3 



7...6 



3:XIX. SCALES OF NOTATION. 



85 



13. 



14. 



5 I 221 



6 44.. .1 


6 1 8...4 


1...3 


ten 1 444 


ten 1 22...4 



1...2 



248 ^_248_, « 
1000 ^^""200"^' 



25 



6 
5 



— x6=^=lj, gX5 = l. 



4 4 

•44 here stands f or rs + ^ « 

24 . 
that is ^r^ in the common scale. 



?fvio-l?-9s. ?xl0-6 
25 T""^' gXiU-b, 



15. 



12 I 1845 
12 1 163...9 



12 I 12... 9 
1...0 



•3125 
12 

¥^600 
12 

9-0000 



16. 



ten I 3065 



ten I 236... 9 



ten 17.. .8 



1...6 



2 6 3 ., . . 179 
Q + gj + Q3, that is^ 

in the common scale; and this s '849609375. 



•263 here stands for i + ^« + 55 , that is =^5 



17. 7 I 231 



7 I 33 



4...5 



7 1452 



7 64...4 



7 I 9...1 
1...2 



1214 
450 

64060 
5162 

ten I 613260 



ten 42304... 2 



ten I 3021...1 
ten 206.. .4 



The product is 104412 in the scale of ten. 



ten 1 13.. .4 
1...0 



18. 4685 \ 17832126 / 3483 



•) 



15276 



25451 
21072 

43682 
42154 



c 



19. 



25 



; 



§3^24 
1 

232 
221 



(. 



152 



342 



16276 
15276 



I )1124 
y 1124 
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20. I254S4&2I / 11111 

1 



21 \2 

L \"24 
y 22 



c 



23 
21 

221 \ 245 
221 

2221 \244S 
y 2221 

22221 \ 22221 
y 22221 



21. 



8kt44 / 44*4 
24 



k' 



124 \ 1045 
y 644 

1824\ 10144 
10144 



'-) 



8 
8 



44 
13.. .1 



8 8...0 



•4 means « = 5 . 

D O 



1...0 



22. 



103050301 
20404020 

62444261 



eS 144^61 / 7071 
61 



c 



1607 ) 14442 
14261 



'; 



16161 \ 16161 
16161 



'; 



a 



23. IIO6O6O616060I / 1101111 
J 

101 \iooo 
y 101 

11001 \ 110000 
110101 \ 
1101101 \ 10100100 



11001 

1011110 
110101 



'; 



1101101 



11011101 1 11011101 
11011101 



■; 



24. 



6f5£6t2l / Bte7 
64 



14« \nS6 

1204 



c 



■; 



158« \ 1516t 
14321 

159^7 



'; 



; 



^921 
t4921 



25 111x12-^1-7 • 

^o. 192 16 -^'' 

~xl2-.-^=3l, 

5x12=9. 
4 

26. Let a; denote the radix ; then 95 sa^+ 3x4-7. 

27. Let X denote the radix ; then 2704 ~ 2a^ + 8a;' + 4. 

28. Let X denote the radix ; then 1881 =s^ ; therefore «= 11. 
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29. Let X denote the radix ; then 16000 = os^ + 3;e^ ; 
therefore 16002i = /'x»+ 1)'; that is 5^ = (*"+ f )'? 

therefore 'a^^^'+a' *®' 

80. Let X denote the radix ; then d5{ = 5» + 5 + - • 

X 

81. Letajdenotetheradix; then^^ = t + i, 

10000 as* ar 

82. Perform the division ; the radix being supposed greater than six, it 
will be found that we have never to consider what the radix is : the quotient 
is 1002001. 

83. The square root is found to be 12. 

84. The cube root is found to be 11. 

85. 2 1 1719 

2 



2 
2 
2 



869.. .1 



429...1 



214.. .1 



26...1 



107.. .0 
2 ■ 63.. .1 
2 

2 
2 
2 



13.. .0 



6...1 
3...0 



1...1 

36. 1027=3x342 + 1; 842 = 3x114; 114 = 3x38; 88 = 3x13-1; 
13=«3x4+l, 4=3+1. 

Hence reversing 4=3 + 1; 13=3«+3 + l; 88=3'+3' + 8-l; 

114=3*+3' + 3*-8; 842 = 3«+3*+3'-3»; 1027=3« + 3« + 3*-3»+l. 

37. 716 = 3x239-1; 239=3x80-1; 80=3x27-1. Hence reversing 
80=3*-l; 239=3«-3-l; 716=3«-3»-3-l. 

38. 475=3x168+1; 158 = 3x53-1; 63 = 3x18-1; 18 = 8x6; 
6=3x2; 2 = 3-1. Hence reversing 2 = 3-1; 6 = 32-3; 18 = 3»-3«; 
63=3*-3«-l; 158=3»-3*-3-l; 476=3«-3«-3«-3 + l. 

89. 235 cubic inches=^Q0f a cubic foot; ^^=^ + j7_+_^. 

Thus the volume of the parallelepiped expressed in the scale of twelve is 
7M77 cubic feet. The area of the base expressed in the scale of twelve is 
20-06 square feet. By the rules of mensuration we find the height by 
dividing 7M77 by 20-06, 

20-05 \ It-m I 3-« 
/ 6013 V 

K047 
1«)47 



88 XXX. ABITHMETXCAL PROGRESSION. 

40. 10 J inches =^ of a foot; "T^^ 10+ ill' ^^^ *^® length ex- 

791. 
pressed in the scale of twelve is 2*^3 feet. 79^ square inches ^-^ of a sqnare 

791 6 7 2 

foot. ~ = t;c + TTT + ^7:^::^ • Th^ the area expressed in the scale of twelve 
144 12 144 1728 *^ '' 

is 5*672 squai'e feet. 

2<3 \ 5-672 / le-4 

y 2f3 \ 

2842 
2749 



«50 
e50 



41. The number consists of lOO^^j+lOp. +^^ + 8ome multiple of a thou- 
fand. Now a thousand is divisible by eignt ; and therefore the number is 
divisible by eight if 100p,+10pi+Po is, that is if 8(12p8+i)i) + 4p, + 2pi+i?o 
is, that is if 4jpa+ 2pi+|?o is. 

42. Let » denote the sum of the digits in either number : then each 
number is equal to ^ increased by some multiple of nine ; see Art. 446 ; and 
therefore the dilterence of the numbers is a multiple of nine. 

43. Let n be the number of digits, and r the radix of the scale : the 
greatest number has the digit r - 1 in every place, and is therefore equal to 
r*^~l: the least number has unity in the extreme left-hand place, and 
zero in every other, and is therefore equal to r"~^. For example let n=3, 
and r=10: tiie greatest number is 999, and the least is 100. 

44. Let a and 5 denote the numbers ; we will suppose a the greater. It 
is given that a+& is a multiple of the radix. Now a^-&^=(a-6)(a+6) 
which is therefore a multiple of the radix. This demonstrates the first part 
of the proposition. Again, ah + a^=za{a-\'h), which is a multiple of the 
radix : this shews that if we divide a^ and ah by the radix the sum of the two 
remainders is equal to the radix. 

46. It is given that the number is divisible by 2', by 3 and 6. The 
number then has, besides 2, the following twelve divisors : 2^ 2^ 2.3, 2'. 3, 
2».8, 2.5, 2«.6, 2».5, 3.5, 2.3.5, 2^.3. 6, 2'.3.5. These twelve numbers are 
the twelve excepted scales. And as the number has no other divisor it 
must be 2^3.5, that is 120. 

XXX. 
1. |(4+19x4)=800. Q. ?(8-?)=?xU4. 

8. ^(l-?!!^) =12-23 X 15= -3S8. 
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. 10/16 9x2\ 10/ 2\ „ 



. 12/.^llx8\ ^^41 .^. 

21 /lO 20\ _ 21 
'• 2^7 ~2iy~'2 



— 10 - 



8. ^(l + j)=^^><^T=^^' 9. ??(232-29x8)=0. 

10, ||l8+2(/i-l)|=|(18 + 2i»-2) = |(16+2n)=»(8+n). 

11 ?(o w-^ } _» 12-ti + l n(13-n) 
"• 2^ rl"2^ 6 12~- 

12. Let h denote the common difference ; the sum of the first five terms 
is ^(2 + 45); the sum of the following five terms is 5 {2 (1 + 56) + 45}| for 
the first of these terms is 1 + 5b. Therefore 

|(2+46) = ix I |2 + U6| ; therefore 4 (2 +46)= 2 + 145; &o. 

13. Here a=2; 7=2+46; therefore 6= jj 

then 63=1 |4+j(n-l)| = |(5n + ll); &o. 

14. 88=^|32 + 4(n-l)|=:»(2» + 14); &c. 

15. Here ^|2 + (m-l)6l : M2 + (n-l)6| :: m« : n«; therefore 

m»2{2 + (w-l)6}=nm«{2 + (»-l)6}; therefore n{2 + (m-l)6}=m{2 + (»-l)6}; 
therefore 2 (» - m) = 6 (» - m) ; therefore 6=2. 

The nth term =a + (n-l)6=l + 2n-2=2»-l, 

16. 120=11 42-2(n-l) | = »{22-.n); hence we findn=10ori2. If 
n=10 the last term::=21-9x 2=3. If n =12 the last term =21-11 x2= -1. 

17. 204=2x»i(Z + a)=2xn(50+l); therefore n=8; 50=1 + 76; there- 
fore 6=7. 

18. 29 = 1 + 7<£ ; therefore d^i. 
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19. The BTun of the n-hl terms 1, 5, 9, ... is — ^ | 2 + in [ ; the sum 
of the n terms 3, 7, 11, ... is| | 6 + 4(n-l) I; that is || 2 + 4n | . 

20. o=l, 6=4; »=^|2 + 4(w-l) |=n(2n-l). 

21. 1234321 =1^ I 2 + 2 (n - 1) j = n», &o. 

22. 1840=||32+8(»-l)|=n{4n + 12}, Ac. 

23. There are n-1 journeys; the first is of 2 yards, the second of 
2(1 + 3) yards, the third of 2(1+3+6) yards; and so on. Thus the first 
journey is of 2 x 1 yards, the second of 2 x 4 yards, the third of 2 x 9 yards; 
and so on. The sum is fpund by Art. 460 ; we change n in the formula 
there given to n- 1, and double tne result. 

24. 66=a+13^ 666=a+133&, 6a66=a+(n-l)&. From the first two 
equations we find a = 1| 5 = 5 ; and from the third n - 1 = 1333. 

25. Let n denotd the number of means; then 21 = l + (n + l)&; there* 

20 
fore b= — 7. The first mean is 1 + h; the last is 21-5; therefore the 
»+i 

0um=^ (l+&+21-5)=3lln. The two greatest means are the two last, 

namely 21 - &, and 21 - 26. Therefore lln : 42 - 3& :: 11 : 4 ; therefore 

BO 

4» = 42 - 36 = 42 r ; therefore 4»«-38n+18 = 0. The only admissible root 

w + 1 '' 

of this quadratic is 9. 

26. 28J=|| -24+|(n-l)|=j|3n-5l|; &c. 

27. 25=^|6+»-l| =|(n+6); &o. 

28. 14=^|l0-{ji-l)| = |(ll-n); &o. 

29. s =s Q 1 2a + (n - 1) 6 1 ; this vanishes if 2a + (n - 1) 6 vanishes, that is 

if n -1= — r- : hence that n may be a positive integer 6 must divide 2a, 

and the sign of 6 must be contrary to that of a. 

80. n=a+(m-l)6, m=a+(n- 1)6; by subtraction n-m=(m-»)6; 

therefore 6=-l. Hence a=m+n-l. Let x denote the required 

1 X { ) 

number of terms; then 5(m+»)(m+n-l)= j 2(TO+n-l)-(a;-l) > ; 
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theref(»e a^-aj(2f»+2n-l) + (w4-n)(i»+n-l)=0; 

., , / 2m + 2n-lV /2w + 2n-l\« , ,, -, 1 

therefore fa; ^ J = { — X^ J - (m + n)(m+n-l)=r-; 

., , 2m+2n-l 1 ^ 
therefore % 5 ==*=Sf &o. 

81. 72=^ j 48-4(n-l) | =n(26-2n); &c. 

82. im+2»»=||2a+(»-.l)5J=^|2a-6 + n6|=^{2«-6)4 



n'6 



2 • 

Since this is tme for oil yalues of n we may put for n in sucoession 
1, 2, 8, ..., we shall thu^ find that • ," =p, q=?J therefore 5=2j, and 
2a=2p+6=2p + 2j. The mth term =a+(m-l)6=j) + g + 2{j»-l)g. 

83. 5.=^|2a+n-l|, 
.VH.-i=||2(8a+n-l)+n-l|=^|6a+8n-8J. 

84. We have to shew that («» - 2* - 1)« + (»' + 2* - !)• = 2 («» + 1)«. 

85. Z'-a»={a+(»-l)6}«-o«=(«-l)6|2a4(»-l)&}. Twice the snm 
of all the terms =n {2a +(n- 1) 6}=2na+n (»-!)&; from this take away the 
sum of the first and last term, that is ta^e away 2a+(n~l)& ; the remain- 
der is (n - 1) {2a +(»-!) 6}. Divide J? - a^ by this, and the quotient is 6. 

86. n=:^|2a+(iii-l)6|...(l), m=| |2a + (n-l) ftj... (2); from these 

A* - J 3 T 2(m+n) m'+n'+twn-m-n , ., .i^^ 

equations we may deduce 6= — ^^ -. o= » and then the 

mn mn 

sum of any assigned number of terms can be found. Or we may proceed thus : 

the sum of m+n terms=— ^ J2a + (m+n-l)6! . Now from (1) and (2) 

by subtraction 2(»-f»)=2a(«i-n) + («»-n)(m+»-l)6; divide by to- n; 
thus (TO+n-l)6+2a= -2. Hence the sum of to+» terms =-(m+n). 

Again the sum of m-n terms=^^< 2a+(m-n-l)6 > . Now we have 
just seen that -l=a+^ — "~ ' , and from (1) — =2a+(m-l)6; therefore 
by subtraction we obtain ~ ■\-l=a+ ^^~ S^ . Hence the sum of 

TO 2 



-"—-'"-'('*?)• 
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87. Suppose 9i the number of means. The second mean is 1+3&: 
the last is 19-6. Therefore 1 + 26 : 19-6 :: 1 : 6. Thus 6 si. And 
19= 1 + (n + 1) 6 ; therefore »= 17. 



88. 6350=^|8+»-l| = ||»+7|; &o. 



89. Let 2n+l denote the whole number of terms. Then 44 is the 
sum of n + 1 terms of the series a + (a + 26) + (a + 46j ... ; therefore 

44=--^ |2a + 26n|. And 88 is the sum of n terms of the series 

a+6+((i+36)+...; therefore 83=^ |2a + 26 + 26(n-l)| =s| I 2a+26» | . 

44 n+1 
Hence, by division, ^^ = ; therefore n=8, and 2n+l=7. The mid* 

44 
die term =o+»i6 : and from above this= — t=11. . 

' »+l i 

II 1 112 

40. ■=—— , , and — r are in a.p. if ,- — + — ? = i that is if 

6+c c+a' a + b o-*-c a + b c + a 

(<;+a)(a+26+c) = 2(6 + c)(a+6), that ifi if o'+c»=26*; and this is true by 

hypothesis. 

41. The first term is 1, and the common difference 2, 

.= ^J2+2(»-l)j=n». 

42. Here we might first sum the series 1 + 5 + 9 + ..., and then the series 
3 + 7 + 11 + ...; and subtract the second result from the first. Or we may 
proceed thus : the first and second terms together make - 2, the third and 
fourth terms together make -2, and so on. Thus if n be even the sum 

is -2x^, that is-7i; and if n be odd the sum is-(n-l)+the last term, 

that is - (n - 1) + 2» - 1, that is n. Thus the sum is — n if n be even, and + n 
if » be odd; that is the sum is — n ( - 1)*^. 

43. Proceed as la the solution of Example 42. If n be even the .sum 
is - Q . If » be odd the sum is — ^r— + n, that is —5— . It wiU be found 

on trial that this may be expressed thus in both cases : ^ {l - (2n + 1) ( - l)"l . 

44. P=a+(^-l)6, Q=a+to-l)6. Therefore 

P-Q (p^l)Q-{q^l)P 

0= , a= . 

p-q p-q 

Hence the required expression can be obtained. 

45. x=a+{p-l)b, y=a + (g[-l)6, 2=a+(r-l)6. From the first of 
these equations 2'-l=-t+ri therefore p= 1 + — r- + (as - 1) ^ . Simi- 
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larly g=l + -^ + (y-l)^, r=l+ -y-+ (z-l)^. These shew that p, g, r 
are respectively the x***, y**», sf^ terms of an a. p., of which 1 + -^ is the first 
term and ^ the common difference. 



46. Suppose n the number of sides; then the number of degrees in 
all the angles =| 1 240 + 5 (n -1)|; and this number, by Euclid i. 32, Cor. 

^(2n-4)90. Thus | |5n + 236|=(2n-4)90; therefore n2-25n + 144=0. 

The roots of this quadratic are 9 and 16 ; the latter root is inadmissible for 
it would make some of the angles of the figure greater than two right angles. 

47. The first term=l+l; the second =2* + 2; the third = 33 + 8; and 
so on. Thus we require the sum of the two series l + 2+3+... + n, and 

1*+ 2«+ 3* + ... +n5. The sum of the former series is -^r — - ; and the sum 

of the latter series is -^ ^- ^ . By adding the two together we obtain 

«(n + l) 



jl+?!^j.thatis5i!Lt^i!L±^. 



48. We have (a + 6)*=afa + 36) ; therefore 5'=a6; therefore 5=o; 
therefore {a + 56)^ = (a+ 36) (a +Sb). 

ft 

49. We have ^(n)=^ |2a+(n-l)5|. Let h denote the second term 

of the series ; then h=a+h; therefore 6=A-a, and 0(n)= S" + q" . 
Hence (»+ 3) - 3^ (n+ 2) +30 (n + 1) - ^ (») 

• «^|(»+8)«-3(n + 2)^+3(n + l)«-n'| 

+ ^^|» + 3-8(n + 2)+3(n + l)-n|. 
It is easily seen that each of these two expressions'vanishes. 

50. The first term is 5-x, and the common difference is-^. Thus 

r 

61. Let the four parts be denoted by x - 3^, aj-y, x+y, x+By these 
are in a. p., the common difference being 2y. Thus as their sum is unity 

4«=1. Also (a;-8y)» + (»-y)3+(a: + y)3 + (x + 3y)» = j^; this reduces to 
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4jB*4* 0Oxy*ai--- . Sabstitute the value of x, and we obtain v'btt;;: ; there- 

10 4iOU 

fore ysa±—. It will be seen that owing to the pecnliar form we have 

adopted for the unknown quantities the work is much simplified. The arti- 
fice should be noticed, as it is often usefuL If we are engaged for example 
on a problem respecting three unknown quantities in ▲.?. instead of denotinf; 
them by x, x + y^ x-^2y it may be more adyantageons to denote them by 
jB-y, Of, » + y. 

52. Let n denote the number of months, a the number of shillings in 
the wages for the first month. Then, as the wages are raised a shUling 
every month, a+n- 1=60. And the total amount of the wages is 48n 

shillings ; therefore 4Bn=" |2a + » - 1 ! ; thus 48 =- |a + 6o| ; therefore 

as=36, and n=25. 

53. Suppose X the number of hours B travels; then A travels x+i^ 
hours. Therefore 6(a;+4J)=| |6+^| = j + ^. Thus a»-9x=90; 
therefore x=:15 or -6. 

54. Suppose that the last person worked for x hours, then the last but 
one worked for 2x hours, and so on ; and the first person worked for rx hours. 

Then the total number of hours of work is — ^ — - • And by supposition 
this is equal to mr ; therefore as= - -r » cmd rx^ — ? • 

55. Let X denote the digit in the hundreds* place, y the digit in the 
tens' place, z the digit in the units* place. Then the number is 10(£t; +10,^+2. 
Therefore 100aj+ lOy +z= 26 (a:+y+ 2), 100a5 + 10y+2+396=100»+10y+ic, 
2y=x+2. 

56. Let a denote the first integer ; then the sum of the 2n+ 1 integers 
-- ?!^1J |2a+ 2»| = (2» + l) {a-^n) ; this is divisible by 2n+l. 



XXXI. 
8" 
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2 i i 8 J— 9 

TV 77!"^' TTi" ^ 

3 4 2 

J. — 3--1U. IW. — T-3- "• / ^\ 1 11" 

12 1 _ 1 -2 3 3 

' =^^' r~3' _ 2 2 27 



-(-» 



1- -H 1 + ^ 13. 



-(-I) 



9 



11 1 



.. 5 6 1 2 1 

1+ 1+- 

^^6 ^^2 



-(-» 



16. To find r diylde the second term by the first ; thvs we get 
1 V2-l_ V2-1 _V2-1 



2-n/2 V2 + 1""V2(V2-1)(n/2 + 1)~ V2 ' 

V2-1 1 



Thus l-r=l 



V2 "V2' 
17. Here we have ^100 geometrical progressions, 



2 2 2 ,33 



2 8 



rm. 5 . 5a 25 /2 3\ 

The sum=—+_ = 24 (5 + 55). 

25 *"25 

18. Put a^r and &=r in Art. 473 ; thns we get 

1-r "*■ (l-r)> • 

19. Puta=l, J=l, r=2inArt. 473; thuBwegel 

2« 2V 2«-V „ n ^/^ 1 \ . n+2 
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20. Put a=l, 6=2, r=2 in Art, 473 ; thua we get 

2'* . 2*'-! « 2n-l . , 4 « 2m + 8 

2«-i * 



^*H) 



lY 2"~i ■*" 2»~i'' 



21. Put a=l, 6=2, r=s -gin Art. 473; thus we get 



(-2)* ( - 2)^-^ 2 2n-l 4 4 2 JB« + 1_ 

^ 1 " (l + ^y "3*^3(-2)»-i"9'*"9(-2)»-i"9'*"9(-2)»-i' 

22. Let a denote the first term, and c the third term; then e=at^; 
therefore r= ds ^ /- • We can now suhetitnte this value of r in the known 
expression for the sum. 

28. (-3)-»=81. 

24. Suppose the least share to he a pounds, the next or pounds, the 
third ar" pounds, and the greatest ar^ pounds. Then 

37 

la 

37r (r-1) 
The second equation gives t^-l= ~ — ^ ; therefore 12(r*+r+l)=37r; A'c. 

25. The first term is - a^, and the common ratio is - a\ The sum 

27. ByArt.468welmve-444...=|, •666...= s=f. 

9 9 9 

28. Suppose that in the first year he saved a pounds; then in the 
second year he saved -^ pounds, in the third year k^-q pocmds ; and so on. 

m * ° \2/"-^ -^,, .... ^ /2187 -\ 2069 ^, 16 

Therefore ^ ^ ' =102^1 ; that is 2a (^^ - IJ = -^ ; thus a=y. 

2"^ 
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29. Take as the given term the n^, that is ar^^"^; the (n+p)^ term is 
at^i-fi' 1 . the (n- p)**» term is ar^-P-^ :. the product of these is aV*"*, which 
is the same whatever p may be. 

80. Let the o. p. be a, ar, ar^t aH .... Subtract each term from the 
succeeding; thus we have a(r~l), ar(r-l), ar^(r-l), ... which is also a 
o. p., the common ratio being r. 

81. Let a and h be the two quantities; the square of their arith- 
metical mean is ( — ^ j ; the arithmetical mean of a* and 6' is — ^ — , 
and the geometrical mean is y/{a*b'), that is ab. The arithmetical mean of 
'^-^ua.dabia^{^~— + ab], that is f^j • 

32. ByAri;466.r=^ = ~. 

* rnr"' ^'= r-i ' ^ r-1 ••" 

The sum of n of these terms= —^ |r+r*+... + r*-n[ 

a ( r(r*-l) ) _ ra(r''~l) na 
r-l\ r-1 ""j "■ (r-1)* "r-1* 

84. By Art. 469 the product =aV where « stands for 1+2+ ... + n, that 
is "'^^'^^ and ar'^^=c. Thus ♦'^f^)*. and aV=(ac)i. 

.^ «(r*-l) , ""(^""V a(r»-l) .. . 

35. « = -' — r-^ , y« \ ^ = --—- — 7v ; therefore 
r-1 ' 1 - r*-^(r-l) 

r 

a^r*-i(r''-l) _ a»(r*-l) 

^- r»-^(r-l) " r-1 ■""*• 

86. (a« + 6»+c«)(6«+c»+d)=a"(l+r*+r*)aV'(l+r*+r<) 
= aV(l + r«+r*)«; and (o5+6c+crf)«=(aV+aV + aV)«=aV(l+r» + r*)*. 

37. (a-d)«=o«(l-r»)«=a«(l-r)«(l+r+r«)«, 

(6-c)« + (c-a)«+(d-5)«=aV(l-r)a + a»a-»^)*+a'(»--rT 
=a»(l-r)Mr» + (l + r)2+r»(l + r)»}; 
and it will be found that r« + (l + r)«+r*(l+r)«=(l+r+r»)«. 

38. a + or + ar'= 21, a-\rar-\-€n^'\-ai^=^i!S', 

. ,. . . l + r+r«+r8 45 ^, , r» 24 8 

by division -^ —3— = — ; therefore -z z = irr = « 5 

1 + r+r* 21 l + r+r« 21 7 

therefore 7r' = 8 (1 + r + r^. By trial we find r = 2 ; &o. 

T. K. H 
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89* Squaring out we have 

r*+r*+r« + ...+ra»+p+^+^+... + ~-2n, that is 

An K Sqo-l) .. 6(10«-1) „_ 6(10»-1) . 

Thus the serieB =5 |lO + 10» + ... + 10»-n| 

_5 1 10(10«-1) )_60 6» 

91^ — "1-81 <^° -^J-y 

41. Let z denote one quantitj, and y the other. Then A = -^-^ , 
= y/(xy); therefore ^ +(?=i^^^±>^, ^_G=^-^^^^^^'; therefore 
^a_^^ (^-y)'' .. therefore *2^=V(^'-^). Thus a;=il+ ^(^^-G^), 

42. Let a denote the first number, ar the second, ar^ the third, 6 the 

fourth. Then 2ar^=ar + &, since the last three are in a. p.: alsoa + &=14, 

or + or* =12. Put 14 -o for b in the first equation: thus 14 = 2ar*-ar+a; 

2r» — r + 1 14 7 

therefore by division 5 — =— =-; therefore 5r*-13r+6=0; there- 

r + r^ 12 o 

fore r=2 or _ , &c. 
o 

43. Let x-fff Xy oc+y denote the numbers: then a;-y+fl;+aj+y=15; 
therefore x=5. And sc - y + 1, «+ 4, as +y + 19 are in o. p. ; thus 

(aj-y + l)(a;+y + 19) = («+4)«; that is (6-y) (24+y) = 81; 
thus y* + 18y - 63=0 : the only admissible root of this quadratic is 3. 

44. If a, 6, cbemA.p., g(a+6 + c)'=Q (a+ -2- + *^) = 4 • 
And o*(6 + c) + 6'(c+a) + c8(o+&)=6'(c+o)+d(o« + c2)+ac(o+c) 

If o,6,cbeino.p., o«6«(^(j, + ^,+ i)=aM^i+^+^^ 

=a'(r«+r3 + l)=(r» + 6' + a'. 
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Thus we have j^ |l+r+r«+...| ^ j^^ jl+6r+6V+...L 

.... ar arb . v . • «** 

(l-6)(l-r) (l-6)(l-r6) (l-r)(l-6r) 

XXXIL 

15 4 

1. First continue » *f :7 + «- which is in A. p. for two terms ; the next 

000 

4 14 11 7 

two terms are -+-, and 5-+I, that is -^and-. Hence the next two 
0^0 00 

terms of the h. p. are =^:i and =t . 

11 7 

2. We must insert 18 arithmetical means between 1 and 20; thus 
20 = 1 + 196; therefore 6=^1. The arithmetical means are 2, 3, 4, ... ; and 

therefore the.harmonical means are ^ , ^ , j , .... 

3. In the corresponding a. p. the first term is — ; the second, term is ,- ; 

a 

and therefore the »*^ term is - + (n--l) ( - — ) = — ^^ , ^ ~ . Invert 

a ^ ' \h aj ab 

and we have the required term of the h.p. 

4. Denote the required term by x: let a be the first term and 5 the 

1 
common difference of the corresponding A. p. Then •5=3a + (p>l)6, 

•-=a+(7-l)6, - =a+(l'+9-l) &t fii^cl a and h from the first and second equations, 
and substitute in the third. Or thus : multiply the first by |> and the second 
by g and subtract; hence ^ - ^=(2)-2)|a+(i>+3-l)6} = (j»-5^)x-. 

5. Let a, 6, e be the three quantities ; and suppose x subtracted from 

XI , . ml- * r 2(a-x)(c-X) 

each: then a-x, h-x, e—x are in h.p. Tnereiore 6 - x = ; — '—r, . 

' ' a+c -2aj 

_,. . 2ac-6(a + <j) 

This gives «= ^-^^ . 

^ o + c-26 

6. Let a, 6, c be the three quantities in h.p.; then 6= "IT'* ^^^ 

a~zz=^ : X = : c- a — . These three remainders are obviously 

2 a + c 2 o+c 2 a-tc 

in Q.v, 

H2 
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7. If a, h, c are in a.p. then 6=s-— — ; thus 6'-a«= ( ^^ j - ac = ^-^— 

which is positive. If a, h, c are in g.p. then h^-ae^O. If a, 6, c are in h. p. 

then 6'~ac= . . ,, - ac= ,-— — ^a j^oc- (o + c)'{ = / . >, ■ which la 

negative. 

8. Let X and 2^ denote the numbers. Then 

9. Let a. and 6 denote the nnmbers. The geometrical mean 

//I. //a+6 2a6\ . , a+6 2a6 (a-6)» 

2aJ o6-o« , a5-5* 

10. 8= — r; c-o=3^ . ; 2-0= J-; 

a+b a+b a+b 



z 



-(* z-6~"a(6-o) ft(a-6)"~^-a\a 6/"" ab ^ a b 



11. Let X denote the least number, y the next, and z the greatest. Then 

y=— — ; «=ajy; 2 + l=« + y + 2. 

Substitute from the second in the first : thus ^==22- 1, &o. 

29 1 

. 12. Let X and y denote the two terms. Then *+y=77)4» ^^"52 * 

2 1 

Ilenoe these terms are :t^ and - ; then the series can be found. 

Id o 

13. Let a and b denote the two numbers. Then -4 , = «+-„— , 

2{b-a) 1 1 1/1 1\ 1 1 2/1 1\ «, , ^ 2a+6 

* 3 i/j a 3 \6 «/ if, a 3 \o a/ S 

^a=— 5 — ; the harmonical mean between these is •—? r^Ac? ! i ^^^ i^ 

* 3 * 8(2a + 6 + 26+a)* 

2{2a-i-b){2b+a) ., _ dab _ Soft ., .^, ,. , 

— ^— ^^^ ', Also -ffi= jr-Tt ^9"=^ E? tlic arithmetical mean 

9(a + 6) a +26 * 2a + y 

^, . 9a6(a+6) _, 2 (2o+fc)(26-|-o) 9ab(a+b) , 

between these is 0/0 .^x/oa. x • Then - , ... — x o7o~TTUi7A . \ = **• 

2(2a+6)(26+a) y(a+6) 2(2a+6)(26+o) 

14. £±i^=^, V(ajy) = ^, -^=jGr. Thus (?>=i« JET; therefore we have 

(i-«)»=^(4-6):henoe^=^, H=i-J=^. <?=^> • 

Then a; and y can be found in terms of a and 6 from the first two equations ; 
since A and Q are known in terms of a and 6. 
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15. 6= -^ , /3= — ^ , b^p^=aeay, Snbstitate from the first and second 

equations in the third: thus ■7—^9=: — ^*\ therefore - — ^^= , r^ ; 

therefore, by Art. 895, ~^-^ = -t"— « ; therefore '^ — ^ = - — ^, 

-« - 2«c - a^-€Ui - ac-c^ 

16. 0= ; a-o= ; 6-c = ; 

tt+c a+c a+c 

1_ 1 4 __J_ /. g + c a + c\ 

a-6 h-c c-a c-a\ a c J 

"" c - a \ a cj~ oc (c - a) ~ ( 



ac (c-a) ac 

2a6 

17. We have given that 6= , and we have to shew that 

** a+c* 

2<ic 

^iMB. = _*- . The left-hand expression 

a c c-Va 

^ 

6+c a+6 
2ac 2cu: 2ac 2ftc 



o(a+6)+c(6 + c) a^ + c2+(a + c)6 aHc* + 2ac (a + c;^ ' c + a' 
18. Let c denote the r*^ arithmetical mean, and 7 the r^ harmonical 

mean. Then c =a+ r (6-0), - = - + | r - - I ; 

n+1^ '7 a n + 1 \6 a/ 

therefore - = 1 + — — ( + -) + - ^ (j.^)/ 

7 n+l\ a b aj (n + l)* ' \b a) 



= 1 + 



a6(» + l) (n + lfa6* 



We have then to find the sum obtained by giving to r in this expression all 
integral values from 1 to n inclusive. Thus we obtain 

(6-a)» >i(n + l) (6-a)» n (w + 1) (2>n- 1 ; 
**"^ai(»+l)^ 2 "(w + lj^od^ 6 

that IS » Jl + ^-o-r r 77— TTT (2» + 1)} ; that is n Jl + ^ ^ / . 

( 2a6 6a6(» + l) ^ ') ( n + 1 6a6 ) 

19. Suppose a;, y, 2 the three numbers: then aj+y + 2 = 3a'- 6=^, 

2az 
a;^+y^ + 2'=3a* + 6*, y— . Square the first equation, and subtract the 

SC "T" 2 

second from the result: thus 2a:2/ + 2aez+2yz=6a*-6a'6^ Substitute for ?/: 
thus 6aai= 6a* - ^a^b^ ; therefore as = o* - a*o*. Eliminate y between the first 
and second : thus 7^-\-t^-\- (Sa* - 6'* - a; - 2)^ = 3a* + 6* ; therefore 

2 (a;+2)«-2(3a2-i5)(a.^^)^(3aS_ 59^3^3^4 + 2,* + 2 (a*-a*6^; 
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fberefore (x + 2)" - (3a« - i^ (a? + «) = - 2a*+ 2aV ; 
therefore f a;+« ^ — j = f — - — J -2a*+2aV=f — g" ) • 

nenoe a;+2=2a' or a* - &*. It will be found that the former is applicable ; 
and that it gives ysa'-ft*, »=sa':isa6, s=sa*Ta&. 

20. We will first shew that if the sum of the prodnctiS of ereiy n - 1 
terms be divided by the prodnot of all the terms the quotient h the ium of 
the reciprocals of the terms. Suppose, for example, there are fonr terms, 
7>, 9, r, «. Then the sum of the products of every three 

/I 1 1 1\ 
= 5r»+2>r«+i)j«+jp5r= f - + _+- + -1 pqn\ 

if then we divide the sum of the products of every three terms by the pro- 
duct of all four we obtain - + -+- + -. Hence it is given in the present 

P ^ T 9 

example that the swm of the reciprocah of the hamtonical terfn8=2n; so that 
the sum of the terms of the corresponding A.p.=2n. Let 6 be the common 
difference in this a. p. ; thus since the first term is unity we have the sum 

= ^ I2+ (n - 1) 6^ ; this then=2n. Hence 6=-^. 
2 ( ^ ) n- i 



XXXIII. 
5 I 44.. .1 1000 *'"'200"^^'* 



5|±il 71 71_^ 

1...3 100^-20"*^'*'' 

11 e 11 o, 
20 ^5=^ 4=2*' 



- x5= -^=3;, &c. 

2. Put r for 4m + 2. First let the last digit of the number be 2j»+1; 
tlien the number is of the form pr+2m+l, and its square is of the form 
gr+(2m + l)». Now (2TO+l)«=4fii« + 4»i + l=mr + 2OT + l; thus the last digit 
is 2m + 1. Next let the last digit of the number be 2m + 2 ; then the number 
is of the form|>r+2m + 2, and its square is of the form qr+ (2m + 2)^ Now 
(2m + 2)«=4m» + 8m + 4 = (m + l)r+2m + 2; thus the last digit is 2m + 2. 

3. The first number=o= °^*'"/) ; the second number =a(r+l)=i^^-^ ; 

r-1 * ^ ' r-1 

the third number = a (r" + r + 1) = °^ ~ ^ ; and so on. Thus the sum 

r-1 

r-1 I J r-l( r-1 j r-1 r-1 
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» + 5^ y/n {\/m + \/n) _ 2flr» 2nVm 



2 2 ' ■ ^+» y/m+y/n* 

therefore ' aiha=fnn=g*=:<hhi, 

5. Let e denote the r^ axithmetical mean, and y the r^ harmonical 
mean. Then c=5+-^(a-6), i = -+ -^ f^ - -"^ ; 

therefore 7=7 — —^ — (-7 ; therefore 7c = oft. Hence the sum of the pro- 

ducts of the corresponding means = nod; and from the product of the two 
first terms we get 06, and also from the product of the two last terms. Thus 
on the whole we have (n+2) ah, 

6. Let X denote the first harmonical mean and y the last. Then 

1 1 ^ 1 /I 1\ . 1 1 , n /I 1\ _, (n + l)a6 

"=- + — rTlT--)» aiid -=-+ — - ( z- ). Thus a;=^^ — ■—- — , 

X a n + l\b aj y a n + l\h aj nb+a 

y=^^ . Suppose a less than 6; then x is less than y. And 

b + na ^'^ ^ 

(n6 + a) (Tia + o) {jnb-{-a) (7ia + 6) 

than -^ ; that is (n + 1)» aJb less than (n5 + a) (na + 6) ; that is (»«+ 2»i+l) aft 

less than (n*+l)oJ + »(a«+6*); that is 2ab less than a' + 6«: this is ob- 
yiouslj the case. 

7. Suppose that A travels x days before B overtakes him; then A 

travels 2 |2 +(«-!) I miles, and B travels 12(a;-5) miles; therefore 

jg 

5(fl! + l) = 12(a;-5), that is a?-23fl5+120=0. The roots of this quadratic 

are 8 and 15. It will be found that B overtakes il in 8 days, and if both 
continue travelling after the same laws, in 7 more days A overtakes B, 

8. Suppose X gallons are taken away each time ; after the first operation 

' 266— JB 
256 -a; gallons of wine remain, that is 256 -...— gallons; the second ope- 

2oo 

X 

ration removes r— ^ of the wine which remains after the first operation, 

and therefore leaves ~^ of it, that is 256 f ^ "^ | . Proceeding thus 

256 \ 256 / 

(256 — sc\* 
—--—\ gallons remsun. 

Thorefore ^,{^)Ul; th«a ?|=£=(^^)i= ?; the«fore«=M. 
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9. Suppose that A has x poonds, and that £ has y pounds ; and suppose 

that A stakes - pounds, then £ stakes - pounds. Then 
« y 

— + -=90, a;+- = 6(y--), y+-=2(« — ). 
X y y \ yJ ^ V «/ 

Prom the second equation we get 5^-aB= — , from the third equation 

we get 2x~y= — ; by addition 6y-x+4x-2y= — + — = 540; thus 

X - X y 

26+^=180. Combine this with the first equation, and we get n%=-^-. 

Substitute this value of m in the second equation ; &o. 

.f. 0+6+C c+d+6 41. , V A-* 004 ^-^ ^-^ 

10« . J . =« ~ri-i— i*. therefore by Art. 894 — j-— = . . ,; 
e+d-^-a a+b+d '' c+d + o a + 6i-a 

therefore =: — 7 — ,\ therefore ~ = — '^ — 3; therefore 

a+b'k-d= ~^^ ""j . Similarly we can shew that o+6+c='— -. - " J; 
a-tb-c-d ^ 0+0-c-o 

therefore (a+6 + c) (a+6+d)=i '- — r^-^ — 3- -. 

^ '^ ' ^a+6-c-d)* 

11. In order that the roots of ax'+2&E+c=0 be possible and different 
&' - oc must be positive. The second equation is 

(a«-ac+26«)x«+26(a+c)a5+c'-ac+26*=0; 

in order that the roots of this equation may be possible and different 
6=* (a + c)* - (a* -iic + 26*) (c^-ac-^ 2ft^ must be positive : the latter expression 
will be found to reduce to - (6^-ac) {46*+ (a- c)'^}, so that its sign is opposite 
to that of 6* - ac. Hence if the roots of either equation are possible and dif- 
ferent the roots of the other are impossible. 

12. a + 6=-e, «+y=-(z+tr); therefore (a + 6) (as +y)=cz + cu>; there- 
fore oa!+6y-c«=c«;-oy-6«.....(l). Now take \/{ax) + \/(by)=—\/cz; square; 

thus ax+by + 2y/{dbxy)=:C2 (2). Now by means of (1) we may put (2) in 

the form cw-ay-bx+2 \/{abxy) = ; therefore y/(cw) = y/ay - V(^) J t^* i^ 
\/{bx) - y/{ay) + s/{cw) = 0. Thus we have deduced the second equation from 
the nrst. Similarly we might deduce the first from the second. 

XXXIV. 

[8 110 

1. j^=im 2. j^-^^eoo. , 

5. n(n-l)(n-2)(n-3) = 12n(»-l); therefore (n-2) {n-3)=12; the j 

only admissible root of this quadratic is 6. I 
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6. Any two of the ten dice may give sixes; this then can happen in 

10 9 

— -^ ways : next any three of the remaining eight dice may give fives ; this 

8 7 fi 
then can happen in y~o~q ^bljb ; the remaining five dice most give twos ; 

this can happen in one way, and 1=^ '« o /g • Hence the total number of 

l.J.o.4.0 

. 10.9 8.7.6 6.4.3.2.1 
^^y^^° 772 ^1X3^ 1.2.3.4.5 ' 

7. The number is the number of combinations of twenty things taken 

eighteen at a time ; and this is the same as the number taken two at a time 

20 X 19 
by Art. 495 ; that is . If a particular pear is to occur, the other 

seventeen pears can be any seventeen out of the remaining nineteen ; thus 

19 X 18 
there are -r — ^ ways in which the particular pear occurs. 

JL X A 

8. When the partictilar man is included we have to select 9 men out of 

195 
95 ; this can be done in ri"^ ways. When the particular man is excluded 

. 195 

we have to select 10 men out of 95 : this can be done in ^L \.^ ways. 



10 85 



10. From Arts. 495 and 496 we see that the combinations must be eom- 
pkmentary : thus r^i/+r+r^=n, 

11. See the solution of Example 12 in the Algebra. 

13. The answer to the first part of the question is the number of p<>r- 
mutations of 9 things taken all together, that is |9. For the second part the 
answer would be 110 if we allowed zero to occupy the extreme left-hand 

place ; but if we do^ot allow this we must take away all the cases in which 
this occurs ; and the number of these capes by the first part is |9. 



,12 

14: We can select 3 conservatives in t=77v ways ; and we can select 4 

3 9 

116 
reformers in i ^Tto ^^7^ : the product of these two numbers is the required 



number of ways. 

16. The combinations which are equal in number must be comple- 

\n 5 In 

mentary; therefore r+r+l=». And r— , — ^=t- rf — ?» J therefore 

•^ |r r+1 4 r-l|r + 2 

»' + 2 5 ., . 

• = -7 ; therefore r=8. 

r 4 
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(911 

17. Out of the m things we can get -. — ^-^ — combinations of r things ; 

n 
out of the n things we can get — ^= — combinations of t things ; then the 

li til 
»+ r things will give rise to \8+r permutations if they are all different. 

18. A parallelepiped has three different edges : thus the answer is the 
number of combinations of n things taken three at a time. 

19. The number of combinations of 4n things taken 2» at a time is 
— ' ' ; the number of combinations of 2n things taken n at a time is 



\2n\2n 

l^n'" \in\n\n 

■ '-.^ . Hence the required ratio =T^^^r^h7-. 
In In |2» |2n |2n 

Now [2n=1.3.6...(2n-l).2.4.6...2ii=1.8.5.(2n-l)2»[n. 

Similarly [4»=1.3.6...(4n-l)22»|2n. 

Substitute and the ratio reduces to the required Talue. 

17 X 16 

20. Out of the 17 consonants we get combinations of two ; thus 

17 X Ifi 

X 5 expresses the number of ways in which we can get two consonants 

J. • A 

and one vowel : and each combination of three letters gives rise to 13 permu- 

17 y 16 

tations. Thus we have — - — x 5 x 1 3, that is 4080 words. 

21. As in the preceding Example we have — j-^ — x -r- - x 1 5, that is 

lo 2 I— 

86400 words. ^ •- 

22. If the 3 given letters are to retain the same order always they count 
as one letter, so l^at we have as it were 5 letters ; and the answer is 1 5. But 

if the three given letters may occur in ani/ order by taking the permutations 
of them we obtain Ip x [3 words, 

23. Suppose we use 4 flags. The number of permutations of the 10 
numerals taken 4 at a time is 10 . 9 . 8 .7 : but all the cases in which zero 
occupies the extreme left-hand place should be excluded, and thus we can 
form 10.9.8.7-9.8.7 signals with 4 flags. Similarly we can form 
10.9.8-9.8 signals with 3 flags; 10.9-9 signals with 2 flags; and 10 
signals with 1 flag. 

24. Take the permniations of 6 consonants 2 at a time : the number is 
30. Then put a vowel in the middle of each permutation. Then 30 x 3 is 
the number of words. 

25. Put the 3 vowels in the even places ; this can be done in 18 ways : 
then put the 3 consonants in the odd places ; this can be done in fB ways. 
Thus on the whole we get |3 x l£ words. 
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26. Put the 3 men to their proper side, and the 2 men to their proper 
side. Out of the remaining 3 men take one to be put on the former side : 
this choice can be made in 3 ways. Then each set of 4 men can be arranged 
in [4 ways. Thus on the whole there are 3 x |4x [4 ways in which the crew 

canBe arranged. 

27. The first arm can be put into n distinct position?; so can the 
second : thus with these two arms we can form n^ signals. Now take the 
third arm ; each position may be combined with any pair of positions of the 
first and second arms : then we have n^ x n, that is n^ signals. And so on. 

28. We can form one set in — ' '" — ways : then out of the remain- 



39 .08 27 
ing 39 cards we can form a set in — ' '" — ways ; and so on. 

[13 

10.9.8 

30. Take any pair out of the n-p points ; thus we get ~ I 

straight lines. Take any one of the n-p points and any one of the p 
points: thus we get {n—p)p straight lines. All the p points lie on one 

straight line. Thus the total number is -^ — ^ ^ + (n -p}p+ 1. Or 

thus : if no three of the points were in the same straight line we should get 

91 (TI ^1^ 

straight lines. Now U p oi the points come into one straight line 

we have this straight line instead of the ^ ^ straight lines which the p 

points furnished. This gives the result in the form !L(!Lz11 _ Pi^rl) + 1. 
The two forms will be found to agree. 

31. Take any three of the n-p points ; thus we get ^ ~P'^ """ l. 

triangles. Take two of the n -p points and one of the p points ; thus we 
get -^ — i *> — triangles. Take one of the n—p points and two of 

the p points ; thus we get ^ 1 " triangles. The sum of these three 

expressions is the total number. Or thus : if no three of the points were in 

the same straight line we should get — ^— — tq^~"^ triangles. Now if |> of 

11 

*)(«_!)(« -2) 
the points come into one straight line we lose the ^--^ — j-^-^^^^ triangles 

II 
which they would have furnished. This gives the result in the foim 

n (»-!)(>> -2) _ p(p-l){p-2 ) ^ ^^ ^^ ^^^ ^ ^ j^^^ j^ ^^^ 
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32. Proceed as in Example 81. Thus we obtain for the result 

(n-p)(n-y-l)(n-j?-2) . pfn-p){n-p"l) , p (p-1) (n-jp) ^ 

[3 + 172 "^ 172 "^^^ 

Or, hy adopting the other method, we obtain the same result in the form 
n(n-l)(n-2) y(p-l)(p-2) 

[3 ~ |£ 

33. The number of straight lines is — ^-^ — - , or N say. Now N 
straight lines would give — ~ — - points of iutersection. But as n-1 



straight lines pass through each of the n original points 



(n-l)(M-2) 
1.2 



points 



of intersection coincide at each ' of these n points. Thus excluding these 

there remain — ^ — - — — r— points of intersection ; that is there 

1.2 1. ^ 

^ "" ^^ 'points of intersection: this 

JL . d 



. 1 n(n-l) (»(n-l) -) 



reluces to 



n(n-l)(n-2)(n~3) 
8 



84. This is an example of Art. 497. For as the boats which belong to 

one club do not undergo any permutations among themselves they are in the 

124 
same case as letters which are alike. Hence the number is -, — ; — . \ — , — — — . 

35. The sets are to be treated as if they were single volumes. 

37. I. There is 1 case in which no letter is repeated. II. 5 cases in 
which p occurs twice, as many in which r occurs twice, and as many in 
which occurs twice; 15 in all. III. 10 cases in which o occurs three 
times. IV. 6 cases in which p and r each occur twice, as many in which p 
and each occur twice, and as many in which r and o each occur twice ; 18 
in all. V. 4 cases in which o occurs three times and p twice, and as many in 
which o occurs three times and r twice ; 8 in all. VI. 1 case in whidi p 
occurs twice, r twice, and o twice. Then 1 + 16 + 10 + 18 + 8 + 1 = 63. 



38. Out of the first set we get 



|2tt 



combinations; out of the second 



|3a . |4a 

-'=T^- ; out of the third | . ; and so on ; the product of all these expres- 
sions gives us the total number of combinations. It is obvious that by can- 
celling, the product takes the form given in the Example. 

39. There are 15 numbers in all. Consider one of the digits, as 3 for exam- 
ple. In 14 oases 3 is in the units* place, in as many cases 3 is in the tens' 
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place, in as many cases 3 is in the hundreds' place ; and so on. Thus the 
sum arising from the 8 alone is |4 {3 + 30 +300 + 3000 + 30000}, that is 

3 X 1 4 X 11111. Proceed similarly \?ith the other digits. Thus the final 

resuit= (1 + 2 + 3 + 4 + 6) [4x 11111. 

40. The sum in the preceding Example has for one factor 1 + 2+3 + 4 + 5, 
that is the sum of the digits : and it is ohvious that a similar result will 
hold whatever he the digits. 

XXXV. 

II. {a + V(«'-l)}'+{a-\/(a'-l)}' 

=2 ja« + J:5aVa«-l)+Jl|^JaV-l)'+(«'- V^ 
= 2 {a« + 16a* (a» - 1) + 15a« (a* - 1)« + (a« - 1)'} = &o. 

y*+ — J = c ; the coefficient of y in the expansion of this 
expression is the same as the coefficient of ^ in the expansion of (^'+ c*)'. 

13. We have (x+a)*=A + B, {x-dj^^A-B; therefore by multiplica- 
tion (a:* - o«)* = il «- ^''. 

14. This result may be obtained by direct work. Or we may proceed 
thus: (l + a;)**+^(l-a;) = (l + a;)'*(l- sc*); hence we infer that the coeffi- 
cient of any assigned power of x will be the same whether it is obtained 
from the left-hand expression or from the right-hand expression. See Chap- 
ter XLviii. Now in the expansion of (l+x)^'^^{l-x) the coefficient of af*^ 
will be found by subtracting the coefficient of o^ in the expansion of 
(l + «)*+^ from the coefficient of ac'^^, &c. 

|2n 

15. The middle term = r'-p «*; and 



[2» = 1.3.5..,(2»-l)2.4.6...2ii = 1.3.5...(2n-l)2*[n; 

|2n 

therefore -^=1. 3. 6...(2»- 1) 2». 

In ^ 

16. Suppose that 2916 is the r^ term in the expansion of (x-\-a)^: 
\n \n 

then 2916= rT^= =-aJ»-^la♦^^ and therefore 4860= 7—^^= — a^-^oT; 

r-1 |w-r+l \r \n-r 



hence by division ^rpr—, = • ^ ^^ same way we obtain 

•^ 2916 r X 

4320 n-ra 2160 n-r-la -,, . ,.. . v 

4500 = f+l «' 4520= TT2-X- Thus, simphfymg, we have 

6_n-r + l a 8_n-ro I n-r-l a ^ 

8" r a* 9*"r + l«' 2" r + 2 i' 
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multiply the first of these three equations by r and the second by r+ 1, and 

vx ^ *i- 6r 8(r+l) a j . ., i 8(r+l) r+2 a x- , .^^^ 

subtract; thus ~ — ^~~ - " » "^^ Biimlarly -^-5— 5" ~ "' *^®'®'**^® 

39 9 2' « 8 

3a 
Hence putting x=-a c^d n=6, and r=2 in the first equation we find a=2. 



ex- 



17. ( 05+ - ) = - ^ ; the coefficient of af in the expansion of this 

pression is the same as the coefficient of a?*"*^ in the expansion of («*+!)'*. 
Now all the powers of « in the expansion of (a^ + 1)* are obviously etvn 
powers, and thus »+r must be an eVen number. The coefficient of s^"^ in 

the expansion of (x*+ 1)** is the same as the coefficient of y ' in the expan- 

\n 

rion of (y + 1)*; and this is 7=-. rr. , . . . 

\l{n-r) \l{n + r) 

18. The coefficient is the same as that of jc^i'-i-i^tn+i jq the expansion of 
^^_ l^sn+i. this is the same as the coefficient of y*"*^^ in the expansion of 
(y-l)«»+i. 

19. We must find the r^ term from the beginning, the r^ term from the 
end, and the middle term of (x*-^l)^; and divide each by x^\ 

20. Since {x+ay/-l) (x-a\/-l)=a?-\-a* we may conclude that 

(« + oV-l)*(aJ-aV"-l)"=(«*+a2)*. 

Now («+aV-l)*=<a-^+«4-... + («i-<8+<5-...)V-l. 

and (a;-aV-l)*=<o-^«+*4- ..--(h-h + h^ ,..)y/-l; 

by multiplying together the two expressions on the right-hand side we obtain 

{t^-h+h" ...)■ + (*i -<»+«»- ...)' » ^^ therefore this = («« + a^)» 

XXXYI. 

2. (ux)j=i4,.i^«.Jii^Xi:!}*'-^-" 



^+i*"82*''''l28*'~"" 



Li 
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~ "*'8 9 8i "■■• 



, (n..)-i=i^(-|)..,(j^^.,(~8(g)("8^,... 

,1 3.6. 
+ li '^-'^ 4*+8a 128 ^•" 



^1 — — fl!— — flj'— — at*— ... 
6 26 125 



8. (1.2x)i = l-g2x + i^i^(2a:)«- 'V ^^\^ ■ y (2:.)»-.,. 



2 8 16 "" 
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9. V(a»-«') = a(l-5)' 

LI j^ 1 «^ JL «! > 
""*i 2 o" 8 a*"l6 a« "J' 

10. (3a-2«)l=(3a)t jl-.~| 

• - .| L 4 aj 4 «> 82 a» ) 

11. (a«-&*rf=(a«)-f jl-gj"* 



1.2 0* ^ Is a«'"^"( 



""* ( '*'6 »=»"*" 25 a* "*'125 a« ■*'-j ' 

= 1 + 17x + 102x»+ 238a:» + ... 

4(4+l)(4 + 2)...(4 + r-l) ^, (r-f l)(r+2)(r+3) _ 
13. j^ X = j^ .r. ^ 

., 5(5 + l)(5 + 2)...(5 + r-l) (r + l)(r+2)( r+8)(r + 4) _ 

14. ; = ri *^» 

ir L* 

15 "(»"OU"^)"'»~^''"^M , .,^' (n-l)(2n-l)...{(r-l)«-l} . 

|r ^ ' n'lr 

__ (p-l)(2p-.l)(3p-.l)...((r>l)y)>l> ^ 

— — . ar . 

' ir 
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17. -^A_-=(i+x)-J; the(r+l)thterm= 

E 1:: 

20, -TO^-(l-«!)-i;tlie(r+l)«'term= 

E *'lr 

21. V(24) = (26-l)J=6(l-l)*=6{l-^ ^-Igy... j. 

28. ^(999) = (1000-l)i=Xo(l-ji^)' 

= 10h-l-l-_.V-i_V J 

r 8 1000 9 \i(mj ■■• J • 

23. ^(81) = (82-l)t=2(l-3i^)*=.|l-J. 31-1(3^7...!. 

24. 4/(99000)=(100000-1000)T=10^1-jlg\* 

~ ( 6 100 "25^100/ •••)• 

25. (l+«)5=l+^«-|x«+...; (l-«)l=l-|»-ia?-...; 

,^1 1 ,,, 2 1 . 
thus the expression =■■ ■ 

o 1 17.^ - 1 17 .. 

2 + 2*- gJB»+ ... 1 + j«- ig^+ — 
Now diTide the numerator by the denominator and we find for the first two 
terms of the expression 1 - -^ • 

T. K. 1 
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26. We have to shew that 

n . n(n-l)(n-2) . n(n-l)(n.2)(n>3) (n-4) . 
1 "** [8 ■*■ jt ■*"••• 

exceeds by unity JL^) ^ n(n>l)(n-2)(.--8) ^ . 

that is we have to shew that 

n(n-l) . n(n-l)(i>-2) n(n-l)(n~2) (n-8) , 

» — iTT" "*" [J ^T"^ ■*■ - 

equals unity; this is obvions for the expression = 1 - (1 - 1)\ 

27. By Art. 623 the nmnber =— ^ '-^ — ^^ ; multiply both numera* 

tor and denominator by |n-l. 



28. The (r+1)* term may be found by multiplying the r**^ term by 

(^ lj«, that is in this case by ( — ij^: putting this=l wegetr=2, 

so that the Srd term is equal to the 2nd, and these are greater than any 
other term. 

29. The numerical yalue of the (r+1)^ term may be found by multi- 
plying that of the r^ term by (^^^+1 joj, that is in this case by 

( — +1) ?; ^8 multiplier first becomes less than 1 when r=8: thus the 
third term is the greatest. 

80. In this case the numerical value of the (r+1)^ term may be found by 

multiplying that of the r**» term by ( -+1 j -; this is equal to 1 when r=5, 

so that the 6th term is equal to the 5th, and these are greater than any other 
term. 

81. In this case the numerical value of the (r+1)^ term may be found by 

Q- + 1 j jA ; ^bis multiplier first becomes less 
than 1 when r=3 : thus the third term is the greatest. 

82. ( » - - ) = ****** ( ^ "■ "i ) * *^^ ^® require the greatest term 

/ l\«iH-l 

in the expansion of ( 1 - — « ] . In this case the numerical value of the 

/2n +2 \ 1 
(r + 1)*^ term may be found by multiplying that of the r*^ by ( ^ ) "a • 

If n=l this expression is equal to 1 when r=2; if n=2 this expression first 
becomes less than 1 when r=2; if n is greater than 2 this expression is 
always less than 1. 
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4.5...18 11.12.18 



88. By Art. 52i the number 



[10 - [8 



34. Wexnost findwIiexi-^-r+l first beoomefl negative; this is when 
fsS ; and so the 6*^ term is the first negative term. 

35. The coe£Scient of o^ in the expansion* of a^ (1— 9;)~^ is the same as 
the coefficient of x>'~* in the expansion of (1 - s)~^, and this is 

2?i(2w + l) (2n+j>-n-l) 



p-n 



Now multiply both numerator and denominator by |2»-1; thus the 
coefficient becomes . '^ ; and then by cancelling I p - n we get 



P - » 



2n-l 



(j>-n+l)(p-.n+2) (j)+n-l) . 

|2»~1 

the middle factor of the numerator is p ; the factors before and after p are 
p-l and p + 1 respectively, the product of which is j>* - 1' ;. and so on. 

36. We require the coefficient of o^ in the expansion of 

(1 - Qx+ 12a;« - Ba?) (1 - Saj^)"*. 

Now (1 - 3aB^)"* when expanded contains only even powers of aj ; thus a?* -will 
occur only in (1 + 12a;*) (1 - 3a?)-*. The coefficient of a^ in (l-3ar^)-* is 
4.5.6 (»+4-l) ^ ^ (n+l)(»+2)(n+3)3 ^^ ^^ ^^^^^^ ^, 

;gi»-j ig 2i^±lI6Ltl) 3«-i. Thus fhuUly we have 

(n + l)(»+2)(n+8) 12n (»+!)(» +2) 

ji ' + — jt — ^ ' 

37. "We require the coefficient of »* in the expansion of (l+2x+»')(l-aj)~*: 
by Example 13 this will be 

(n + l)(n + 2)(7H-3) . 2ii(n + l)(n + 2) . (n-l)n(n-fl) 

L3 + [3 + [3 • 

it wiU be found that this is ^ (2nS-i-4ii+ 3). 

"• (:-s)'-;?^,-'-*-'<''-'-'-('*i)('-S)''' - 

1 - -, ] in powers of -j , and multiply the result 

12 
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by 1+- • Henoe to find ihe ooeffident of a^ ia the odgin&l eipresfiion we 

1 — j] : and to find the ooeffieient of 

and multiply it by - • 



89. 



n-1 n-2 



40. The middle term in the expansion of (l+x)^ 

2r(2r-l)...(2r-r+l) |2r 1.8.6... (2r- 1)2' Ir 

= j af = , , af= 1 — j — {gf 

_ 1.8.5...(2r-l) g,^ 
And the coefficient ot of m the expansion of {l-ixj'i 

2-G^0S^^)-fi^^-0 .,,. 1.8.5...(2.-1) ^ 

42. Suppose we expand (1 + x)^ and also ( 1 + - ) i &nd multiply the two 
series together ; then the term which does not contain x will be 

^*\p I'-^r* i'-^^^T* 

This shews that the sum of the squares of the coefficients in the expansion 
of (1 +x)^ is equal to the coefficient of the term which does not contain x in 

(1\* (1 + jb)** 

1 + - j , that is in the expansion of ^ — -jp— . 

Now the coefficient of the term which does not contain x in the expansion 
of this expression is the coefficient of o^ in the expansion (^ (1+a;)^; and 

|2n 

is therefore ri" • 

|n|n 

48. It is easily seen that p, is the coefficient of af in the expansion of 

(l-a;)-i. l!haB(l-x)--i=:l-{-p^x+p^^+p^+,.,+p^+Pr+i^^-^ 

Henoe we see that if we multiply (1 -as)~i by itself the coefficient of ob^"^^ in 
the product will be 2 {i)»,+i+i)il?8,»+... +Pn-iPn^+PnPf^il' 

But (l-aB)-ix(l-a;)^J = (l-aj)-i=l+aj+«"+...+»**+^ + 

Heuce we infer that we must have 2 )i>jn+i+l*iPsn+ ••• +Pn-iPn+^+PnP»H \ ** ^' 
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ir 



44. The coeffioient of x*" in tho'expansion of (1 --x) 

(ii-fl)(n+2)...(n+wi) _ h+ffl 

t. lit'' 

the coefficient of x^ in the expansion of (1 * x)~"^^ will be found to have the 
same value, 

45. l+2x+8x^+4x^ + .^.»(l--x)''; thns we require the coeffident of 

.. ,, . . ,1 . -^ .,. . 2n(2n + l)..,(2n+r-l) 
sf in the expansion of (1— x)^*; this is — * ^j-^ r-^* 
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1. 2+2r=4» |>+g+r=8. 

The solutions are r=2, ^=0, psl; rsl, 2^2, |)=0. 



8 



3 



•=3+8=6. 



In stating the solutions in future we shall not explicitly record the zero 
values which some of the letters may take. 

2. g+2r=6, p+j+ri=4. 

r=2, g=l, jp=l; r=l, f=3. 



^(-1)^+ 



2 



8 



(-l)»=-12-4=-16. 



3. 5 + 2r+3«=8, 2) + 3 + r+»=4. 

<=2, r=l, i>=l; »=2, 2^=2; «=1, f=2, gf^l; r=4. 

|8{-4)«+ l|^(-2)«(-4)«+|(-2)3«(-4)+i3* 

=2«.3«+2y.8+2«.88 + 8*=1906. 

4. ^+2r+8«+4<+6«=sl4, p+g+r+»+«+«=8. 

8 
tt=2, «=1. h=8. 

6. 5+2r=«6, p+2+r=5. 

r=8, jp=2; r=2, j=2, l>=al; r=:l, 2=*- 

^a«(-4).+^2 (-3)»(-4)'+ j|(-8J«(-4) 
»-2».6+2«.8».6-2».8*.6. 
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6. g+2r=8, |)+2+r=12. 

rt=4,|)=8; r=8, q=2,p=7i r=2, g=s4,i)=6; r=l, 2=6,i>=6; 2=8, i)=4. 
|12 112 jl2 112 112 

7. 5+2rsa4, jJ+j+rsS. 

r=2, j)=B; r=l, 3=2, |>=2; g=4, i>=l. 

T372^-'^"T2T2^'*^'-^"*'|I^-^*=^'^'^"^'-^-^'-^"*"^*^'* 

a 2r+4<=8, i>+r+<=-2. 

<=2, jp=-4; <=1, r=2, i»=-5; r=4^j>=-6. 

(~2)(~8) (■2)(-8)(-4) (-2)(.8)(~4)(-.5) 

-{2-*+ [2 ^-^^ jT— -2 

«=:48-192+80=-64« 

9. j + 2r=4, |)+5+r=-6. 

r=2, i)=-7; r=l, g=2, i)=-8j 5=4, jj=:-9. 

(-^)^ ^-gK^^ <-'')(-«K-^(-«)-15-10C^70= -20. 

10. 5+2r=5, l) + }+r= -g. 

r=2,g=l, i»=-8J; r=l, 3=8, p=-4i; 5=5, p= -5}. 

(-IX^(-D . (-»(-l)(-D(-D .., ., 

. (''2X'"2)v-2X"2)("2) ^. 16 85 63_ 87 
"** [6 ~"8"4~8""~2' 

11. 2r+4<=8, p+r+<=»-2. 

<s2, jp=-4; «=1, r=2, jpss-S; r=4, p=-6, 
(-2K-8) /lV. (-2)(-8)(-4) l/lV. (-2)(-8)(.4)(-5) /iy 

"TT" w "*■ — [2 i w ■*■ li \2/ 

8 8 6 _ 1 
'^16"4'*'16"""4- 
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12. j+2r+af«4, i>+g+r+»= -^. 
««JU<5=1, ,)=-2i; r=2,jp=s-2J; r=l, J=2, i>= -8^; g=4, |)= -ij. 






8+6+16+^. 



18. 2+4«=^, p + q+t=2' 



* 1 o 11 « 28 

«=1, 2=2,p»--j-; j«6, p=--y. 



K-l)(-I) , ,. U- S)(- D(- ?)(-?)(- ?) 

8.7 7.11.19 



(-2)« 



28 



210 



14. Pat xssj^* then we require the coefficient of ^ in the expansion of 
(l+y+y'+y'-y^)*. 2+8«+6tt+7fo=8, i)+g+«+t«+w=6. 

tp=!:l, q=l, jp=8; «=1, »=1, p=8; i«=l, 5=8, jp=l; #=2, 2=2, j)=L 

15 5 5 15 

^<-l)+|8 + [8 + 1^^-20+20+20+80=60, 



16. j+2r=4, jp+2+r=n. 

r=2, 2>=n-2; r=l, j=2, |)=n-8; ^=4, |>sn-4. 

»(n-l) ft (n-l)(n~ 2) n(n-l)(n-2)(n-8) n*+6n»~18n«+6n 
|2 ■** [2 "*■ 11 " 24 

16. It is easy to see that l+8aB+5a:^+7a^+9fl^+... 

=(l+a5)(l+2sB+8««+4a:»+5a8*+...)=(l+«)(l-a;)-«. 

Hence we require the coefficient of a^ in (l+x)^(l-a!)~^^; and we haTe only 
to expand the two factors by the Binomial Theorem and multiply the results 
together. Or proceeding as usual we have 

S+2r+8«+4ts4, jp+g+r+»+«=«7. 

<=»l,jp=6; «=1, 3=1, |>=6; r=2, i>=6; r=l, 2=2, i)=4; 2=4, px=8, 

7 



^ 3. 7+ 4^^6«+7i4 8».6 + riL.8*. 



r+^^-'+[r[2^-*-irL2 



The result will be found to be 9080. 
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17. l+ap+aj^+a!'+... = (l-«)~^; thus we require the coefficient of ai^ in 
the expansion of (1— x)"' ; and this is easily found to be m+1. If we pro- 
ceed as nsnal we have j+2r+8»4-4t+6tt+...=ii», p+5+r+...=2. It is 
easy to verify that if m=3 the coefficient will be 4, if m=4 the coefficient 
will be 5, if m= 6 the coefficient will be 6, and so on. 

18. 2 + 2r=8, p+q-^-r^n; 

r=^i p=sn-^; r=8, 5=2, p=in'-5; 
r=2, g=4, p=fi-6; r=sl, 5=6, |)=»-7; 5=8, p=n-B. 
Hence the result 

19. jj[+2r+8«+4<=4, i>+j+r+f+<=-5. 

t=l, i)=-lj; »=1, 2=1, p=-2J; 
r=2,i)=-21; r=l, 3=2, |)=-8J; g=4, jp=-4i. 

. VvivV^JV'd 5 27 46 86 

In fact we require the coefficient of as* in the expansion of {(1 - aE)~'}'^> 
that is in i^e expansion of 1— x ; and thus the result should be zero. 

20. 2+2f+3«=12, |)+j+r+»=6. 

«=4, p=l; #=8, r=l, q=l; »=2, r=3. 

5 6 16 

■J Os* + ^ ai<v»H» +T^ (i,V- 

21. g+2r=6, j»+g+r=n. 

r=2, 5=1, jp=n-8; r=l, 5=8, psn-4; gas6, |)=ii-6. 

n(7>-l)(n~2) ^n,.,,. n(n-l)(n^2)(n^8) 

n(n-l)...(n-4) , 

•22, 2r+8«+6tts38, |)+r+i+w=s4* ^^ 

«s=l, ffsl, |>=2; #a=2, rssl, p=l ; r=4. 



l^(-i)+h;(-i)+ 



j(-l)«=-12-12+l=- 



28. 
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23. 2+2r=2, jp+j+rss-s- 



18.6 
r=tl, p = -g; 9=2, p=-2. 

( A.. ("2) ("2) . 6 3a» 



24. 5+2r+8»=8, ;)+g+r+»=«i. 

«=!» jp=«»-l; r=l, 2=1, jp=i»-2; 3^=8, |)=m-8. 



mo, + m (m — 1) a,a, + 



m(w-l)(m~2) 



ai' 



2a. 



26, 



27. 



28. 



5 

-=20. 



JI 



UUI! 



(-1)» (-!)«= -210. 



=1260. 



(-1)«(-1)*= 12600. 



\1\1\± 
31. Every^ coefficient is of the form 



10 



where p + j+ r = 10. It is 



obYious that the leaat value of |p [g |r is T.l.n2. 2. 2.8.8.3.4 for it is 

thus made up of the 10 least factors "wLich are admissible : for as there are 
only three quantities |>, 9, r, we cannot have more than 3 ones^ we cannot 
haye more than 8 twos^ we cannot have more than 8 threes. Thus the 

110 
greatest coefficient =77^757. 

tL?} * 



82. Every coefficient is of the form 



\u 



where p+g+r+*=14. 



Itisobviousthatthe2«a8tvalueof|p[^[rl«^s 1.1.1.1.2.2.2.2.8.3.8.3.4.4 

for it is thus made up of the I4lea8t factors which are admissible : for as 
there are only four quantities p, 9, r, «, we cannot have more than 4 ones, we 
cannot have more than 4 twos, we cannot have more than 4t threes., Thus 

114 
the greatest coefficient =jt^?^* 

33. This follows easily from considering such special cases aa those in 
Examples 31 and 82^ 
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84. Write down ao+aias+oax'-f... and xmdemeaih it write the same 
expression; then multiply them togetiber and arrange the result : hy examin- 
ing the coefficients of x\ x^t »',... we easily see tli^t the proposed result is 
true. Example 17 is a particular case of this Example. See also Exam- 
ple 43 of Chapter xxzvi. 

35. The first term of the expansion is L 
To find the coefficient of x: 

To find the coefficient of x': 

^•c=l, |»=-1J; 2=2,jp=-2J. 

To find the coefficient ol ac' : 

g+2r=8, |)+g+r=-2.. . 

r=l, 2=1, p='^i 3=3, p=-8J. 

To find the coefficient of a^: 

5+2r=4, |)+2+r=-g. 

r=2, !>=. -2J; r=l, gf=2, p= -8J; g=4, |)» -4}. 

(-i)(-i) /-i)m ,,., (-i)(y(-i) , 

3 165« 856* 
"8" 4 "** 8 • 

36. The first term of the expansion is ar\ 
To find the coefficient of » : 

g+2rsl, |)+g+r=s-l. 
5=1, p=r-2. (-l)«-"«6=-a-«6, 



2ft;^ 
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To find the ooeffioient of st^: 

2+2r=2, i)+2+r«-l. 
r=l, p=-2; 5=2, 1)= -3. 

To find the coefficient otafi: 

g + 2r=3, jj+g+r=-l. 
r=l, 2=1, jp=:-8; g=8, i>=-4. 

(-l)(-2)a-»6c-f ^"^^^:^^^<"^^ a-''6»=2a-»6c-a-*6». 

L? 

To find the coefficient of as* : 

g + 2r=4, ^+2+r=-l. 
r=2,2>=:-3; r=l, 2=2, i)=-4; g=4, |)=-5. 

Lf Lz I* 

1+— + — 1 

-•-l'-(?^?)*(?-v)*-(?*?)^(?4*--^ 

then expand the yarious powers of — + — and collect the terms. 

37. The first term of the expansion is 1. 

To find the coefficient of x: 

g+2r+8»=l, p + q + r+a=n, 
2=1, p=n-l. n(-l)=-n. 

To find the coefficient of x^ : 

g+2r+3«=2, p+q+r+»=n. 
r=l, l>=n-l; g=2, jp=n-2. 

«/ IN , **(»-^) / ixs_ n(n-2) nin-8) 
»(-!)+ j2 (-l)'=-»+ — 2 = 2~ • 

To fuid the coefficient of a? : 

2+2r+3»=3, jp+2+r+«=n. 

#=1, p=n>l; r=l, 2=1, |>=n~2; 2=8» l>=«-3. 

/ ^x . / <\/ iM <v .«(»-!){»- 2)/ -,, , -V n(n-l)(n-2) 

«(-l)+n(n^l)(-l)(-l) + -i rg ^(-l)8=-n+»(n-l) — ^ — .3 ■ ^ 

«-J(n-2)(n-7). 
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88. These results are easily established by indnotlon. For simplicity it is 
vrell to take. a particular yalae of r; it will be found that the reasoning would 
apply to any other value of r. We may shew then by actual multiplication 
that the laws which are stated hold when n=2 or when n=8. Assume thai 
they hold for any assigned value of n. Let r=8, and suppose that 

(l+a5+aB*+aj»)"==ao + a,aj+o^+ + 0,^-1 *'*"^ + <*»ir"^» 

multiply both sides byl+aj+aB^+sc*; then 

+ (a4+a» + ag+a,)x*+... 

Then we see that the coefficient of sn^ is greater than that of o^ if o^i is 
greater than a^.; and this is the case by supposition: and so on. 



xxxvin. 

1. Let X denote the required logarithm; then 144 =(2^3)*; that is 

2*3«=(2V3)*; that is (2V3)*=(2V3)*: therefore »= 4. 

2. 7 lies between 2* and 2* ; thus the required characteristic is 2. 
8. 5 lies between 8^ and 8' ; thus the required characteristic is 1. 

4. Let X denote the required logarithm ; then 8125=5' ; that is 5'sb5* : 
therefore »=: 5. 

5. 1280 lies between 10* and 10^ : thus the required characteristic ifl 8. 
-0123 lies between 10~^ and 10~' : Ihus the required characteristic is - 2. 

5 10 

6. Log •05=log j^=log5-logl00=log5-2; and log5s=log Y^-log2< 

54 
Log5-4=log-^=log54-l; and 54=2x3', so that log 54 =log 2 +8 log 8. 

7. Log-006=logj^=log6-8; and log 6= log 2+ log 8. 

8. Log86=log(2Sx8*)=21og2+21og8; log 27= log 8' =8 log 8; 

logl6=log2*=41og2. 

9. Divide 648 by 2 ; the quotient by 2 ; and so on as long as possible ; 
then divide by 8 ; the quotient by 8 ; and so on. Thus we find 648=2* x S\ 
Similarly 864 = 2^ x 8*. Therefore we have 

8 log 2 -t- 4 log 3 =2-81157501, 5 log2 + 8 log 8 =2-98651874. 
From these two equations find log 2 add log 8. Then log 5 = log-^ = 1 - log 2. 

10. Log V(l-25) =log ^^) = ^ (log 126 - log 100) =? log 6 - 1 

• =?(l-log2)-l. 
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11. IiOg-0026=logj^=:log26-4=21og6-4=:2(l-log2)-4. 

12. Log^-0125=log(j^)*=^Gogl26-logl0000) 

4 4 

=log6-^=l-log2-g. 

13. Logl080»log(10x2SxSS)=l+21og2+81og8. 
Log(.0046)» = Jlogj^«ijlog(6xSv4 

= ilog6+|log8-|=i(l-log2)+|log8-|. 



„.r^«^^^.^^,..i«(i)'.!^^ 



4 
843 

= i log^=. ^(log2«-log7»)=log2-| log7= --966617. And the logarithm 

to the base 1000 will be found by multiplying this by . t::;^. that is 

r y—^ y log^olOOO' 

by - : see Art. 588. Hence the required logarithm is ^ — • 

o o 

15. Log2«=641og2=lfl-26592: thus 2** Hes between lO^® and 10««; 
and so has 20 digits. 

16. Log (-0625)^= g log ^^ = I aog 6* - log 10000) = g log 6 - 1 

= I (1 - log 2) - I = -569176 - g = -669176 + g - 1 = '759176 ^ 1 =log *li|pi 
=log-5743491. Therefore (-0625)*= -5748491. 

17. The numbers from lO** to 10J>+i-l, both inclusive, have the character- 
istic p; thus P= 10" (10-1). The reciprocals of numbers between 10« and 
10«-i + l, both inclusive, have the characteristic -5; thus Q=10«-^(10-l). 
Therefore log P - log Q=jp - (gr - 1). 

1 

18. Take the logarithms of the given equations ; thus log y= — ^ ; 

1 
log2=r-^ljT ; substitute in the latter the value of logy from the former; 

1-loax 1 ^ 

thus log 2= — , ° ; therefore logaj=- — = — ; therefore aj=10^~^* . 
-log* ^ l-log«' 

19. Suppose n=a'=5'=c'; so that a;=3log.n, yslogin, 2=log,n. Then 
ill i 1+1 211 

a=n*, l^n^y c^n'. But &* as oc: therefore n^s n* *; therefore -=-+-, 

y X » 



126 XXXIX. EXPONENTIAL AND LOGABITHMIO SERIES. 

20, LetP denote the nnmber of the population at the beginning of a cer- 

P P 

tain year; then the number at the end of the year will ^® ^ + Ti " ^ » ^^^^ ^s 

181 

T^P» In a similar manner the number at the end of two years will be 

7— r X r^TT P, that is ( r^ ) P ; and the nnmber at the end of z years wiU be 

180 180 \ 1.8U/ 

(181\* 
Y^i P. Suppose that in x years the population is doubled; then 

(181 \* /181\* 181 

jgjj P=2P; therefore f Jqq) =2; therefore a8log-jgj=log2; therefore 

log 2 _ -301030 

*" log 181 - log 180 ~ -002407 * 

XXXIX. 

1. In equation (1) of Art. 545 put o^-l for m, and x^ forn ; thus we obtain 
the proposed result. Multiply by . — =^ and we have 

logio{«+l)=21ogio*-logio(«-l)-i3|io|25rn: + K2^ 
Put 10 for «: thus log,oll=2-21og,o3- j^l^ jjl^ +-_^ 

h c 

4. We have X + /4= - - , \fA=- by Art. 336 : thus 

a a 

a-bx-{-cx^=a{l-^{\+fi)x+\fix^=a{l + 'Kx){l+fix); 

therefore log {a-bx+ ex*} = log a + log (1 + Xr) + log (l+fix): 

then expand log (1 -h Xb) and log (1 +au;) by Art. 544. 

(1 +»)—(! -ir)T- 1 = -i- log.(l+ «) + 1^ loG.(l ->;) ; 
then expand log, (1 + x) and log, (1 - sc). 

601 ^600 1 + -002 ^, , 

600 
■ log.|§=2JKX..«.«%...}. 

(*002)^ 
Now has no significant figure in the first eight places of decimals, so 

(.002)5 
if we stop at *002 the result is true to at least seven places; and ^ 
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has no significant figure in the first fourtetn places of decimals, so if we 

stop at ^ Q ^ the result is trae to at least thirteen places: and so on. 
o 

9. We have in fact to find when n is yeiy large an expression in powers 
of X for ^l+?y 4^e«, that is for (l-k-^r\ 

Nowlogj(l + ?)V«|=nlog(l + ?)-a:=-g + ^,-...; 



here the terms which are not expressed involve higher powers of - ; and are 

n 

very small when n is very large. 

10. We require the coefficient of as* in the expansion of (a +&B+ez^) e"'. 
Now tf~*=l - ac+nr - ... + ^ — r — + ••• ; t^^^ t^® coefficient 

\1 t 



_ a(-l)« . ft (-l)»-'c (-!)»-' 
"!»■'■ «-l "^ |n-2 



l^ 



(-1)» , a 6 ^ ) 



n-2 j»(7i-l) n-1 



11. In the series for log« (1+x) put 1 for a; : thus 

, « 1. 1 1 1 1 1 
log.2 = l-^+g-j+g-g + ... 

By combining terms we get log, 2 = =— ^ + 5-^ + ^-% + ... ; and by combining 
them in another way we get log, 2=1- g— « - T-g ^ g-^ - ... ; hence by addi- 
tion we get 21og.2=l + J-I-3 + 3-1:^ + 57I7-7 + ... 

12. We must find the term on the right-hand side of (1) in Art. 549t 
which involves x**+^. 

Now(^a:+|2_ + [3+-j =*"Vl+|2+^ + |i + -j 

^L n(»-l) , ) 

=a!*jl+ny + -5^2— ?y» + ...J, 

as ai/ a^ 
where y stands for 12 "^ N "*" TZ "*" " * 

Thus the term which involves aj"+3 is t^ + ^ . ,^ ■ ( rs- ) = g "*" — 8 — ' 
Hence the required result is obtained like the others in Art. 549. 
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XL, 

2. The ratio of the (r+1)* tenn to the r«i=?!l±|. *^,t/ «; the 

2r + l (r + l)*+l 

2f* -4- ^ f^ 4- 1 

factor - — =-., — TT^ — r- approaches continually to unity as r increases: 

hence by Arts. 559, 560 the series is divergent if a; is nnmerically greater 
than unity, and convergent if x is numerically less than unity. 

8. If p is greater than unity the series is convergent ; for it is obviously 
less than that in Art. 562. If p is equal to unity the series is divergent ; for 
1111 . ^^, ILlll) , 

J +« + = +=+... IS greater than ^ P+s + 3 +i"*" — {» " we see by com- 
paring term with term; that is the series is greater than the half of one which 
is known to be divergent. If p is less tlum unity or negative, the series is 
divergent, each term being greater than the corresponding term when p = l. 

10. The ratio of the (r+l)*>» term to the f^=( ^"^'^^ Va;; the fac- 

\a+rb+b/ 

tor I — ZfTTi ) approaches continually to unity as r increases ; hence by 

Arts. 559, 560 the series is divergent if x is numerically greater than unity, 
and convergent if x is numerically less than unity. If 2= 1 the series 

The series last given is of the same character with respect to convergence 
and divergence as that in Art. 562. For instance, if c=4 the series is the 
same as that in Art. 562 omitting the first four terms ; if e lies between 4 
and 5 the series is less than that of Art. 562 omitting the first four terms, 
and greater than that of Art. 562 omitting the first five terms. 

11. t(s+Ug>2ti3, tt4+i<g+Uj{+i<7>2%7, «8+«9... + Ui6>2^Vje, and so on. 
Hence we find that the first series is greater than half the second, and so if 
the second is divergent the first is also divergent. 

Again, u^ + tCs< 2t<i,«3+ 1^4+ Ug + U8<2%<3 , Uj+u^...-\-Un<^Uji and so on. 
Hence we see that the first series is less than the second, and so if the second 
is convergent the first is also convergent. 

no mv . , 2-1 8-1 4-1 

12. Thesenes=l+-^;j- + -g;j- + -^+... 

_ 1 1 jl i J. ) 

— ■*' + 2»*=I +3*1-1 "•■••• (2*'*"8* ^4* ( ' 

If n is greater than 2 each of these two series is convergent, and so there- 
fore is the proposed series. If n=2 the first series is divergent, and the 
second convergent; and so the proposed series is divergent. If n is less 
than 2 each term of the proposed series is greater than it would be if n=2 ; 
and so the proposed series is divergent. 
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XLI, 

1. Let M be the som dne, D the discoimt* Then D=t~ — • Again let 
/ be the interest on the stun dne : then I=Mnr» Half the haxmonio mean 

V X-. 1^ AT ^'^ ^^^ ^^^ 

Detween m ana i = ,^ . . = iTrnEr — — i~: — • 

M+I M+mnr 1+nr 

Jifnr 

1 + 1M* 

180 18 1 

=150 ; therefore r^ *=l+nr ; therefore nr=^ ; therefore Jf=180x5=900. 



2. With the notation of Art. 677, iftir=180, , =150;[ therefore 



1 + nr"^"' 16 -•"^•»- --5 

3. Let r denote the rate of interest ; then Ar—- — ; therefore r= 1 . 

4. Let T denote the rate of interest ; then 1 + 40r = 2 ; therefore r—-rz^^ 

40 

6. Let M denote the price of any article for a credit of six months ; P 

P 1 

the ready money price of the same article: then, by Art. 677, -=7=3 = . 

- . ' M 1+nr 

5 1 ;, 1 XI, , P 1 40 

^^* '•=100 = 20' "^^*=2' tl^erefore^ = _. = ^. 

"^40 

6. Let n be the number of years ; then by Art. 677 

1050=100JP.=100(1 + A)-, therefore (J°^)"= ^^ 

.. , /210V 310 ,, , , 210 , 
therefore ^2-^ j = ^; therefore n log 2-^= log 

therefore „ log 210 -log 20 Iog210-log2-l 
*"®'*^'*"-log210-log200~log210-log2-2' 

Now Iog210=logl4+logl6j anaiog2=log(16)i=ilogl6. Thus »=^i^^. 

7. Let n be the nmnber of years ; then by Art. 677 

p/^l+^y=3P; therefore (1-036)«=S; 

therefore n log 1-036 =log 3; ^^^^''^ ^=1^^='^^- 

8. With the notation of Art. 677, pP=PjR^, qP=PR* ; 

, therefore 2)= iZ™, g=«J8*; therefore 2>"*= 2** for each =»i2; 

* n 

therefore p'»=2; therefore lo^2= — . 

T. K, K 



210 , 
20 ' 
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XLH, 

1. With the notation of Art. 580 we have Pi=400, P.s2100, ti=2, 

5 , 2100(8-.!;) .^, „, ., - 

l,=:8, r= TTTx ; henoe A i ^as400 (« - 2) ; therefore 

XUU ^ C5 — SB 

^+"20" 
2100(8-«}»400(a;-2)+20(8-a;)(x-2), &o. 

2. Here with the notation of Art. 580 we have Pi=20, Ps=16i, ti=0, 

2» 1 

t,=270, the time hdng expreued in days; also •'=10077240 "9600* ^®^®® 

lSl^=2Cte, therefore 5(270-«)=20«+'J^). to. 

8. By Arts. 574 and 577 we see that when interest is due eyery moment 
the disconnt on Pg for ^-x years is P,{l-e~*'^^t'~'^} ; and the interest on P^ 
for x-ti years is Pi {e'*^*~*»^-l} : then we must equate these two expressions. 

4. Let Xi y, z denote the numbers of pounds in the three parts ; then 

xBr=y&=zBf, We may write these equations thus: »=; = ifei *= jsr. ? 

then by Art. 884, each of the fractions =-5-- — ~-i — =r— . But aj+«+z=the 

R"* + Br* + ifc • 

given sum, which is known : thus sc, y, and z are found. 

6. As m Art. 526, suppose / to denote the iniegrdl part of ja + V(<*'~1) J*» 
and /+P its complete value, so that P is a proper fraction ; then 

/+P=o-+na*-V(a'-l)+^^^T^«*''(«'-l) + -- 

If. 

And a - v(<»* - 1) is a proper fraction ; and therefore so also is {a- VC*' - !)}"• 
which we will denote byP': thus 

P'=a»-na'^V(a'-l)+^-^^^»*"'(a'-^^ 

Hence by addition we have /+P+P'= an eom integer; therefore P+P'=l, 
and /=an odd integer. 

6. As in the preceding Example, 

If n be wen we add these two results, as in Ex. 5, and arrive at a similar 
conclusion. If n be odd we subtract the second result from the first, and 
then we get I+F-F'^ao. even integer ; hence we must have P-P'=0, and 
/ssan even integer. 
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Thnswemnstfindthesumof l-2|+8gV.. + („+i)(_i)«M* 
and subtract it from (^J, and we duOl have the required remainder. 
In Art. 473 put 1 for o, 1 for J. and-?forr: tlius the gum is 






1 + 
a 



nx 
Subtract this from 



1 / \n ♦> + ! + — 

r-T 75 ; the remainder = ( - * ) i 



10. The whole coefficient of a will be found to be 

i-n-. ^(^--l) «(«-l)(»-2) 

j2 j3 +..., that is (1-1)", that is 0. 

The whole coefficient of /S wiU be found to be 

-»| -(n-l)+ 1^ thatis-n(l-l)«-i, thatisO,. 

n (1 +«)*»- 1 

a 
Take the logarithms; nlog(l+a,)=log(l+f£'\ ; 



therefore 



^ «3 «a = 



1 a; a;a 

l-;c■^ 

2 3 *•• 



Divide l-.^ + ^„ byl «^aj« ^^ ,. .„ 

2a^8? "' '^y ■^"■2"''F"-5 tlitis we obtain l-5il525+ 

2a 

/3i\ i /, V t ^"® *' *^® *"^e hi therefore 6.=ae''*i. 

Thus(j^=m% and<?^=Q)fl. 



k2 
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XLm. 

4 

1. In Art. 589 put P=600i, «=36, f-j^Q 5 



tBi: 



86 I X -r ^ 1 -a ~^ 49 

thus 600i» ^ ii(^^ i hence we finders -J =24i. 

„+_n(»-l)r ^ 

2. By Art, 689 we must have j^^^ -^^"Y' 

therefore 1 + g (n - 1) r = ^ (1 + nr). Hence r = 1. 

3. In Art. 696 put il =100, P=2600 ; then r=| = ^ = 5555- 

4. By Art. 697 the present yalue =-= — =■ ; where 
^=168-1, -S=l + j^=l+J^ = |^. Thus the present value 

J^-'^{f^ '=168-lx(g)'x40=^-ggj^'=6400. 

io 

5. By Art. 695, if n denote the number of years the annuity continues 

A(l-R-^) «.. Ail-R-^) 
which is worth 20 years' purchase 20il= — "^^ — ■ , 26A = — ^Zi — ' 

26 1 — R~^ 6 

therefore, by division, ^ = ^_^n = 1 + ^* J therefore -8^=20 • 

20 ,, , „ ^ 14 3i 
Substitute in the first equation; 20=^— j ; therefore i2-l=;^ = j^. 

6. By Art. 697 the sum = L-il2i2_= 10000 (l-032)-w Denote 

100 
this by S, Then Iogi8f = logl0000 -10 log 1-032 = 4- -136797= 3-868203. 

Therefore -5=7297-98. 

7. Since an annuity to continue for ever is worth 25 years' purchase 

byArts.696, 696, wehave26 = -; therefore r=2g. Next we have by Art. 596, 



,..L:|I!..j..(g)>,i™,™..,^ 



26x17676 
625=il :^=i^=il jl-(^) ^25; therefore.l=pjn:^ = — 1961 

25 
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130 
8. Let m stand for t^ ; then we have to find the present yalae of A 

dae at the end of 1 year, of mA dne at the end of 2 years, of m'A due at the 
end of 3 years ; thus, as in Art. 595, we get 

A ml m^ m'^^A A ^g*"" 

R 
Here P=1000, .1=40, i2=^, ;g = ioj = 4. 

TT VX • /"^V 15 ,XT , •*!. log 16 -log 2 , 

Hence we obtain I jj =-0-; and taMng logarithms n=^^ — ^. . \ and 

•ft7'?ftft 

log4=21og2, log5=l-iog2, logl5=log5+log3: thus we findn= g^^^ . 

9. Let A denote the first payment ; then its present value is -^r- . The 

second payment is mA ; and its present Talue is -np+i • ^^^ third payment 

ni^A 
is m^A ; and its present value is ^-xo • And so on. Thus the entire pre- 

RP 

sent ^^^® =^ |l+ 7? + w +« + •••{ » ^"'^ ^^ '^^ limitation that ^ is 

less than unity^ this is -=^ . — i— « . 

K^ ^ m 

10. Let as denote the sum in pounds; then xe*^*'=l, where n=20 and 

11. The amount of 1 pound in 1 year— e^; therefore the interest of 

1 pound in 1 year=e»'- 1=— by supposition; therefore «**= « The 

m m 

/l+wiN* 
amount of P pounds in n years = Pe*»'= P { j . 

12. Suppose P the sum borrowed; at the end of a year the debt is 
P+Pr\ of this 2Pr is paid, so that P-Pr is still due, that isP(l-r). 
At the end of the second year we find in like manner that P (1 - r) x (1 - r)> is 
still due, that is P(l-r)^ At the end of the third year P(l-r)3 is still 
due. And so on. 

13. By Art. 598 we have to find the value of an annuity of A pounds io 
begin at the end of 13 years and to continue for 7 years ; and by Art. 597 
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thiB 18 ^4t(-'^"-^'")» ^^«" ''^^i^^^*^- NowlogJB-"=-18 logl-06 

=r--8289767=-67102S8-.l; therefore J2-»= •4688386. Log iJ-*»= -20 logl-06 
«- •5061180=-4938820-l ; therefore JZ-«>.. 8118042. 

Henoe the fine=^ x ^ ^4688385 - '8118042^ . 

14. The present value of an annuity of h poirnds per year is — i-= — =— ^ : 

it is obvions that the man is rained if this be greater than a; that is if 

105 
6 (l-J2-») is greater than o(i2-l). In this case ^=90, -B=jq^, a=1000; 

thus the man will be rained if 90(l-i2~") is greater than 50, that is if 

5 4 

1-i^^is greater than g , that is if Br* is less than 5 . We have then to shew 

19 9 

that r=r- is less than l-r-r , that is that JZ" is greater than 7- , when n=17. 
iP* 4 "^4 

Logi2i7=17 logi2=17 Iog~=17(log21-log20)=17aog7+log8-l-log2) ; 

9 
and log2=log9-log4=21og8-21og2. It will be found that the former 

logarithm is the greater. 

XLIV. 

7. By Art. 605, p^q^ - p^q^ = ± 1, p^^ - jpjg, = =f 1 ; 

therefore Piqi'-Piqi= -{Piq^-p^^; therefore CP3-2>i)g',=fe8-gi)i»,. 

8. Suppose ^ and ^ to be consecutive oonvergents. Then c, and t;. 

2i 92 " ^" 

have no common measure greater than unity ; for ibis's -i)8?i= =*=!» so that if 
any number greater than 1 could divide both gr^ and q^ it would also divide 
± 1, which is absurd. Similarly no number greater thaoi 1 can divide both 
Pi andjpg. 

9* Mi -P^i= - li for the first convergent is too small, and is therefore 
less than the second convergent. Then p^o^ - p^q^ = - (p^q^ -p^i) = ( - 1)"- 
Then i)j5'4 -1)4^8= - iP^z -P^t) = ( - 1)* ; and so on. 

10. ^«-?l=J-, S_P»= L Pn j>n-l^ (-l)* . 

23 91 9i9i' 9i 9% 9faz""9n <?»-! 2»-i?»* 
add aU these results together. 

11. As in Example 7, we have 

therefore (l>«+i-|>H-i)(i>*H-l»JM*fi=te»fi-9»-i)te»w-2n)i>«l>»fi; 
divide by iJ^p^^gr^gr^i. 
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12. We know that Pn^^P n-i/^+Pn-i . therefore 

Pn5'n-J-Pn-a3n=A«»(l>n-l2n-i'n?n-l)=-A^(-ir ^J Example 9, =(-1)*-1a«h- 

13. Assume that Pn=^Pn-i+ PnPn-i* 2n=an?n-i+^n5n-j- The next 
conyergent may be ohtained from — by changing a,, into a^+^^^^i bo that it 



(an+^)?n-l + ^n?n-a 



"iH-lS'n+^n+lfl'n-l 



If therefore we suppose l>«4-i=««4-il>H+/'ti+ii'n-i and ?,rH=««+i5'n+^»fi9n-i» 
the next convergent to — will be ^^^ ; thus the convergent ^^^ may bo 

formed by the same law that was supposed to hold for ^^ . Now the law 

may be seen to be true for trial for the third conyergent and therefore is 
applicable for every subsequent convergent. 

Again, since i>n=a«l>n-i+^nPn-a» a^d gn=«n?n-i+/3n?n-j» we have 

Pn2n-1 -i>n-l?»=^n (Pn-sS'n-l -Pn-lQn-^ = " PniPn-'l^n-i - P«-2?n-l)« 

Then by actual work we have p^q^ -pHt = - pfp^ ; 

therefore jP8g'2-i>3?s= -PziP^i-Pi^^=i-'^yPiPA* ^^ so on. 

14. This may be shewn by Induction. Assume that P=PrA^-i+Pn-i^n' 
Now if Jtn-i ^® divided by It^ the quotient will be the (« + 1)*** quotient of 
the continued fraction, so that i2^-i=ASvfi^n+^Rivfi» "'^^©re ft^^ denotes this 
quotient. Hence we get 

Thus we see that if the result holds for a specific value of n it holds for the 

next greater value. Now it may be shewn to hold when n=2; for if we 
z> ^ PRO J? 

start with rr in the manner of Art. 601, we get •7i=a+ -pr , -^ =6+^ ; so 

that P=aQ+Jti={hRi+Ri)a+llj^=(ab+l)Jt^+aRif and this is what we 
had to shew. 

In like manner the result Q=9n'^n-i+?n>i'^n ^^y be established. 

15. P gg ^ Pqn' PnQ ^ {<InPn-i -^n-iPn) K y, Example 14; and as 
fftiPn-i—ffn-iPn^ ='=^» *^® required result is obtained. 

16. If jRn and i^.^ had any common measure greater than unity it 
would divide both P and Q by reason of the result given in Example 14; 
but this is impossible, since P and Q by supposition have no common 
measure greater than unity. 
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XLV. 

15. The quotients are 8, 1, 1, 1, 1, 6, 1, 1, 1, 1, 6, ... 

16. The quotients are 5, 1, 1, 3, 5, 8, 1, 1, 10, 1, 1, 8, 5, 8, 1, 1, 10, ... 

17. The quotients are 5, 1, 2, 1, 10, 1, 2, 1, 10, ... ; the 9th convergent ia 
,Q- : the error by Art. 608 is less than .^^ ., , which is less than '000001. 

18. The quotients are 4, 1, 3, 1, 8, 1, 8, 1, 8, ... ; the oonyergents are 
4 6 19 24 211 235 916 1161 10124 „ v *_. «^«x^ 
V V T» y lA' 49"' i9i* "2^* "mr- Hence by Art. 608 the 

error lies between -n — tt: and 



44x49 44(44+49)' 

19. See the preceding Example and Art. 608. 

20. See Example 18 and Art. 608. 

1520 16063 

21. The 8th convergent is -5=^-; the 9th is ; then see Arti 608, 

22. Let«=l+gL-L-^ ■!.,.; thus 0^=1+ ^^ ^ that is 

®"*"2+x-l 

1 SC+1 4flB4-6 

*=^+^T4=^-*'8^4=&rfi' therefore 3a?+4«=:4*+5; &c. 
x+l 

23. Let «=rTrTrT— "5 therefore «= . =__±+:^; therefore 

0+ — — 
a+x 

ba^ +aix=ia ; therefore x (aj+o)=r , which is what was to be shewn. 

24. Let a5=2a+— - 7-- -j • therefore x=2a+ = 

a+ 4a+ a-h 4a+ ' 



a+ 



4a +x - 2a 

"II ,^ , ggi ^'^•*'"^ _ 4a» + (2a« + l)a;+4a . 
^ 2a'+(ia?+l ^2a«+aaj+l" 2a«+aa;+l ' 
2a +x 

therefore aa^8s4a (a'+l) ; &c. Then see Art. 608. 

26. V(a«+a+l)=a+V(a«+a+l)-a=a+ ,. J^!^,,^, . 
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V(o'+g+l) + a _j^ V(g«+g+l)-l _^ 



a+1 "■ "^ a+1 "^VCa'+a+lJ+l' 

V(flHa.+ !)+! _. V<a«+a+l)-(a-l )_, 8 

a " ■*" a ■"■^'*'V(a*+a+l) + a-l* 

Thus the oonyergents are =■ , — j— , — ^ , ... 
26. 5^=0+4 =0+j^3=-^j. 



V8 8 3 

V(48) V(48)-6 4 

V(48)+6 ^3^ V(48)-6 ^^^ 8 



V(48) + 6* 
^(48) + 6 _ V(48)-6 _ 4 

8 "*"** 8 •"*"*"^(48) + 6' 

Thus the quotients are 0, 2, 8, 4, 3, 4, ... ; the oonyergents are 

2' 7' 30' 97* 4l8''"' and 2910=30x97: see Art. 608. 

/3 V6 ,_,V6-2 .1 , . 

^^' V2""2"=^+~2-~"^'*"V6 + 2-*''^'*'''''- 
The quotients are 1, 4, 2, 4, 2, ... 

28. Therootislt^Z}; 

the quotients are 2, 1, 1, 1, 3, 7, 8, 1, 1, 1, 8, 7, 8, ... 

29. For the root -i^i-i' the quotients are 4, 3, 3, 3, ... ; 
for the root "" ^ — i-the quotients are 0, 1, 2, 3, 3, .... 

30. The root is I±^i?:5 ; the quotients are 2, 1, 3, 1, 1, 3, 1, . . 

31. V(45)=6+ ^^^f "^ =6+ ,..t.^a i *^o quotients for ^/(i5) wiU be 

found to be 6, 1, 2, 2, 2, 1, 12, ... ; therefore the quotients for . ydll be 

1 113 7 17 

these preceded by 0. The oonyergents to -™r ^^e ^ , ^ , ^ , j^ , jj^ . 

82. lMjta:=l+2^i...;then«=l+j:j:l-3; 
therefore a; - 1 = — =• ; fherefoze «^ - 1 = 1 : therefore oc* =2. 
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„„•. 1111 ., 1 2+« 

■*"2+aj 
therefore flE*+3ie=a;+ 2; therefore a^+2fls= 2; &o. 

84. Letx=l+2-3:^,— 2^3- j^...; then 

* 1 1 ^ . Sg+l lOsB+S 

*=^+7"T =^+ ;^=^-*"7;^== 7^2 ' 

'% — r 2+s^i 

therefore 7a;* + 2a; = lOas + 3 ; &o. 

OtTT* 111111 

35. Letx=— 2^^— ^— ...,then 

1 1 3 + 2a; 

a;= . =— 



therefore 7a5'+10»=3+2a5; &c. 

86. Let«=2+j^— ^j^^_...; 

and let y=^ .1. _!. ^...; then 

« 1 ft 3+y 11 + 3y , 1 

a;=2+ —=2+—-^= \ y , and y= ., = 



1+y 



ll-4iB 

From the first equation we get y= ^-; snhetitnte in the second: tha^ 

a; — 3 

11 --4a! 8 — ^a; 

— -3~*87^rni5 therefore(ll-4a;)(37-14a;)=(a;-8)(8-3x)j &c. 



XLVI. 

Examples 1...10 may be solved by the method nsed in Art. 628 or by the 
aid of Arts. 631, 633. For instance take Example 2. Here 17x+ 232^=183; 

divide by 17: thus a!+y+ ^= 10 +j= . Hence — ^^-^ must be an integer; 
denote it by|> so that 13-6y=17p; divide by 6: thus 2+^-y=2p+-^. 

Kn — 1 

Henoe — /»— must be an integer; denote it by g so that 5p - 1= 69; divide by 
6; thus P-5=2+|» Hence ^-^ must be an integer; denote it by r so 
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fcliat 9=5r- 1. Then we find in sncoession psgr- 1, y=5 - ITr, a;=4+23r. 
Hence a; =4 and y=5 are the only corresponding positive integral values. 

23 

If we nse Art. 633 we convert r^ into a oontinned fraction; the convergent 

23 4 

immediately preceding j= will be fonnd to be ^; and 4 >cl7 - 3 x 23= - 1. 

Hence we obtain for the general solution x=2Zt-^x 183, y= - 17<+ 8 x 183: 
and if we put 32 for t we obtain 00=4, y=5. 

11. Let X denote the number of guineas, and y the number of five-pound 
notes required for any one way of payment ; then, expressing all in shillings, 
we have 21a5+l(%= 10000; the general solution of this equation will be 
found to be a;=100«, y=100~21<. Thus there are 4 ways if we exclude a 
zero value of x, and 5 ways if we admit this zero value. 

12. Let X denote the number of guineas, and y the number of crowns 
required for any one way of payment; then 21a; +5^= 2000; the general 
solution will be found to be x=6^, y=400 - 21^ 

13. Let X denote the number of half-guineas, and y the number of 
sovereigns required for any one way of payment ; then 21a; +40y= 4000 ; the 
general solution will be found to be x=40<, y = 100 - 21t. 

14. Let X denote the number of florins, and y the number of half-crowns 
required for any one way of payment; then 4as+5y=39. The general 
solution will be found to be a; = 1 + 6<, y = 7 - 4«. 

15. Let X denote the number of five-franc pieces, and y the number of 
dollars required for any one way of payment; then 8a;-h7y=887. The 
general solution will be found to be a5=5 4-7*, y=121 - St, 

16. Let X denote the number of 7 shilling coins, and y the number- of 
17 shilling coins required for any one way of payment ; then 7x+17y=600. 
The general solution will be found to be aj=76- 17<, y=4-f 7f. 

17. ■ Suppose that he gives x guineas and takes y half-crowns ; then 
42x - 5y = 21. The general solution will be found tobea;=3-|-5<, y=21+ 42*. 

18. Suppose that to pay the debt x sovereigns are given and y francs 

20 42/ 

taken; then 20aj-5^y=44; that is 20*- -^=44; therefore 25x-y=55. 

The general solution will be found to be x=3-f f, ^=20 + 25*. 

19. Let X denote the quotient in the part which is divided by 6; then 
this part is 6a;-i-5 : let y denote the quotient in the part which is divided by 
11; then this part is lly+4. Hence 6a; -H 5 -1-11^+4=200; therefore 
6a; + 1 ly = 191. The general solution will be f oxmd to be a; = 30 - 11«, y = 1 -I- 6<. 
Therefore the one part must be 185 - 66t, and the other part 15 + 66t. 

81 66ft 

20. Suppose there are x crowns and y half-crowns ; then r^ x + r^r^ y=&Q ; 

therefore 90a; +74y= 4000; therefore 45a; -i-37y= 2000. The general solution 
will be found to be 05=28-87^ y=20+45<. 
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21. Let X denote the first term, and y the common difference; then 

5{2aj+(n-l)y}=n«; therefore 2a!-h(n-l)y=2n. First tiy y=l; then 

n+1 
(6=—^ which is admissible if n be odd. Next tiy y=2 ; then x=l. If we 

were to suppose y greater than 2 we should have x negatiye which is 
inadmissible. 

22. Suppose that x is the quotient when the number is divided by 28 ; 
then tile number is 28a; + 21 : suppose that y is the quotient when the number 
is divided by 19; then the number is 19y+17. Thus 28a!+21=19y+17; 
therefore 2Sx-19y=-^, The general solution of this equation will be 
found to be a;=8+ 19^ y=12 + 28^; and the general form of the number will 
be 28a; +21, that is 245 + 28 x 19< : the least number is obtained by putting t=0, 

23. Suppose that x is the quotient when the number is divided by 8, 
y the quotient when the number is divided by 6, and z the quotient when the 
niumber is divided by 7. Then the number = 3a; + 2 = 5y + 4 = 7£ + 6. 

Take 8a;+2=5y+4; therefore Zx-6y=2. The general solution will be 
found to be a;=4 + 5r, y=2 + 3r. Now take 305 + 2=72+6: substitute for x 
the expression just obtained; thus 15r- 7z= - 8. The general solution will 
be found to be r = 6 + 7^ 2 = 14 + 15t. Hence 7a + 6 = 105t + 104. 

24. Suppose a;, y, z to denote the quotients when the number is divided 
by 28, 19, 16. Then the number = 28aj + 13 = 19y + 2 = 162 + 7. 

Take 28a; + 13 = 19y + 2 ; the general solution will be found to be 0= 3 + 19r, 
y=6 + 28r. Now take 19y+2=16z+7: substitute for y the expression just 
obtained; thus 19 x 28r+ 90=162. The general solution will be found to be 
r=16t, 2=6 + 19x28^. Hence 152+7=97+15x19x28^; this is the general 
form of the required number : the least number is obtained by putting t=0. 

25. The value of y cannot be greater than 8, for 23 x 9 is greater than 
200; ascribe to y in succession the values 1, 2, ... 8, and find the corresponding 
values of x and z. For instance if y=l we have 17x+32=177. The general 
solution will be found to be x=3t, 2=59— 17<; thus excluding the zero value 
of X there are three solutions in this case. 

26. Eliminate 2 between the equations; thus we get 7x+3y= 160. The 
general solution will be found to be x=l + 3<, y=51-7<; and substituting 
for X and y in either of the given equations we obtain 2=63 + 13^ 

27. Let X denote the number of shillings, and y the number of sixpences 
required for any one way of payment; then a;+y denotes the number of 
half-crowns. Thus 5(a;+y)+2a;+y=600; that is 7a; + 6y = 600. The general 
solution will be found to be x=6t, y=100 - 7t. 

28. Let X denote the number of guineas, y the number of crowns, t the 
number of shillings required for any one way of payment. Then 

21a!+5y+2=96, «+y+«=:16. 

Hence by eliminating s we have 20x+4y=80; therefore ^+y=20. The 
general solution will be found to be 2=4 - 1, y = 5< ; hence s= 12 - 4t, 
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29. Let X denote the nninber of half-cro^ii8, and y the nnmber of florinfl 
required for any one way of payment; then x-hy denotes the nnmber of 
crowns. Thus 10(x+y)+5x+4y=i88; that is 15a; + 14y = 88. The general 
solution will be fonnd to be a;=4 - lit, y=2 +15t; so tliat the only solution 
in positive integers is a; =4 and y=2, 

80. Let X denote the digit in the hundreds* place, and y the digit in the 
tens* place ; the digit in the units* place is zero since the number is divisible 
by 10. Then 100a; + lOy - (a; + y) = 99 ; that is 99a; + 9y = 99. Hence the only 
admissible solution is a;=l and y=0. 

81. Suppose' that the number is represented in the nndenary scale by 
(ll)^as+y; then it is represented in the septenary scale by (7)^+a;: thus 
(ll)«a5+y=(7)«y+aj; that is 120x=48y; therefore 6a;=2y. The only admissi- 
ble solution is 00=2 and y=6, since neither x nor y can be greater than 6. 

82. Let X denote the digit in the hundreds' place, y the digit in the 
tens* place, and z the digit in the units' place. Then x+y+z=20. Also 

■'^5^ii^^^tfrl5==i()02+10y+aj; therefore 98a; -lOy- 1992 =16. Eliminat- 
ing y we have 108a;- 189z= 216 ; therefore 4a5- 7z=8. The only admissible 
solution is a;=9 and 2=4 ; and then y = 7. 

S3. Let X denote the digit in the thousands* place, y the digit in the 
hundreds' place, z the digit in the tens* place, and u the digit in the units' 
place; then 

lQlhi+10^+10z+u=9^u+9h/+9z+x; 

therefore 999a;+ 19y+2- 728«=0. 

Then we must proceed to solve this by trial ; ascribe to u in succession 
the values 1, 2, 8, ... 8. If it =1 it is obvious that there is no solution, for 
a;=l would be too great. If tt=2 there is no solution, for a;=l would be too 
small and a; =2 would be too great. If ii=3 there is no solution, for a; =2 
would be too small and a; =3 would be too great. In this way we find that 
u=7 is alone admissible; and this gives a;=5^ y=5, z=6. 

84. Let X denote the number of oxen, y the number of sheep, z the 
number of ducks. Then a; +y-f 2=100. Also 100»+20y+ z=?: 2000, Elimi- 
nating 2 we have 99a; + 19y= 1900. The general solution will be found to be 
x=ldt, y=100-99<; therefore z=80<. 

XV 2 

35. Let the three fractions be denoted by ^ , ^ , and — , 

9 lo 

Hence -^ = « ; so that y =8. Therefore s + fo = -q- J t^^e^efore 3a; +2= 82. 

The general solution will be found to be as=5-t, 2=17 + 3^. If the frac- 
tions are to be proper fractions the only admissible solution is that obtained 
by making t=0. 

86. Let X denote the number of times the first bell tolled, y the number 
of times the second bell tolled, and z the number of times the third bell 
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tolled : then as the second bell ceased 18 seconds after the first and the 
third beU 21 seconds after the first, 25 («- 1)=29 (y- 1) - 18=83 (2- 1) -21. 
Take 26 (z - 1) =29 (y - 1) - 18. The general solution of this equation wiU 
be foond to be «= 20 + 29r, jf^ 18 + 25r. Now take 25 (x - 1) = 83 (e - 1) - 21 ; 
substitute for x the expression just obtained : thus 25 . 29 . r-83s+ 529=^0. 
The general solution of this equation will be found to be 

T=l + 33«, «=38+25.29.«. 

Hence a;=49 + 29.3d{; and the general expression in seconds for the time 
during which the first bell tolled is 25 (48 + 29 . 33 . t). As this time is less 
than half an hour we must haye <=:0. 

37. Let us find the distance between the 9^ division on the first rod and 

the f^ on the second; the former diyision is — inches from the common end, 

m 

vc 
and the latter is ^ inches from the common end: hence the distance is 

n '^ 

— ^ sL inches, that is - — (sen ~ vm) inches. Now we cannot have xn^^ym^O. 

for then — = - so that — would be reduced to lower terms which is impossi- 
» y » 

ble. But we can have xn^ym=l; in fact we can solve both xfi-ym=l and 

xn - ym= - 1 ; see Art. 631. 



For instance if ii»=250 and f»=248 we find that x=107 and y=104 is a 
solution of xn-ym=l; andx=250-107 and y= 243 — 104 is a solution of 
jBTi— yni= — 1. 

38. Suppose that on one shelf there are x sets of 5 volumes each, y sets 
of 4 volumes each, and z sets of 3 volumes each. Then 5a;-(-4y+32=20. 
We must then find all the solutions of this equation, and try if there are 
three solutions such that the sum of the values of a; is 8, the sum of the 
values of y is 6, and the sum of the values of 2 is 7. 

39. Suppose the sum is c sixpences, and that it is paid by x half-crowns 
and y shillings; so that 5x-f 2y=c. Now we know from Art. 634 that the 

number of solutions cannot differ by more than unity from = — 5 , so that we 

have only to examine values for c beginning with c= 100. Put c=100 ; then 
by Case rv. of Art. 634 there are 11 solutions. Put e=101 ; then by Case i. 
there are 10 solutions. Put c=102 ; then by Case iii. there are 11 solutions. 
Put c=103; then by Case i. there are 10 solutions. Put c=104; then by 
Case III. there are 11 solutions. Put <;=105; then by Case 11. there are 11 
solutions. Thus we shall find that 103 is the greatest admissible value of c 

40. Use the same notation as in the solution of Example 39. By 
examining the four cases of Art. 634, we see that Case rv. will furnish the 
greatest value of c corresponding to a given number of solutions. If we 
take c=110 we have exactly 10 solutions. Any greater value of c would be 
inadmissible ; for instance if c=lll, there would be 11 solutions by Case i. 



XLVII. INDETERMINATE EQUATIONS. 143 



XLVn. 

1. y (305 - 4) =s 14 - Sob ; therefore y = ^ — -r— = - 1 + - — v ; therefore 

3fls--4=dLl, or ±2, or ±5, or sblO. We find on trial that the only cases 
in which both x and y are positive integers are when Sas— 4=2 or 5. 

o / o\ Oft . o 9 xv * -aj« + 2a5+29 - . 26 

2. y(a:— 8) = 29 + 2aj-a;'; therefore y= =-«-!+ r; 

SB — O fiC — O 

therefore a;-S= ±1, or db2, or rblS, or :t26. We find on trial that we must 
take 00-8=1 or 2. 

8. The quotients for y/{12) are 8, 1, 1, 1, 1, 6, : the convergents are 

3 4 7 11 18 

1' 1'2' T'T ' 

4. The quotients are 10, 20, ; see Example XLV. 11 : the first con- 

^. 10 
vergent is -^ . 

5. Let M denote one of the numbers; then 3f=n'— 1 — 10m'; therefore 

n^ - 10m^=l : to find values of m and n which satisfy this equation we must 

19 
form the convergents to \/(lO); the second convergent is -^ : thus n=19 and 

m=6 is the least solution we can obtain in this way. And thus if =360. 

6. Suppose that the paddock contained »*+ 8 square yards ; and that the 
brother's paddock contained y^ square yards ; then 2^ + 1 = » (^^ + ^) i therefore 

05* - 2y'= - 1. The convergents to V2 are t- , « » c » Jo » OQ ♦ tS ' ^^^ ^^ 

the paddock is between one and two roods a? + 3 must lie between 1210 aiid 
2420 ; therefore we must take a; =41 and y =29. 

7. Let X denote the integral part of the square root; and let x'+y 
denote the number; then x^+^=3x+l. Solve the quadratic in x; thus 

x= JLl- zL . Then ascribe to y in succession the values 1, 2, 8: it will 

be foxmd that ^=1 and y=3 are admissible, y cannot be greater than 3, for 
then X would be impossible. 

8. We have y'=6 - ox*; thus x cannot be greater than a /- ; and so the 
number of solutions in positive integers is limited. 

9. Solve the quadratic in y ; thus y=^)x± V(81 - 20x') | . Hence we find 
that the only admissible values of « are and 2. 



14j4j xlviii. partial fractions. 

10. 2a?-9a3f+7y'=(2a8-7y)(a5-y); thnfl (2«-7y)(«-ri=88. Henoe wo 
have the following oases for trial: 

2a;-7y=itl9, «-y=db2; 3a;-7y=ib2, x-p^Al^; 
2a;-7y=d,38, a;~y=tiil; 2«-7ys«bl, »-y»di88. 

It win be found on examination that the only admissible cases are 

2a5-7y=-19, aj-y=s-2, and 2«-7y»l, «-y=38. 

11« In the formnlaa of Art 643 put 24 for p, 5 for q, and 23 for N. 

12. In the formula of Art. 645 put 8 for j9, 1 for j, and 2 for N. Also 
put 8 for ffi, and 2 forn: see Example 6, 

XLTin. 

■• ii-K'-ir-ii'-f-(¥y---e)"--!- 

2. 2-a;-dicS=(l+fl;)(2-82;). Assume then that 

5-lOa? _ A £ _ 

(l+a;)(2-3a:) l + aj"*'2-3a;* 
therefore 6-10z=A (2 -3a;) +B{l+x)=2A + B-{ZA--JB)x. 
Thus 5=2A+JB, 10=3A-Bi therefore -4=3, -B=-l. Then 

J— =3|l-»+«»-..,... + (-l)"»*+ I 

1 If^ 8x\-i 1(, 3a> . /SxV f^Y , ) 

-2T3i=-2(l"T) =-2r-*-2-+U)+ + U) +••1- 

3. Assume - — tt-. zrr-. ^. = — - + + — - ; therefore 

(a!-l)(«-2)(x-3) a;-l a;-2 x-3' 

3aj-2=ii(aj-2)(aj-3) + 5(aj-l)(«-3) + (7(a5-l)(a;-2) 

=fl5»U+^+C)-a;(54+4fl + 3C) + 64+3B + 2(7. 
Thus 0=:A + B + C, 3=-(5ii + 45+3C), -2 = 6^1+8^+2(7; therefore 

a =2, 5= -4, (7=^; &o. 

4. Assume r—- r = - — + ; therefore 

(1 - 05) (1 - pa>) 1 - « 1 ^px 

x=:A(l-px) + B(l-x)='-x{Ap+B)+A+B; 

therefore 1 = - (Ap + -B), Os=A+B; therefore A = -i , 5 = - :; — ; &c. 

1— jp 1 — p 

6. , ^^ , = -r^ :?: (1 - «)-« ; then see Art. 621. 

6. 7fr^=(5 + 6a;)(l-3aj)-*. By Art, 621 we have 

(l-3a;)-«=l + 2(3x) + +n(3«)»-i + (n+l)(3a:)« + .... 

Multiply this by 6 + 6a;, and take the coefficient of »** ; thus we get 

6(»+l)8«+6n3»-S thatis (7»+6)3« 



m 



XL VIII. PARTUL FRACTIONS. 145 

7. (i-g)4 =(l+<»+!g^(l-g)~*. As in Art. 621, we find that 

(l-«)-«=l+4r+ ^.("+l)('' + 2)("+8)^+ 

J o 

Multiply this by 1 + 405+05", and take the coejfficient of a:*; thus we get 
(tt + l)(n+2)(»+3) 4w(n + l)(TO + 2) (n-Dw(n + l) 

which reduces to (n + 1)'. 

8. As in Art. 653 the first term is 1, the second term is x; the coefficients 
of the other powers of x are found in succession by the law u^ - tt^_, + « .=0. 

9. As in Art. 653 the first term is 1, the second term is 2x; the coefficients 
of the other powers of x are found in succession by the law tt«-2w„_i+Stt^_,-=0. 



The latter fraction can be expanded by Art. 653; the first term is f , the 



10. ByacttuJdiTiaion^-^--^=»-2+ .^_g^_^ =^-2+ ^ 

5 
2 

second term is - h * 5 *^6 coefficients of the other powers of x are found in 
succession by the law u^ - w^^j - - tt^_j =0. 

^^- a^ + i+x^ ^i^^T^-^' ByArt.653thefirsttermof — 1—5 

is 1, the second term is - - ; the coefficients of the other powers of x are 

1 1 

found in succession by the law w- + - m^_, + -« m« « =0. 

a a' 

12. Assume for the required expansion Uq •^u^x+ u^ + u^ + ... ; then 

1 = (1 -px+jpx^ - y?) (uq^-u^x-\-u^^-{-u^-{:..). To find «<, , «i and Wg we have 
1 = Wq , = Ml -^«o , = Wg - Mil? + UqP ; and the higher coefficients are deter- 
mined in succession by the law Mn-JP"n-i +P^n-s - w„_3=0. 

13. The f^ term is „ ^ fi'l'^^ ^ r x ? assume it = , \ , + --^-- : 
then c/-^x=A[l + a^x)+B(l-\-ar-hc) = A'^B + ar'-^{Aa + B)x. 

Therefore ^1 + 5=0, Ja+jB=l; thus il= -i-, ^=--i-. When each 

o - 1 a — 1 

term of the series is thus resolved into two, we find they disappear by can- 
celling, except one at the beginning and one at the end. 

T. K. L 
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14. The r* term is -:: =-t ^^ ~^ tt— r : assxune that this 

A S O 

= - =rT- +^ r-+^ =3T-' *^eJii proceeding as before, a^^CL-oTx) 

l + o*^** 1 + a^x l + o'^'x ^ 

Therefore il+J?+C7=0, -4(a+a»)+JB(l+o«)+C7(l+o)=l, ^a«+Ba+C=-l; 

1 2 

thus ^ = C= - 7 — =T« » ^=7 — TT« . When each term of the series is thus 

resolved into three, we find they disappear by cancelling except two at the 
beginning and two at the end. 

15. As in Sxample 7, we find that the n^ term in the expansion is 

1 ,x , .J . >-j»-i I. «(n+l)(n+2)(n+3) 
{attH-i+&Wn-j+«<*i*-8+<^«i»-«+«'n-B}«* ^ where «»-i=^-^ ^4 "' 

u^^ is obtained from u^.^ by changing n into n - 1 ; t{^_| is obtained in a 
similar way from «,_s; and so on. Hence multiplying by 14 we find that 

the following relation must hold for all positive integral values of n : 

n*[4 = a(n* + 6nS + ll»« + 6n) + 6(n* + 2»3-»«-2n) 

+ c(n*-2»'-n'»+2n) + d(n*-6»i» + lln«-6n) + «(n*-10»» + 36n*-60ft+24); 

equate the coefficients of the various powers of n ; thus we see at once that 
e=0; and to find a, 6, c, c2, we have 0= 6a— 25 + 2c- 6<2, 0=lla-6-c+llrf, 
0=6a+26-2c-6d, [4=a+6+c+d. 

A S C 

16. Assume that the proposed fraction is equal to — + — =• + +... ; 

X~'(t X'~0 X '~ c 

then we have xP=A(x-b){x-c).., + B(x'-a){x-c)... + C(x-a)(x-b). ..+... 

Now this being identically true we may give to x any value we please. Put a 
for x; thus aP=A {a-b) {a-c)...; the terms involving B, C... vanish. This 
finds A. Similarly if we put 6 for x we find £, And so on. 

A B 

The original fraction being thus identically equal to + r + . . 

we may give any value to x ; put then a;=0 ; thus 

gP-^ 6P-^ 

{a-b) {a-c)... (6-a) (6-c)... 

The condition that p is to be less than n is required by Art. 648. 

XLIX. 

1. To findp and^ we have 21=92)+4g, 61=21p+9g; thusp=5, g=-6. 

4-ll« 
The required expression, by Art. 656, is = — - — ^-j. Assume that this 

= 132^+1:^' then2l = 3, i?=l; &c. 

2. Here 89 = 11^+?, 659 = 89p + ll2; thus i)=10, g=-21. The re- 
quired expression is z — :^ prr-o » a^id this we fijid=- — =- - - — — : &c. 

l-10x + 21a;* l-7« 1-3* 
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3. Here ll=3jp-pg', 42 = llp+3q; thus p=5, g'=-4. The required 

. . l-2a: ,.,. -.11 2 1 

expression IS ^_^^^^, ; and thw we find=5.3--^ + - .3— ^; &c. 

4. The expansion of ---— is convergent if a; is less than 1, and the 

expansion of z — j- is convergent if 4a; is less than 1 ; hence both expansions 
are convergent if 4a; is less than 1. 

5. Here 82 = lip + 82, 84=82p + ll2'; thus 2)= 4, 3= -4. Hence the 

3 — sc 
general term is the coefficient of «* in the expansion of =— -^ — j-^ , that is 

in the expansion of (8 - x) (1 - 2a;)~* ; this coefficient is 3(n+l)2*-w2*~^ 
See Example xlviu. 6. 

6. We first find the general term. We assume that the series is a 
recurring series with the scale of relation 1-p-q. To find p and q we have 
17=6p + 3, 63 = 17p + 6g; thus /)=4, g = -3. We see that the other two 
given terms follow this law. Hence the general term is the coefficient of x^ 

in the expansion of - — j — ^ ; and this we find=^ — 5 — =— — . Thus the 

(n + 1)^ term is 2 . 3** - 1 ; and the sum of the first n terms can be immediately 
found. 

5 1 

7. Here 10 =14^ +10 J, 6=10p+14j; therefore |)=^, gr= --. Hence 

the general term is the coefficient of «* in the expansion of ; 

and this we find= ^ - ■. Hence we can get the general term. 

1 — —'x 1. ——X 
2 3 

The sum to infinity is obtained by putting x=l; so it is 128 - 81, that is 47. 

8. Assume for the scale of relation 1 -px -qpc'-ra?; then 

-6=2j9-2+2r, 10=-6jp + 22-r, -17=10i)-6g+2r : 

thus we obtain p=-3, 2=- 3, r=-l. Suppose then that the series repre- 

. ,, , , . - a+hx+cx^ ., . . ,a + bx + cx^ ., " . 

sents the development of z — ^ — ^-o — -i » that is of — -; r^— ; then, as m 

l + 3a;+3a;2+a;'* (l+x)^ 

Art. 653, wehavea+&fl;+ca;«=(l + 3a;+3a;« + a?)(2-fl!+2a53..5flj3+...): hence 
equating coefficients we have a= 2, 6=6-1 = 5, c=6-3 + 2 = 5. By Art. 621 
the coefficient of »'* in the development of (2 + 5a5 + 6a;^(l+a;)~3 is 

|2(n + l)(»+2)-5n(n+l) + 5(n-l)n| t^, that is (n« - 2n + 2) ( - 1)». 

L2 
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L. 

1. This is a particular case of Art. 661, namely that in which a=l and 
(=0 ; BO that the C of that Article yanishes. 

2. Put a= 1 and 5=0 in the result of Art. 663 : thus we find that the 
^'^^^ w-li[m-_l"(n + l)(n + 2)...(n+m-l)J* 

^- 172=1-2' 0=2-3 ' «iirFi)=»-;iTi»^^"^^^y^- 

dition we obtain 1 = : when n is infinite — - vanishes. 

w+1 n+1 

4. The n^ term=jr— t^t ^r-- -r = ^—, -r-. :rr- ; hence the sum is 

2n (2» + 2) (2n + 4) 8n (n + l)(n + 2) ' 

found by putting m=3 in Example 2, and dividing the result by 8. 

6. The »*** term=— ; ^ = ;t ( a I ; decompose each term into 

»(» + 3) 3 \» n+3/* ^ 

two in this manner, and add them; then we find that they disappear by 

cancelling except three at the beginning, and three at the end. 

' 6. Thenthterm= , I, ,, = , .u'^^l^^'^\. .. 

n(n + 2)(» + 4) »(n + l)(n + 2)(»+3)(» + 4) 

n(»+4) + 3 1 3 



n(»» + l)(n + 2)(»+3)(7i + 4) (n + l)(n+2)(n + 3)^n(n + l)(n+2)(?i+3)(n + 4)* 

1 1 3 3 

The sum by Art. 663 is zrs - b/ ^o\, ^qv + 55 - 



7. The n«» term = 



12 2(« + 2)(» + 3) 96 4(» + l)(» + 2)(n + 3)(n + 4)' 
3n + l 3 2 



(w + l)(n+2)(n+3) (n + 2)(»+3) (» + l){« + 2)(»+3)' 
The sum is 1-^-2 jl-2(;^^:^^ 

8. The first term is 1, the second term is 1 + 2, the third term is 
1 + 2+3, the fourth term is 1+2+3+4, and so on; hence the »*>» term is 

1 + 2+3+ +n, that is ^-^ — -^; therefore the sum of n terms ig 

n(n + l)(yi + 2) j.^^^^^^ -, 
273 ^ Example 1. 

9. Put 2m for n ; then we have to find the sum of 

1.2i»+2(2m-l) + 3(2m-2)... + m{2m-(«i-l)|, 

that is of 2m{l+2 + 3+»»}-{1.2 + 2.3 + ... + (w-l)m}. Thus the sum 
m{m + l) (m-'l)m(m+l) _t»(m +l)(2m+l) _ w(n + l ){ n+2 ) 
^2m 2 3 g ^j2 • 

10. TheBeries=na«+2o{l + 2+... + (n-l)} + l»+2« + ...+ (n-l)«, 
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* 

11. Let « = 1« + 22a; + 3 V + . . . + n^x^^ ; multiply by x and subtract ; thus 
«(l-a;)=l + 3a;+6«3^^^ .j.(2n--l)a*-i-»»x»; therefore by Art 473. 

l~( 27t-l)g«> . 2a;(l~a;"-i) n'^a;'* ^ „ , ,, , 
«= — 7jL_^va — + — ^_ >3 r^* Collect the terms, 

12. The first term is na^Vt the second term is n(n- 1) a*^-^bt^ the third 
term is ^ a"~'6V, and so on; the sum =»ar (a +6r)*-i. 

13 a? _ « <i eg; j-i _^_(i ^ c« c^a;' ) 

• (i-a;)^-ca:-(l-a;)«r (l-a;H ''0^^'rW^''^{y^^''T 
We must now expand each of these terms separately, and select the coeffi- 
cient of a;* in each. The coefficient of a;** in the expansion of ^ is the 

^1 — x>)^ 
same as that of x*^^ in the expansion of (1 - a;)-> ; this is n by Art. 521. The 

coefficient of aJ» in the expansion of - *^ is the same as that of x»-a in the 

{x — x}* • 

expansion of eQ. -»)-*; Qua is ''(»-l)»(» + l) ^y ^pt. 521. And so on. 

*• {l-x)a-ax-byrr^V~r:^) • Expand the second factor 

hv 
in powers of lJ ; thus the term which contains y* is the expression 

X h^t/^ 

j—^ (1 _ qa.\n • ^^^^ *^® coefficient of a;"»y* is the coefficient of aj^-^ in the 

5» 1 

expansion of j— ^ x ^__ , that is in the expansion of 6* (l-a;)-i(l-aa;)-\ 



that is in the product 6* |l+a;+««+«5+...| jl+naaj+^^^^i^ 



aV+... 



^^- f^^**' :^=~- ^» ^=»-2» ..• ; the sum of these terms is ^±1^ . 
Po Pi Pi 2 

Also Po+i'x=^+l>x=^ft. 

and so on. Hence the product is (n + i)nPiP^-"Pn . 

\n 

LetS=tK^?^ + ^+ 4 ( -^)*"'i^»» _^ n(n>l ) n(n-l)(n-2) 
^^^H Pi 2+3+-+ n -'' 2]2""+ r[3 
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«•. .1 'I x-L. « - (n + l)n (n + l)n(n-l) _. 

Change » into n + 1; thus 5^i=n+l-^-2-p,— +^ ^j^ --... Hence 

by subtraction ^^i-^^=l-g+^^^^-...=jji:jjl^ 

TliUBiS'^i=fi'^+— j^. ButiSi=l; thuSiyj=l + 2; iR,=l + 5 +5; andsoon. 

17 /"-i-.iV- JL_ ^ 1 , ^(»"1) _1 

•"'• Vl-a; V '""(i-a!)*"l(l-«)*-^ 1.2 (l-x)*-*"*" 

Expand each of the terms on the right-hand side and pick out the coefficient 
of xP ; thus we obtain the given expression. 



a:* 



Again in the expansion of 7- if n is greater than p there will be no 

(1 - x)* 

term involving xP ; and so the proposed expression wiU be zero. 

9 X 10 X 11 

18. Put »= 9 in the formula of (1) of Art. 667 ; thus we have ^ . 

19. This is the difference of the numbers in two piles ; one having 15 
shots in each side of the base, and the other having 10 shots : the required 

, . ., , 16.16.17 10.11.12 

number is therefore 5 2 • 

o 

20. In the top layer there are mn balls, in the next layer (m+l)(n+l) 
balls, in the next layer (m+2)(n+2) balls, and so on. The sum of ^ terms of 
this series is _p»i»+(»»+w){l + 2+... + (p-l}} + l* + 22+... + (p-lf, that is 

pmn + (m+n) ^^^'" ^ + ^^Z_L? L^zJ j collect the terms. 

Ji o 

21. This is an example of Art. 671 ; we have r=4 : thus we obtain im- 
mediately the first formula given for the sum, and by actual multiplication 
we can shew that the second formula is equivalent to the first. 

23. Suppose that {l+x){l-\-cx)(l + chi) + ... = l+AiX-^A^^+A^+,.., 
where Aij A^y A^j... do not contain x. Now change x into ex; then we can 
infer that {l+x){l-h A^cx-h A^c'a^ -\- A^fM + ...) = !+ A^x+ A^'^ + .,. 

Equate the coefficients of af on the two sides ; thus A^'^+Af,^i(f^^=A^ ; 
therefore -4^(l-c*")=J^j<r"^ Put in succession 1, 2, 3, ... for r; thus we 
can detemune in succession A^^ A^t A^y ..., observing that Aq stands for 1. 

24. Suppose that (l + a;)«/^l+|y(l + ^ay...===l+.lia;+il^+... 
Change x into ^ ; thus we can infer that 

(l+xyh+A^^+A^^^-h.J=l+AjX+A^'h... 

Equate the coefficients of of on the two sides ; thus if r be not less than 2 

A 2A A 

we have -~ + -^^x + o^='^r -^^ ^1 equating the coefficient of x we 

have — ^+2=ili, so that Ay=^. Then we can find in succession A^^A^y,.. 
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LI. 

I. Suppose a+&>c, 6+oa, c+a>h; then 

c(a+6)>c', a(6 + c)>a', 6(c + a)>&*: add; 
thus 2{ab + bc + ca)>a^ + b'^+c\ 

thus • 2 {IV + mmf + n»') is < 2. 

3. By simplifying this reduces to a' + 6' + c' > a6 + 6c + ca ; now 

a«+6*>2a6, 68+c»>26c, c«+a2>2ca: add; 
thus 2(aH6Hc'')>2(a6+6c+ca). . 

4. We have to shew that a^+6^>(a5)MaJ + 65}; divide by aJ+jJ^ 

then we have to shew that a-(a5}3 + &>(a6)3, that is a+5>2(a&)3: and 
this is evident. 

5. a' + 6' > 2a6 ; therefore c (a* + 6') > 2a6c : similarly a (6* + c*) > 2a6c, 
and 6 (c^ +a^) > 2ahc, Then add. Again, as in Example 4, we have 

o6(a+6)<a8 + 5', 6c(6+c)<6*+c', ca(c+a)<c^+a3. 

6. This follows by adding 2ahc to each side of the first inequality in 

Examples. Or thus, a+b>2,Ja^, b+c>2^bc, c+a>2 />/ca: then mul- 
tiply. 

7. JB^ - 8a; + 22 = (a; - 4)' + 6 ; this cannot be less than 6. 

8. 2a?-x-l=2{x^-x)+x-l=-{x-l){2x(x+l) + l]; this is positive or 
negative according as a; is > or < 1. 

9. x+~-(l + -\=x-l+^(^-l)=-(X'-l)(x--]; this is posi- 

nx \ nj n\x J x^ \ wy • *^ 

tive ifa5is>lor<-. 

n 

(a+a;)(6+x) ah ^ -^ / /ah .V, ^,^^ i-r 

thus the least value is when ( . / s/x\ =0, that is when x= ,Jah, 

II. Let 2n+l denote the odd integer, and x one of the two parts ; then 
the other part is 2» -j- 1- as, and the product is x (2 n+l-g): den ote this by y. 

Then «»- (2n+l)aj+y=0 ; therefore ^^^J!dl±J^I^!:±ll^ . The quan- 

tity under the square root is 4(n'+n-y) + l; and thus the greatest possible 
value of y is n^^n, since y is an integer. Hence we find x=.n or w+1; 
and thus the two parts are n and n + 1. 

12. V(a' - 6') + V(2a6 - J*) is > a if ^J{2ah - 6«) is > a - y/{c? - J^), that is 
if 2a6-6Ms > a2^.a2-62-2aV(a^-&')» that is if V(a'-Z>') w >a-6, that 
is if a^-b^>(a-' 6)*, that isifa+6is > a-6: and this is obviously the case. 
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he 

13. Since o, 6, c are in h.p. we have a=-- — .- : and since J, o, (2 are in 

H.P.wehayeci=^. Thus a+rf-^6+c)=2^ + ^-(6 + c) 

hc(b+e) - (&fc){5c-(2c-5)(26-cn _ 2(6 + c)(ft-c)« 

"" (2c-6)(26-c)"^ "^^'^ (2c-6)(26-c) ~(2c-6)(26-c) ' 

this is positive, for 2c - & and 26 - c are positive since a and d are positive by 
supposition. 

14. Of the two quantities a and e suppose a tHe greater. 

o* +c* -26»=a»- 6*- (6*- c*) = (a-6) {a*-i+a*-*6 + ...}-(6 - c) {c»-i+c"-«6+. ..}. 

Now this expression is positive : for a - 6 is > 6 - c by Art. 479 ; and 
a*"^ + a*~'6 + ... is obviously greater than <j*-i+c**~'6+ ... 

15. ■ ,, . . ^ IS > or < /, a . Ai\ accordmg as ^ — y is > or < -77^3 » 

2(2j; 26x 

that is according as 1+-^- — 5 is > or < 1+-, — ^^1 that is according as 

a(x' + 6') is > or < 6(a;'+o'), that is according as (a-6)a5* is > or < a6(a-6). 

16. It will be found that a«6 + 6*c + c»a - (a'c + 6«a+ c''6) = (6 - a)(e-h){a-c). 
Now if a, 6, c are in descending order of magnitude 6 - a is negative, c - 6 is 
negative, and a-c is positive; thus the product is positive. Similarly the 
other cases may be treated. 

17. Multiply out and bring all the terms to the left-hand side ; thus we 
have A*l)^+B*a^-2AaBb+A^c^ + C^a*-2AcCa+..,; that is we have the 
squares (Ab- BaY -{-{Ae- Cay + . . . : this expression is therefore positive. 

18. 2(a'+6'+c')>a6(a + 6)+6c(6 + c) + ca(c + a) by Example 5, and 
^i^^>(a86V)i by Art. 681; so that a5 + 6»+c3>3a6c. Add, and we 

obtain the result. 

19. 6a6c<a6(a + 6) + 6c(6 + c) + ca(<j + a) by Example 5; also by the 
preceding solution 3a6c < a' + 6^ + c'. Add. 

20. Multiply by 2 and bring all the terms to the left-hand side ; we thus 
obtain a set of squares (>/«! - V«a)* + (Voi - y^s)* + • • • + ( Vo* - V«j)' + • . • ; 
there being one square for every pair of quantities. This expression is there- 
fore positive. 

21. Let a and 6 denote the two numbers, a being the greater : we have 

to shew that —^ — Jc^ is less than ^- ~ ' and greater than ^^7 ' . Now 
2 ^ 86 8a 

~- ^ is <^^5^if 46(Va-V6)»is<:(a-6)» that is if 46 is < (Va+Vft)*. 

that is if 2 V^ is < y/a+y/b ; and this is obviously the case. Similarly the 
second part of the Example may be treated. 

22. Take n quantities 1, 2, 8, ...n; their sum is — ^-^ — - , thus their 
arithmetical mean is ^—^ : therefore ^~ is > {[«}» by Art. 681. 
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^4. Take n quantities 1, 3, S, ... 2n-l; their sam is n\ thus their 
arithmetical mean is n : then apply Art. 681. 

25. By Example 23 we have [2n > (2n)**; that is 

(2»- 1) (2n- 3) ... 3 . 1 X 2»|n > (2n)* 

Divide both sides by 2"! » n**, and we obtain the result. 

26. a»(6'+c*)>2a^, 6*(c«+o«)>26«ca, c«(a«+6'0>2c=a5; 

therefore a^b*+b'c^-\-e*a*>(a+h + c)abc. Moreover, as in Example 3, we 
have a*+6*+c*>a''6» + 6V + cV. 

27. 6(a»+63 + c»)>3{a5(a+6)+6c(6+c)+ca(c+a)) by Example 6; 
2 (a^ + &' + c') > 6a&c as in Example 18. Add. 

28. Multiply up ; thus the inequality reduces to 
2{a^-¥h^+c^>ab(ai-h)+hc{h + c)+ca{e+a); this is Example 6. 

29. See Example 8 of Chapter zxv. Or thus : {a+h+cf> 27dbc ; this is 
a case of Art. 681. Again (a+6+c)'=a'+6' + c'*+3(a+6)(6 + c) (c+a); and 
this is <9(a5+6'+c») by Example 27. 

log.(l-p) lo8.(l-p) ^ ^4+J^- thi,i,^i»^i.H^H-. 
log. (1-2) log,(l-2) ~T9\~?T 2 

and > r-^. , that is<-~ — r and > 

2 + 2' + 2'* + ... 2(1 -i>) 

'"'1-2 

81. Multiply up ; then the inequality is a case of Art. 681, there being 
n quantities the first of which is ai^a^^...a^t and the others like this. 

32. This is solved in the Algebra. We may also proceed thus ; we have 

to shew that l + ax>x+a*; put - for x, where p and q are integers : thus we 

p 

have to shew that ^^^ — ^>cfl . Now this is obvious by Art. 681 : for on 

2 
the left-hand side we have the arithmetical mean of q quantities, p of which 

are equal to a, and the rest equal to unity ; and on the right-hand side we 

have the geometrical mean of the same q quantities. 

Ln. 

1. p-q^p + q-^q^ this is the difference of two even numbers, and is 
therefore even. 

2. Resolve 3234 into its prime factors ; thus we find that 3234= 2 . 3.7'. 11. 
Hence to obtain a perfect square we must multiply by 2 . 3 . 11. 

3. Resolve 1845 into its prime factors ; thus we find that 1845 =3*. 6 . 41. 
Hence to obtain a perfect cube we must multiply by 3 . 5^. 41^. 
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4. 6480 =2*. 3*. 6. Multiply by 2*. S».6«. 

5. 18168 = 21 823 ; and 823 is a prime number. Multiply by 2*. (823)'. 

6. The odd sqnare number must be the square of some odd number, say 
of 2n 4- 1 ; the even square number must be the square of some even number, 
say of 2m. Thus (2n + 1)^ + ^m* is a square, and must therefore be the square 
of some odd number, say equal to (2p +1)'. Hence n (n + 1) + fn*=p (p + 1). 
But n(n + l) is an even number, and so is i>(p+l); hence m* is even; 
therefore m is even, say = 2g : therefore {2jn)' = (45)' = 1 62*. 

7. By Fermat's Theorem iV^ - 1 is a multiple of 5 if A' be not a multiple 
of 5 ; thus either iV^ - 1 or iV^ + 1 is a multiple of 5 if iV be not. That is 
if iV be not a multiple of 5 we have N*=5nd» 1. 

8. By Fermat*s Theorem iV* - 1 is a multiple of 7 if iV be not a multiple 
of 7 ; thus either N^-1 or N^-\-l is a multiple of 7 if iV be not. That is 
if N be not a multiple of 7 we have iV=7nsfcl. 

9. If a number is both a square and a cube it must be perfect sixth 
power ; and by Fermat's Theorem A^^-1 is a multiple of 7 if i^ be not a 
multiple of 7. 

10. If a number is divisible by 3, so also is its sqnare, and therefore is 
not of the form 3n - 1. If a number is not divisible by 3 it is of the form 
3m Jsl ; and so its square is 9m'db6fn+l which is of the form 3n+ 1. 

11. Let — ^ — - denote the triangular number; if either m or m+1 is 

divisible by 3 this is of the form 3n. If neither m nor m + 1 is divisible by 3 
then m must be of the form 3jp + l; thus the triangular number becomes 

^P^PJ''^^ + 1, which is of the form 3n+ 1. 

13. Suppose a prime to 5, and a- & an odd number; then will a+& be 
prime to a - 6. For a-6=a+6-26, and so if any number divides both a-b 
and a + 6 it will divide 26, and therefore 6, since a- 6 is odd. Similarly since 
a-6 = 2a-(a+6) we see that if any number divides both a-b and a+6 it 
will divide a. Thus any number which divides a-b and + 6 wiU divide 
both a and b ; and as a is prime to b there can be no such divisor. Then 
see Art. 704. 

14. Let a, 5, and a+b he the three numbers. It may be shewn that 
2 {a* + 6* + (a + b)*} = 4 (a^ + aft + b^)\ This establishes the statement. 

15. fl;«-l = (a;-l + l)*-l=(a;-l)»»+n(a;-l)»-i+... + n(x-l); thus all 
the terms on the right-hand side except the first are obviously divisible by n; 
so that the remainder when a^—l is divided by n is the same as the re- 
mainder when (x - 1)** is divided by n. 

16. If possible suppose thai m' and n' when divided by 2p+l give 
the same remainder r, where neither m nor n is greater than p. Let m' 
and »' denote the quotients. Thus «»'=m'(2p + l) + r, n*=»'(2jp + l)+r; 
therefore »i^-»"=(m'-n')(2p+l). Therefore 2p + l divides {m-n)(m+n)l 
But this is impossible for 2jp+ 1 is a prime number, and is greater than m+n. 

17. Let the power have the exponent 2p ; let the odd number be raised 
to the power p; the result will be some odd number, say 2»i+l : we have 
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then to square this. Now (2m+l)'=:4}?i(f»+l) + li this is of, the form 
8n + 1 because m (m + 1) is an even number. 

18. 7'»=(8-.l)P=8P-p8i»-i+... + (-l)'*. Every term is divisible by 8 
except the last ; if j> is odd the last term is - 1 ; thus ii p ia odd 7^ is of 
the form 8n - 1. 

21. ax-2ai?=—-'2 Ix-j] ; thus the greatest value is obtained by 
making ( as- j j as small as possible. If a = 4m we can take x=m; and the 

« SI 

result is Q . If a=4m+l we can take x=m; and the result is - - ^ . If 

o' 1 
a=im+2 we can take x=m ; and the result is - ^, If a=^m+3 we can 

o' 1 
take aj=m+l; and the result is « - 5. 

o o 

22. n (n + 1) (2n + 1) = (» - 1) n (n + 1) + n (n + l)(n + 2) ; then apply Art. 710. 

23. One of the three consecutive numbers n-1, n, and n+1 must be 
divisible by 3 ; and since n - 1 and n + 1 are both even one must be divisible 
by 2 and the other by 4 : thus (n - 1) n (n + 1) must be divisible by 24. 

24. Since n is not divisible by 3 it is of one of the forms 3m:tl ; and m 
is even since n is odd. Then n' + 5 = 9m^ db 6m + 6 ; and this is divisible by 6. 

25. n^ - 1 is divisible by 5 by Format's Theorem, since n is prime to 6 ; 
also n*-l = (n-l)(n + l)(n8 + l); now (»-l)(>i+l) is divisible by 8, and 
n^ + 1 is divisible by 2. Again (» - 1) (n + 1) is divisible by 3, f or (n - 1 ) n (n + 1) 
is divisible by 3, and n is a prime number not equal to 3. Thus »^ - 1 is 
divisible by 6 x 8 x 2 x 3. 

^^ m*-5»i' + 4m (wi-2)(m-l)m(m + l)fm + 2) ., , . . _-^ 

26. ^ = -^ '-^ J20 » *^®^ ^PP^y ^^' ^^^' * 

27. We see, from the demonstration given of Fermat's Theorem, that 
n (n® - 1) is divisible by 7. Also »* - 1 is divisible by n^ - 1, so that n (n* - 1) 
is divisible by (n — l)n(n + l), and therefore by 6; see Art. 710. Hence 
n (n* - 1) is divisible by 7 x 6, that is by 42. 

28. x^-x=:x{x^^^-l); now this is a multiple of n as we see from the 
demonstration given of Fermat's Theorem : hence x^ and jb when divided by 
n must leave the same remainder. 

29. By Fermat's Theorem iV*"^=l+pn; raise both sides to the power 
n ; thus IP^ = (1 + pn)^ ; therefore N^ - 1 = » (pn) + — ^-^ — -(pn)^ + ; every 

term on the right-hand side is divisible by n\ 

80. n'-l is divisible by 7 by Fermat's Theorem; also n'-l=(n'+l)(n'-l). 
These two factors are both even, and therefore one is divisible by 2 and the 
other by 4. 

31. i\r»~i - 1 is divisible by n by Fermat's Theorem ; and since n is a 
prime number greater than 2 it is an odd number: suppose n=2m+l ; then 
^*~i - 1 = (N^ + l)(iV*» - 1). These two factors are both even, and therefore 
one is divisible by 2 and the other by 4. 
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82. iV»-iV=iV(iV"-i-l). The second factor is divisible by n by 
Fermat^s Theorem. The first or the second factor is divisible by 2, accord- 
ing as N is even or odd. If iV is a multiple of 3 the first factor is divisible 
by 8 ; if iV is not a multiple of 3 it must be of one of the forms *dm±l; and 
in both cases iV*"^— 1 is divisible by 3. Hence the product is divisible by 
6n. The n which we obtain as a factor of iV"~^ - 1 cannot coincide with the 
2 or the 3, because by supposition n is greater than 3. 

33. A'*~^ - 1 is divisible by n by Fermat's Theorem. - And since n - 1 is 
an even number N**~^ - 1 is divisible by 8 : see Example 31. And since N is 
a prime number greater than 3 it must be of one of the forms Smdbl ; and 
thus N^~^ - 1 is divisible by 3. 

34. Let x^ represent any term of the series ; then by Fermat's Theorem 
g^=x+& multiple of n. Hence by addition we find that the given series is 

equal to — ^ increased by some multiple of n. And — - ^ — ' is also a 

multiple of n if n be greater than 2. 

35. Let N denote any number; if iV is a multiple of 11 so also is N^^; 
if N is not a multiple of 11 then, by Fermat's Theorem, iV^® - 1 is a multiple 
of 11. 

36. Let N denote any number ; if iV^ is a multiple of 13 so also is N^ ; 
if N is not a multiple of 13 then, by Fermat's Theorem, IP^ - 1 is a multiple 
of 13. 

87. Let N denote any number ; if iV is a multiple of 19 so also is N^ ; 
if N is not a multiple of 19 then, by Fermat's Theorem, N^^ - 1 is a multiple 
of 19 : therefore either N^-i-1 or iV^^ - 1 is a multiple of 19. 

88. Let N denote any number ; if iV is a multiple of 23 so also is N^^ ; 
iE iV is not a multiple of 23 then, by Fermat's Theorem, N^ - 1 is a multiple 
of 23 : therefore either N'^^ + 1 or N^^ - 1 is a multiple of 23. 

89. Let N denote any number ; if iV is a multiple of 5 then the square 
or any higher power of iV is a multiple of 25 ; if iV is not a multiple of 5 
then, by Fermat's Theorem, N^= l + 5p: therefore i\r«>=(l+6i>)«=l+5(5|))+... ; 
this is of the form 1 +25». 

40. 140=22.5.7; 2^ 5. 7 ri-|Vl-^Vl-^^=48. 

41. 360=2'. 3«. 6; 2«.3«.6 ^l-|Vl-|Vl-^^ = 96. 

42. 1000=2858; 2353 (l-^Vl- ^^=400. 

43. 3*. 7». 11 (l-|)(l- J)(l-n)=^^^^^- 

44. 2«.5«ri-|Vl-^\=2'H-i6'»-i. 

45. 140=22.5.7; (2 + l)(l+l)(l + l) = 12. 

46. 1845=3a.5.41; (2 + l)(l + l)(l+l) = 12. 
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47. [9 = 27.8*. 5. 7; (7 + l)(4 + l)(l + l)(l + l)=160. 

(2« -l)(3»-l)(5«-l)(7»-l> _ 
(2-l)(3-l}(5-l)(7-l) -i*«l"*"- 

12 

48. By Art. 723 and Example 46 the iminber-=-^=6. 

49. 100800 = 2« . 3' . 6* . 7. The number of divisors of this number 

= (6 + 1) (2 + 1)(2 + 1)(1 + 1) = 126. 

60. Four right angles contain 360 degrees; 360=2'. 8'. 5 ; the number 
of divisors of this number=(3 + l)(2 + l)(l+l)=24. 

Four right angles contain 400 grades ; 400=2*. 5'; the number of divisors 
of this number=(4 + l)(2 + l) = 16. 

61. 10* =2". 5*. In the equation a:y=10** we may put x equal to any 
divisor of 10**, and then the value of y can be found : thus the number of 
solutions by Art. 722 = (n + l){n+ 1). 

62. Let N=aPb^(f... where a, 6, <?,... are prime numbers. We shall 
determine the power of a which will occur in P. Let 'CJ denote the number 
of divisors of h^<f... ; then it is obvious that N has -cr divisors in which a 
does not occur, t»r divisors in which a occurs, -sr divisors in which o' occurs, 
and so on down to w divisors in which aP occurs. Hence the exponent of a 

in P is isr(l + 2 + 8+...+jp), that is -i^^Jli) , that is ^. Similarly the 

exponent of 6 is -^•. And so on. Thus P=iV^. And n is even except in 

the case in which j?, 9, r, ... are all even : thus N^ is always rational, and so 
iV** is a perfect square. 

63. Suppose aP\flc^.„ to be a number with 30 divisors, where o, J, c, ... 
are prime numbers; then (p + l)(g'+l)(r + l) = 30. This admits of various 
solutions, as jj = 4, ^'=2, r=l; i)=6, 5=4, r=0; ... Thus there cannot be 
more than three different prime factors ; though there may be fewer. We 
now take a=2, &=3, c=6; for these are the lowest prime numbers; then 
by trial we find that 2* . 3^ . 6 is the least number with 30 divisors. 

54. This like Example 53 must be solved by trial. 64=2* ; thus we see 
that a number which has 64 divisors cannot have more than 6 different 
prime factors ; though it may have fewer. The least number which has 6 
different prime factors and 64 divisors is 2 . 3 . 5 . 7 . 11 . 13. The least 
number which has 5 different prime factors and 64 divisors is 2^ . 3 . 5 . 7 . 11 : 
this is smaller than the former number. Then taking 4 different prime 
factors we see that we have to choose between 2^. 3 . 5 . 7 and 2*. 3'. 6 . 7 ; 
and taking 3 different prime factors we have to choose between 2^. 3^. 5 and 
2'. 33. 5' : of these four numbers 2^. 3'. 5 . 7 is the smallest and it is smaller 
than 2^ . 3 . 5 . 7 . 11. And then we may shew that 2^ . 3' . 6 . 7 is also smaller 
than any number with 64 divisors wluch has two different prime factors, or 
only one prime factor. 
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55. "When pa is diyided by h let the qnotient be n and the lemamder r | 
thus x^^~'~A * ^'^^^ {b-p)n is divided by 6 let the quotient be n' and 

the remainder r' ; thus - — —^ = n' + t- . Hence by addition o = n + n' + — j— . 



Neither r nor r' can be zero, for a is prime to &; therefore r+r' mnst be 
equal to h, and n + n' equal to a - 1. 

56. Every number will be of one of the following n forms : jm, im+1, 

pn + 2, ;)» + (»-l). Now (pn + 1)^ and (pn + ln-l)}* will leave the 

same remainder when divided by n; for (p» + i)*=n(|)"» + 2|)) + l, and 
{jm + (n-l)}2=n{(p+l)2»-2(p + l)} + l. Similarly (p» + 2)« and {pn + (»- 2)}* 
will leave the same remainder when divided by n. And so on. Thus there 

cannot be more than ^ different remainders. 

57. 2'. 5 . 7aj=y'. Thus in order that y» may be a perfect cube x must 
be of theform2.6^72i^; and theny=2.6. 7. «. 

58. Every number will be of one of the following r forms; nr, nr+1, 
nr + 2, . . .nr + (r - 1). Then {nr)^ will terminate with the digit ; and {nr+ 1)*, 
(nr+2)*,... will terminate respectively with the same digits as 1^, 2*,... 

Thus by Example 16 there are -"— different digits without counting ; and 

r + 1 
cotmting we have — ^— digits on the whole. 

69. Suppose for example that ^=4; let n = a2 + Z»« + c' + ci*: then we 
have to shew that 6n can be resolved into 12 squares. In fact we have 

6n=(a + 6)a+(a-V + (a + c)« + (a-c)a+(a+d)a + (a-d)« 

+ (6 + c)« + (6-c)H(6+(Q»+(6-d)' + (c+(Z)«H.;c-cZ)^ 

In this way we may establish the result for any value of p, 

60. 22«+15n-l = 167i-l + (l + 3)«=15n-l + l + 3n + '*^'^— ^3«».... 

Every term is divisible by 9. 

61. Multiply out («+ 1) (a; + 2) {x + n). By Art. 504, the product will 

be a;" + PjOJ*"^ + P^~^ + + -Pn* P^* « = 1 ; then the expression becomes 

equal to [ n + 1 : this is divisible by I w, and after subtracting P^ which is 

equal to I a the remainder will also be oivisible by I n. 

62. Let N denote any number; if JV is a multiple of 5, then the cube or 
any higher power of N is a multiple of 125 ; if iV is not a multiple of 6 then, 
by Format's Theorem, iV4=l + 5p: theref ore iV^^^o^ ^14.5^)25-14.25.52)+ ..; 
this is of the form 1 + 125n. 
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un. 

2 4 

1. The probability of the first event is ^ , that of the second - ; the pro- 

g 
bability of the happening of both is therefore ^: thus the odds are 27 to 8 

against their happening together. 

8 2 16 

2, The probability that both will be dead is r^ x ^ , that is t? » therefore 

lo o 45 

29 
the probability that one at least will be alive is -jv . 

8. Let A and B denote the specified individuals ; the probability that B 
is on the right-hand side of il is ^ , and the probability that B is on the left- 
hand side of A is also — : hence the probability that B is either on the right- 

hand side of A or on the left-hand side is jj . Thus it is 10 to 1 against 

A and B being next to each other. 

3 1 1 

4. The chance that they will both fail is 7 x ^ » that is, - : hence the 

4 o 4 

3 

chance that they will not both fail is r • 

5x4 
6. Two black balls can be drawn in -r-ir '^^J^i ^^^ one red ball in 3 ways ; 

Lf 

5x4x3 
thus the number of favourable cases is — j-^— : the whole number of cases, 

Lf 
since there are ten balls, is p^ — • Divide the former by the latter, and 

1 ^ 

w6 obtain 7 . 

6. The probability of throwing an ace at the first trial and missing an 
ace at the second is ^ x ^ , that is -^ ; the probability of missing an ace at 

the first trial and throwing an ace at the second is also -^ ; hence the whole 

do 

probability is -^ . 
00 

7. The probability of failing to throw ace in two trials is (^ J ,that is 

25 25 11 

.,^ ; hence the probability of not failing is 1 - ~ , that is, ^ . 
*^o 00 00 

8. Since 7=6 + l=5-^2=4-|-3=3-^-4=2-^-5 = l+6 there are six cases 
favourable to throwing 7 ; there are two cases favourable to throwing 11, for 
11 = 6 + 5=5 + 6: thus on the whole there are 8 favourable cases, where the 



160 LIII. PROBABILITY. 

g ' 

whole number of cases is 86. Therefore the probability of success is ^ , that 

oo 
2 
is ^. Thus the odds are 7 to 2 against. 

9. Suppose that there are a sovereigns in each purse, h shillings in the 
first purse and c shillings in the second. The probability of taking either 

purse is -; and thus the probability of drawing a soyereign is ^ ( — =■+ •—) . 
2 2\a+o (He J 

If all the coins are put into one purse the probability of drawing a soyereign 

2a 

is ; — . If we subtract the second expression from the first we shall 

2a+6+c 

alh- c)* 
obtain after reduction r^. j-r r-rr r — ■ : thus the first expression is 

the greater. 

10. It is equally probable that B, or (7, or D will be in the same boat 
with A; if il is with ^ or C he loses, if with O it is an even chance whether 
A wins or loses. Similarly we may consider the cases of J5, (7, and i>. 

11. There are 86 cases; of these 16 are unfayourable, namely the 6 
doublets, and the 10 cases in which ace on one die occurs with not-ace on 
the other. Thus there are left 20 favourable cases. Therefore the chance 
. 20 

^^36- 

12. The whole number of cases is the number of the combinations of 
30 things taken 4 at a time, that is — - — ^j—^ — . The favourable cases 

are those in which the tickets marked 1 ancT 2 are drawn with any pair of 

28 . 27 
tickets from the remaining 28; so the number of favourable cases is — At — . 

I 

3 4 
Hence dividing this number by the former we obtain for the chances ^^r^-r^Tr . 

oO . 29 

13. In the first lottery we must suppose that there are 9 tickets of which 

6 are blanks. The number of ways in which 3 tickets can be drawn is 

9 8.7 
' ' , that is 84. The number of ways in which A gets no prize at all is 



the number of ways in which 3 tickets can be drawn from the 6 blanks ; that 

6 . .5 . 4 
is ' * ' , that is 20. Hence there are 64 favourable cases in which A gets 

one or more prizes. Thus A*b chance =3j = jrY. Or if we suppose each 

ticket drawn singly we may proceed thus: ui's chance of drawing a blank at 

first is ^ ; there are now left 8 tickets of which 5 are blanks, so that ^*s 
J 

chance of drawing a second blank is ^; similarly A^b chance of drawing a 
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third blank is •=; thus ^'s chance of complete failure is ^ x ^ x =, that is, 
7 y 8 7 

ij K -to 

jrr-. Hence A^s chance of getting one or more prizes is 1— 5^, that is, jr^* 

1 7 
And ^'s chance = ^ = ^ • 

3 

14. The chance of drawing a white ball from the first bag is = ; if a white 

ball is drawn there will be in the second bag 4 white balls and 4 black balls : 

4 

thus the chance of drawing a white ball is ^ . Therefore the chance of draw- 

o 

ing two white baUs =;^ x ^ = r-r . 

7 o 14 

15. "We require the head to occur once, or three times, or five times, .... 
Thus the chance is the sum of the second, fourth, sixth, ... terms in the 

(1 IX** 1(/1 IX* /I 1\**1 1 

-+-J ; andis therefore 2 (- + -J -U--J j.thatiSg. 

16. The number of cases is 2*^ ; the number of favourable cases is n ; for 

n 
the solitary head may be on any one of the coins. Hence the chance is ^ • 

17. Let a denote the number of the combinations of m+n things taken 

p-\-q at a time ; let b denote the number of the combinations of m things 

taken jp at a time ; let c denote the number of the combinations of n things 

taken 3 at a time. Then the whole number of cases is a, and the number 

— be 

of favourable cases is be. Thus the probability is — . 

1 35 

18. InArt. 740putp=gg, gr=— ', n=6, r=4. 

Thus we have —-^ |l + 6 .35 + 15 . (35)2| , that is i?|^ . 

1 5 

19. In Art. 740 put p=^, 2=x, »=6, r=l. 

Thus we have i |l + 6.6 + 16.5«+20.53 + 15.6*+6.6«|, that is .?i^^ 

9 1 

20. In Art. 740puti)=— , ff=jQ, n=5, r=3. 

Thus we have ^ |9'+ 6 .9^+ 10 . 9^ j , that is 



12393 
12500 * 



21. The chance of throwing no doublets is ( ^j ; thus the chance of 



throwing one or more doublets is 1 - ( ^ ) « 
T. K. 
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22. The ohanee of throwing no donble sixes ^ (qa) * ^^ ^® chance 
of throwing one or more double sizes is 1 - f ^ j • 

1 6 

23. In Art. 740puti)= = , J==, n=6, r=2. 

Thus we have =5 Jl+6.6+10.6*+10.6»| , that is, -=^ . We must 
observe that the number of the tickets is supposed <o large that p remains 
practically equal to = after one or two tickets have been drawn out. Com- 
pare this with the second way in which A *s chance is calculated in the solution 
of Example 13. 

24. The whole number of cases is the number of the combinations 
of 52 things taken 4 at a time, that is — ^— r^^ — '■ — • The number of 

favourable cases is 13^; for any one card may be taken from any suit. Divide 
the latter number by the former, and we obtain the probability. 

26. The whole number of cases is — ^— r^ — - — ; the number of f avour- 

ii 

able cases is 4, since there are 4 suits. Divide 4 by the whole number of cases 
and we obtain the probability. 

2 1 

26. In Art. 741 we put p=^t ?=q» '»=4| »=1; thus the proba- 

o o 

bility of A'b winning 4 games out of 5 is ( - J jl + 4 . 5J , that is ^7^ ; »o 

that the odds against it are 131 to 112. 

2 3 

27. In Art. 740 put ^=-, g=g, n=5, r=2. 

Thus we have ^ |2« + 6.2*.3 + 10.2».3a+ 10.22. 3»| , that is ?^. 

28. Call the persons A, B^ O, Then J's chance of drawing a white 

3 6 

ball at first is ^ ; the chance of his failing is 3 , and then there are left 3 

white balls and 4 black balls : thus the chance of ^'s drawing a white ball is 

c Q Pi A 

g X = . The chance that both A and B fail is » x - , and then there are left 

3 white balls and 3 black balls : thus the chance of (7's drawing a white ball is 

5 X = X ^ . Then if ^, ^, (7 all fail A has a second draw ; and so on. Thus 
o 7 D 

we find on the whole that il*s chance is o+nX=X7;X-, that is =^ ; 

o o 7 00 

„, , . 5 3 5 4 3 2 3 ^, ^ . 18 , ^, , 

B s chance is 5X=+5X=x^x = X7, that is «^ ; and (7's chance is 

o7o7oo4 00 

6v*v*u.5^4 8 2 1 3 ^, ,. 11 



common 
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29. To win three or more games out of the next fonr, either all four 
games mnst be won, or the first, the second, the third, or the fourth game 
must be lost. The chances for these five cases are respectively 

2.2.2.2 1.1.2.2 2.1.1.2 2. 2.1.1 2.2.2.1 

8* • 3* * 8* • 3* * 3* • 

36 4 

the sum of these fractions is ^=- , that is ^ , 

30. In order that the r^ person may have a throw the preceding r - 1 

(n-lX*"'^ 1 
j - is the chance that he will win the 

stake at a first throw. If he fails and then all the other persons fail also he gets 
a second throw ; so that his chance of winning the stake at a second throw is 

j - . And so on. Thus his whole chance is an infinite geome- 

1 /n-l\'*~* 

trical progression of which the first term is - | J , and the 

n \ ft y 

.. . /n--l\P 
jratio IS ( j . 

2 

31. The chance that the particular parcel is brought is i. ; the chance 

2 3 

that the required book is obtained from the particular parcel is » ^ e • 

u 

2 

that is 7 . There are two other parcels ; the chance that one of the other 

parcels is brought is ^ , and the chance that the required book is obtained 

from that parcel is ^ x •=: thus on account of the two other parcels we have 

o o 

2 1 2 17 

the chance zrr , that is =-= . Hence the whole chance =p +t^ = t^' 
oO 15 ' 5 10 lo 

82. We must find the probability that the sovereign is in the second 

purse. When 9 coins are taken from the first purse the probability that 

9 
the sovereign is taken out is ^^ * If the sovereign is taken out we have 

then in the second purse 18 shillings and 1 sovereign. Let 9 coins be taken 
out : then there are 9 cases favourable to the drawing out of the sovereign, 
and 10 oases favourable to its remaining behind : thus the probability ; that 

the sovereign remains is j^ . Therefore the probability that the sovereign 

9 10 9 

is finally in the second purse is Y7^ x r^ , that is =^ , Hence the probability 

that the sovereign is finally in the first purse is ^^ . 

88. The following four arrangements are equally "probable for the firpt 
urn after the first drawing : 4 black balls and 6 white, 5 black balls and 4 

M2 
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\7l1ite, 6 black balls and 5 white, 5 black balls and 6 white. Thns the chance 
of drawing a white ball from this turn is j jo + 9 + TT "*" ii( ' *^** ^ 2 ' 
Similarly the chance is ^ for the second urn. And thus the chance is ^ which- 

ever urn be chosen. 

34. The number of cases is 6' ; the number of favourable cases is the 
coefficient of a^* in the expansion of ix + X'-\-a^ + a^-{-sc^+afif; see Art. 742. 

This coefficient is the same as that of as^' in the expansion of ( j , 

that is in the expansion of (l-a*')'(l-x)*'. Thus the coefficient is 

-~2--3j^+3, thatislO. 

85. Proceed as in Example 34. The number of favourable cases is the 
coefficient of x^^ in the expansion of (i - sfif {t - x)"'^ ; this coefficient is 
15.16 « 9.10 - 3.4 ., . . „ 

i:^-^-t:2+^-T72'*^^*^^^ 

36. By the method of Examples 34 and 35 we find that the numbers of 
cases favourable to throwing 3, 4, 5, 6, 7, 8, 9, 10 respectively are 1, 3, 6, 10, 
15, 21, 25, 27; the sum is 108 ; the, whole number of cases is 6^, that is 216. 

Therefore the chance is - . 

37. The number most likely to be turned up is the index of that power of x 
which has the greatest coefficient in the expansion of (as+x'+jc'+x^+jc'+a:*)-'', 
that is in the expansion of a:2**(l +iB + a;*+ac* + «* + a:^)^** : and by Example 38 
of Chapter xxxvii. the greatest coefficient is that of x'^^xj^^^ that is the 
coefficient of x^\ 

38. By the same method as in the preceding Example we find that the 
chance of turning up any number, m, is measured by the coefficient of x^ in 
the expansion of x'^^'^^{l + x+x^+a^ + as^+x9)^^+^: then by Example 38 of 
Chapter xxxvii. we see that the coefficient is the same for m=7»+3 as for 
w=7n+4, and greater than for any other value of m. 

39. By the method of Art. 742 we must find the coefficient of «'* in the 
expansion of (x -\-x^ -}-... -\-x^^)^^, and divide it by 10^*^. The coefficient is the 



same as 



/l_/glO\10 

that of x^* in the expansion of ( — J ; which will be found to 



23 10 1 13 

ft 

40. The probability of failing to obtain a is at each trial ; and thus 

(n \** 
— = J : subtract this from 

unity and we have the probability of success. 

41. By the method of Art. 742 we must find the coefficient of x^^ in the 
expansion of (l+l + l + l + l + aj+a;^ + {F'+a*+af')'; and divide it by 10^ Now 
{5-i-x-i-3i^+ix?-i'X*+xf^)^=^6^ + 3,6'hf+d,5,y^+y^7rheTey=iX+x^+x^ + x*+sfi. 
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Tliere is no term involving a?^® in 5^* or in 3.6V» tli© coefficient of cc^^ in 
3. 5. y^ is 15 ; the coefficient of x^^ in y' will be found to be 18, Thus the 
whole coeffiicient is 33. 

42. The probability is now the same as when 3 tickets are drawn sinnd- 
taneously from the set of 10. The whole number of cases is the same as the 

number of the combinations of 10 things taken 3 at a time, that is — hr" > 

that is 120. There are 2 favourable cases, namely that in which the tickets 
marked 1, 4, 5 are drawn, and that in which the tickets marked 2, 3, 5 are 

2 
drawn. Thus the probabiHty=Y— -. 

I n In 

43m The whole number of cases is ■; — f= — x , — H — . Fix upon a par- 

ticular set of r balls ; the number of ways m which this particular set can 
occur in the first drawing is the same as the number of the combinations of 
the remaining n—r balls taken p-r at a^ time; that is the number is 

•; — ' ■ — . In the second drawing we want to have the r balls upon 

which we have fixed together with g - r balls which did not occur in the first 
drawing; so the q-r balls must be taken from the n-p balls which did not 
occur in the first drawing : the number of ways in which this can be done is 



n-p I n 

=_= , And there are , — }= — ways in which we can fix upon 

q-r n-p-q+r \r\n-r 



a particular set of r balhi. Thus the number of favourable cases s 



|r|n-r p-r [n-p q-rhi-p-q + r \r \p-r q-r\n-p-q+r 



44. Denote the two assigned persons by A and JB» There are three cases 
in which A and £ will play together. I. A may be opposed to ^ in the four 

games : the chance is = . II. ^ and B may have other'opponeuts in the four 

games^ may each vanquish his opponent, and may then be opposed in the two 

games : the chance is » • ( » ) • » • HI. A and £ may have other opponents 

in the four games, may each vanquish his opponent, may then have other 
opponents in the two games, and each vanquish his opponent : the chance is 






fit 

45. The chance of a white ball at the first drawing is ; then the 

tn + n 



n 



chance of a black ball at the second drawing is =- ; then the chance of 

w+n — 1 

911. — 1 

a white ball at the third drawing is p, : and so on. 

° wi+n-2 

In the second part of the Example the whole number of cases is the 

number of the combinations of m + n things taken m at a time ; and there is 

only one favourable case. 
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46. The chance that the first ball drawn is of the first colour is ~ ; 

n 

then the chance that the second ball drawn is of the first colour is ^'^^^ ; 

»-l 

and so on. 

47. As any ball may be taken out each time, the whole number of cases 
is n". The number of favourable cases is the number of permutations of n 
things taken all together, that is In. 

48. A in order to win the set must win 2 games before B wins 3. Thus 

by Art. 741 we find that the probability for A is QV |l + 2.^ + 1^ f^^l , 

11 5 

that is — . Therefore the probability for ^ is r^ . 

49. The number of different ways is [8, that is 6. As each way is 
equally likely to occur there are 6^ cases ; aiid the number of favourable 
cases is 16. 

50. Since iV is a given number, the number of its divisors is known, 

Af 

see Art. 722 ; call M the number of divisors, then -rr is the chance. 

N 

51. Let N denote the number of shot in the bag, which must be sup- 
posed known ; let M denote the number of positive integers which are less 
than N and prime to N ; see Art. 721 : then assuming that the handful is 

equally likely to contain any number not exceeding N the chance is - . 
If N^B,5 .7 weh&ve M=N (l-^ (l-^) U-\)\ therefore ^=||. 

71 

52. The whole number of cases is n ; there are — numbers not exceed- 

a' 

ing n which contain a* as a factor : from those we must exclude those which 

ft 
contain a**^ as a factor, which are --.i in number. Thus the number of 



aH-i 



favourable cases is 



a 



<+!• 



53. Let ^^s chance of winning a single game be x. Now A may win the 
match in 2, in 3, or in 4, ... games. Thus ui's whole chance is 

ic«+(l-a;)xa+a;(l-a:)a;2+(i_a;)a;(l-a;)a;« + .... 

For instance, if A wins in 4 games he must win the first game, lose the 
second, and win the third and fourth. Thus we see that ^I's whole chance 
consists of two infinite geometrical progressions, one having a?* for its first 
term, and the other having {l-x)x^ for its first term, and each having a;(l~x) 

lor the common ratio. Thus we obtain "I'^^^'^^^f , that is /'^V^^ v - 

l-x(l-a;) ' l-a;(l-x) 
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We may obtain B*s chance by changing x into 1 ~ a; in this expression ; or 
we may obtain B*B chance by subtracting A*a chance from unity: tiius B^b 

chance =5 ^j — <j-i — r • ^ ^=q^^ &^^ in *or ^'s chance. 

This problem will be found generalised in Art. 683 of the History of the 
Theory of Probability. 

54. The faces of the tetrahedron are supposed to be marked 1, 2, 8, 4 
respectively ; and those of the octahedron are supposed to be marked 1, 2, 3, ' 
4, 5, 6, 7, 8 respectiyely. The whole number of cases is 32. There are 

3 fayourable cases in which the face marked 1 of the tetrahedron is thrown, 

4 in which the face marked 2 is thrown, and so on: thus there are in all 
3 + 4+5 + 61 that is 18, fayourable cases. 

55. The probability of the failing of all the events is (l-Pi)(l-P2)(l-|)s) ; 
subtract this from unity, and we have the probability of the happening of one 
at least of the events. 

Two events at least happen if all three happen, or if the first alone fails, 
or if the second alone fails, or if the third alone fails : thus the probability 
is PiViPi + (1 -Pi)PiPz + (1 -Pi) P1P3 + (1 - Pz) PiPr 

27 1 

56. The chance of throwing 10 at a single throw is -^ , that is - : see 

D* 8 

Example 36. The chance that A wins at the first throw is therefore - ; if 

8 

Af Bt C fail in succession A has a second throw; thus the chance of his 

/7\'l 
winning at a second throw is ( ^ 1 ^ . In this way we find that J.*s whole 

chance is an infinite geometrical progression of which t^e first term is - , 

8 

and the common ratio is ( - j . In like manner the chances of B and C are 
infinite geometrical progressions in which the common ratio is ( ~ J , and the 
first terms are respectively - , ^ and ( 5 ) 5 • 

57. Consider the figures which occur in a particular place, say the 

seventh place. The upper figure may be 0, or 1, or 2, or 9; and so may 

the lower figure: and as any upper figufe may occur with any lower figure 
there are 100 cases in all. We must now find how many cases are favour- 
able. If the upper figure be there is 1 favourable case, namely when the 
lower figure is also ; if the upper figure is 1 there are 2 favourable cases, 
namely when the lower figure is or 1; and so on: thus the number of 
favourable cases is 1 + 2 + 3 + ... + 9 + 10, that is 55. Therefore the chance that 

in a given place the lower figure will not exceed the upper figure is r^ ; and 
the chance that this will be the case in all the seven places i^ ( fon ) • 
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58. The diances of throwing 6 and 7 at a single throw with a pair of 

dice are respectively ^ and ^ : see Example 8. The chance that A wins 

g 
at the first throw is therefore ^^. If ^ and B fail in succession A has a 

second throw; then the chance of his winning at a second throw is 

81 80 K 

^» ^a'^e* ^'^^ B^ ^^* ^^B -^^B whole chance is an infinite geometrical 

86 oO oo 

progression of which the first term is ^ ; and the common ratio is ^^ • t: • 

oo So D 

Similarly B*s whole chance is an infinite geometrical progression having the 

81 1 

same common ratio of which the first term is rr^ . ^ . 

oo D 

59. He may draw two sovereigns, or a sovereign and a shilling, or two 

8 4 3 

shillings ; the respective chances are jj, = , r^ : thns the expectation in 

3 4 8 

shillings is ^7x40+^x21+^7^2, that is 21. Or thus: as 2 coins are to be 

drawn ont the chance that a particular one is drawn is 7-; therefore the 

expectation is 7 of a sovereign for each of the 4 sovereigns, and 7 of a 

shilling for each of the 4 shillings; that is the sum of a sovereign and a 
shilling. 

60. The chance that a particnlar coin is drawn out is ^ ; therefore the 
expectation is ^ of a guinea for each of the 6 guineas, ^ of a sovereign for each 

D D 

1 

of the 6 sovereigns, and ^ of a shilling for each of the 6 shillings; that is the 
sum of a guinea, a sovereign, and a shilling. 

61. There are 86 ships ; the number of the combinations of them taken 

36 . 36 
two at a time is ' , that is 18 . 35. Hence the chance that one of the 

1 • A 

first two ships which arrive is a Bussian ship and the other a French ship is 
~-^ • Therefore the expectation in pounds is ^-' _ x2100, that is 400. 

Xo . 00 lo . 00 

3 

62. As in Examples 59 and 60 the expectation is in shillings ^ (63+40+4), 

107 2 

that is -^- , that is 35 ^ . 
o 9 

63. The expectation in pounds is j^ $4x100 + 10x50+20x5|, that is 
^xlOOO, that is 10. 



I 
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64. Let each of the coins be worth x shillings. The expectation in 
shillings is ^f 100+ 4aE j : this is to be equal to 24; so that we obtain x=2. 

65. Suppose the gold coin to be worth x shillings, and each silver coin 

to be worth y shillings. The expectation in shillings is ^ |a;+3^ + 4| ; this is 

to be equal to 15: therefore x+dy=26. The only adinissible solution is 
a;=20, y=2. 

66. As in Example 58 we find that the chances of A and B are infinite 
geometrical progressions of which the common ratio is j ? ^^ ^^^ term, in 

il's chance is jr , and the first term in ^'s chance is -j. Thus A^b chance is 
2 4t 

o and J5's chance is ^ . 
o o 

Suppose that each stakes £a, and that A gives £x to B for the first throw. 

2 1 

Then^'s expectation in pounds is ^x2a-x; and^'s expectation is ^x2a+a;. 

o u 

Equating these we get 2a; =-5-; therefore a;=x. 

o o 

67. As there are m counters marked m the expectation which arises from 

these counters in shillings is — , where n is the whole number of counters. 

n 

Thus the whole expectation in shillings is - jl*+22+ + »^[ , that is 

^r(r-HH2r-H). ^a„=l+2 + ^r^'-J^ . 

68. As in the preceding Example the whole expectation in shillings is 
_|l8+28+ +r*|, where »=l«+2«+ +r». Then see Art. 461. 

69. Consider the expectation which arises from the 5 ; this 5 may be in 

• shillings 5 or 50 or 500 or 5000 or 50000, one case being as likely as another : 

^, ., w • 5(1 + 10 + 100 + 1000 + 10000) ^, ^ . 5x11111 

thus the expectation is — ^ = -^ that is — = . 

o 5 

Similarly we proceed with the 1, the 2, the 3, and the 4. Thus the whole 
expectation in shillmgs is ^ x 11111. 

70. Suppose any particular card is marked with the number m ; then the 
chance of drawing this card is - , and the expectation in shillings arising 

from this card is — • And thus the expectation from all the cards is — . 

a . a 
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8 

71. The chance of dra^nng a white ball from the £rst nzn is ^n > ^^ 

4 
chance of drawing a white hall from the second nm is r^ : thus if a white hall 

has been drawn the chance that it came from the first urn is to the chance it 

2 1 

came from the second as ^ is to -r , that is as 8 is to 3. Therefore the chance 

8 
that it came from the first nm is jr • 

72. Before the observed event we snppose that any number of white 
balls is equally likely. Now the probability of drawing two white balls is 1 

on the hypothesis that there are 5 white balls, ~ on the hypothesis that there 
are 4 white balls, j^ on the hypothesis that there are 8 white balls, and 

j^ on the hypothesis that there are 2 white balls. Hence after the observed 

!8 8 1 1 1 

73. Before the observed event we suppose that any number of sovereigns 

is equally likely. Now the probability of drawing a sovereign is - on the 

2 

hypothesis that there is 1 sovereign, - on the hypothesis that there are 

n 

2 sovereigns, and so on. Hence after the observed event the probability of 

the first hypothesis is - -f- ]-+- + ...+ -f i that is 1-^ — -^ — '- . 
'"^ n (n n n) 2 • 

74. There are two hypotheses as to the two balls put into the smaller 

bag ; either both are white, or one is white and one black. The probability 

3 
of drawing two white balls from the first bag is jj ; the probability of draw- 

4 

ing one white baU and one black is = . The probability that two successive 

drawings from the smaller bag will produce a white ball is 1 on the first hypo- 
thesis and 2 on the second. Hence after the observed event the probability 

3 ( S 4 1) R 

of the first hypothesis i^ Ti ^ 1"^ JTT ^ I + 7 x Tf > tbat is ^ . 

75. The probability of drawing 4 sovereigns from the first purse is 

1 ; the probability of drawing 4 sovereigns from the second purse is 

10.9.8.7 . 21 

25 24 2^' 22 * *^** ^ TM^ ' -^^^^^ *^® probability that the 4 sovereigns 



came 



from the first purse is 1 4- (1 + v^lgcj » *^** ^ Joqa' ^^^ *^® proba- 
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■ ' ' 

21 

bHity that the 4 sovereigns came from the second purse is j^qo » ^^ P ^^^ 

1265 

•jng?* Then there is the probability p that the next coin will be drawn from 

a purse containing 21 sovereigns ; this gives an expectation of p pounds. 
There is the probability 1 -p that the next coin will be drawn from a purse 
containing 6 sovereigns and 15 shillings; this gives an expectation of 

(1 -jp) l^oT + 21** ( * *^^* ^^ (^"P) If poiiii<is» Hence the whole expecta- 

1265 27 

tion-in pounds is J286+ 4^1286 • 

76. There are six hypotheses with respect to the notes to be regarded as 
equally probable before the observed event. I. Three £6. II. Two £5, 
one £10. III. Two £5, one £20. IV. One £5, two £10. V. One £5, 
two £20. VI. One £6, one £10, one £20. The probability of the observed 
event on these hypotheses is respectively 



'. (I)-. (!)•■ ©■■ ©'. (!)■• 



Hence after the observed event the probabilities of the hypotheses are 

27 8 8 111 
respectively ^gt Tg» jgi Tg» Tg» jg. The probable value of the con- 
tents in pounds is therefore r^ |27 x 16 + 8 x 20+8 x 30 + 25 + 45 + 35 , 

that IS -.^ . 
46 

77. There are two possible hypotheses, that the event took place, and 
that it did not. The probability of A^b assertion, J5's assertion, and 6"« 

denial is on the first hypothesis 7 • g • 7 f ^^^^ on the second 7 • ^ • ^ • Hence 
the probability of the first hypothesis is — + | j^ + j^ j , that is =^ . 

3 4 

78. This is an example of Art. 754. Here 1)=t, I*'=k» »=9: thus 

3 1 

the odds for the truth are as -z to -r-^ , that is- as 96 to 1. 

o loU 

79. Suppose that there are 13 witnesses, and that p is the probability that 
each speaks the truth : let q be the d priori probability of the event asserted 
to have happened. Then by Arts. 762 and 753 the probability of the hypo- 
thesis that the event happened is to the probability of the hypothesis that 

it did not happen as p^^q is to (I-3) (1-p)^'. li p=yr the ratio is that of 

lO^^g to 1 - g ; and this is the ratio of 10 to 1 if g= 2Qia . 1 • 

80. As there are 4 suits of cards the chance, before the observed event, 
that the missing card is a spade is j ; and the chance that it is not a spade 
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3 12 11 

is J . The chance of drawing two spades is ^ ' if the missing card is a 

13.12 
spade, and .., ' - if it is not. Hence after the observed event the chance 
01. ou 

that the missing card is a spade is 

1 12.11 jl 12.11 3 13.12) 11 

81. Let ns first find the chance that the persons do not meet. Let A 
denote the first person, and i? the second. If they do not meet either A 
must reach B^b end before B starts, or B must reach J.'s end before A starts : 



c« 



c 

we shall shew that the chance of each event is ;r? m r« -^ must 

2(a-fc)(6 + c) 

arrive at ^'s end at some instant during the last b + c minutes ; and B must 
leave his end at some instant during the first a + c minutes. Hence 

7 — , V /. . ^ is the chance that ^I's arrival and B*b departure both occur 
during the c minutes which are common to the two intervals ; and since one 

event is as likely to occur before as after the other ^r; rn r is the chance 

2 (a + c) (b + c) 

that A*B arrival occurs before B's departure. Similarly we have the same 
chance that ^'s arrival at A^b end occurs before ^'s departure. Hence 



finally the chance that they do meet is 1 -■; -tt -. 

{a + c) {b + c) 

82. "We shall first shew that when n odd numbers are multiplied toce- 

= ) . An odd number must 

4 ^ 

end with 1, 3, 6, 7, or 9 : thus ^ is the chance that it does not end with 5. 

Now in order that the product of n odd numbers may end with a figure which 

is not 5 every one of the n factors must end with a figure which is not 5. The 

(4\n 
V j . Hence the chance that the prodact does end with 5 is 

1- Uj . Therefore we require that 1- (g) should not be less than -; 
thus l-=\ must not be greater than - . 

a? (log 10 -log 8) =log2, that is «=ir|^^ • From the given value of log3 
we find that x lies between 3 and 4 : hence 4 is the least positive integral 
Talue of n which makes ( = ] not greater than ~ . 



LIV- MISCELLANEOUS EXAMPLES. 173 

LIV. 

1. Square; 2- 2^(1 -«*)=! -Jc*: therefore {y(1-x*) + 1}«=3; there- 
fore i/(l - a5*) = ± V3 - !• Square again, and we find the value of as*. 

2. From the first equation q^= hS » Buhstitute in the second e(\}3L2k^ 

tion;thusy«(a-a;)==-''-?^i?^-6ruc; therefore o/-?^52^^^^ = (y2-5n)a;, 

o—y v—y 

that is-^52^^^^ = (y2.6n)a;. Thus either y»-6n=0 or-^=a;. If 

we talie y*=fen we find from the second of the given equations a;*=on. If 

we take x= — ^ and substitute in either of the given equations we find tHat 
y-h 

^ is or is a root of the quadratic y' + (a— &-n)y+n6=0. 

8. Subtract the second equation from the first ; thus (y-z)(a:+y+2)=c'-&'; 
two similar results can be obtained by subtracting the third equation from 
the second, and the first from the third. Square and add ; thus 

Substitute in this the value of a;'+y^+2" which we obtain by adding toge- 
ther the three given equations, namely 

cx?+y^+z^=^{a^+h^+c^'-yz-zx-xy); 

thus (a^ + 52 + c«)« - {3 (^3 + zx + x?/)}^ = 4 (a* + 6* + c*) - 4 {h^c^ + c^a'^ + a^^). 

Hence we can obtain the value of yz + zx-\-xy; denote it by p. Then by 
adding the given equations we have 2 (x + y + z)^ -Bp=a^+b^ -^ c'^ ; thus the 
value of a? + y + z can be obtained; denote it by q. Then the three results at 
the beginning of this solution become 

5(y-2)=c'-6', q{x-y) = b'^-a^, g(2-a;) = o*-c'; 

so that Xj yt and z can be found. 

4. Square and multiply up; (a;'-4a5-8)*=8(a;' + 2a!; + ll) ; therefore 
(x«-4a;)«-16(r»-4a:) + 64 = 8(ar»+2a;) + 88; therefore (x^ - 4a;)'' = 24 (a; - 1)«. 
Extract the square root ; &c. 

5. By Art. 634 the number of solutions cannot differ by more than 1 from 

c c 

-T-, that is from -zrr in this case : hence e cannot he greater than 220. Since 

ab Z\j 

220 is divisible by 2 and by 5 we see by Case iv. of Art. 634 that the number of 

220 
solutions is -^ - 1, that is 10 : hence c may be as great as 220. 

6. Multiply up in the given relation, and transpose ; thus 

(a; - y) ojy + (x* - y*) z = (x' - 3/2) flcyz + (x - jf ) a^z' : 

divide by x - y ; thus xy-\-yz-\- zx=xi/z {x + y + z). And if we take any one of 
the proposed relations and simplify we shall find that it reduces to the result 
just obtained, and is therefore true. 
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'•(?)'-l'^-'^T--l'^-'^T'- 

Expand the two binomial expreseions by the Binomial Theorem as far as 
two terms, and add; thus yery approximately 

The last two terms are eqnal to r^r-^ )-*f t-^1 t that is to 

(jV+n)" [N+n 4ii ) 

- A iXT . — ^» therefore 

8. Let 11^ denote the capital in pounds at the beginning of the nfi^ 

Stt 
year. Daring the n^ year the income is r-~^ + '^^> ^® expenditure is 

xuu 

I (i^ + 200) -95; thus the saving is 96-^ (iSo'*'^^) ' *^* ^ ^^"^ * 

3u ' 897 

Therefore *«ii+i='*»+^^-ioo ' *^ niay be written w,»fi-6000=2QQ (u^-6000). 

Thus if 6000 be subtracted from the numbers which express the capital 

in pounds at the ends of successive years the remainders form a series 

397 
in Geometrical Progression haying the common ratio -----•. Therefore 

«^i- 6000 = (til -6000) (j?^) . Now whatever be the value of 11^-6000 

/397\* 
we can take n so large that the product of this into (tqq) Bhall be as 

small as we please ; and so u^^ - 6000 will not differ sensibly from zero. 

(397\* 
^ j . Put this equal to 2000 ; 

therefore f — j = g = Jq • Therefore n log '^ =log Jq ; therefore 

log 10 -log 8 l-31og2 this will be found to be a little 

log 400 -log 397 2 + 2 log 2 -log 397 ku »w «• 

less than 30, so that at the beginning of the 31st year the capital is a little 
more than £2000. 

9 1 - Wl, ^'V'-^- «^' , ^'^ 

^' !-«; + (»« ""l-a;Vi-«/ ~l-« (1 - »)^ (1 - «)» •"' 

Expand each term, and pick out the coefficient of x^, as in Example u 13. 

Again, putting - "*-,^ for c we find that l-«+cai'=c ( x) (iii+l-«) ; 

' °(m+l)* \ i» J 
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refore -= -3 = ^^— r f — . ., ■ ; — \ ; and by expanding 

that the coefficient of as* is : ( r | =• ( r J . 



10. Let I denote the integral part of (l+y/2)'t and F the fractional 
part. By the Binomial Theorem 

LI Li 

Nowl-v^2 is a negative proper fraction, therefore (l-v^2)* is a negative 
proper fraction ; denote it by - i" : thus 

[2 Id 



By addition J+jy- 2^^=2 + 2 ^ 2 + .... Hence ^-J7' must be -zero; 

and 7-2 is equal to a series of terms every one of 'which is divisible by 
2xx2, thatisby4x. 

11. Suppose that n integers are multiplied together. In each integer 
the last figure may be 0, or 1, or 2, ... or 9 ; so that there are 10** cases in 
all. The favourable oases are those in which all the last figures are odd 
numbers, one or more being 5. Now there are 5** cases in which the last 
figure is odd, and there are 4*^ cases among them in which no last figure 
is 5 ; thus there are 5** - 4** cases in which cdl the last figures are odd num- 

bers, one or more of them being 5. Therefore the chance is —j?^ • There- 

5«+i _ 4n+l 
fore when n+1 integers are multiplied together the chance is — Ta»+i — » 

6* — 4* 
this will be found to be less than ^ , by bringing the fractions to a com- 
mon denominator. 

12. Suppose that the first purse contains a sovereigns and m shillings, 
and that the second purse contains 6 sovereigns and n shillings. If a purse is 

taken at random the chance of drawing out a sovereign is ;r + s i 5 

if all the coins are put into one purse the chance of drawing out a sovereign 

is — r : these chances are equal if 

a+6+m+n ^ 

(a+6 + m + n){a(6+n) + 6(a + m)}=2(a+6)(a+m)(J + n). 

Bring all the terms to one side and simplify, and this reduces to 
(5i}i-an)(a+n»-6-n)=0; and thus the first part of the Example is esta- 
blished. 
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Again, suppose that o+m is greater than h+n; the chance is in 
fayour of the purse taken at random if (6i»-on) (a+m-6-n) is positive: 

this requires that an should he less than btn^ and therefore — less than - ; 

and thus the second part of the Example is established. 



LV. 
2. See Arts 307, S08. 
8. Let X denote the radix ; then 16640 = 4a^ + 4s^» 



, 4. (l-^)"'=l+2-^+3.(^Y+4.r|y + Subtract 2 from botli 

Bides;thns2=3g)%4gy 



+ 



5. Let X denote the number of persons to be elected ; then 2x+l de- 
notes the number of candidates: put n for 2x + l* There are n ways in 

which an elector may vote for one person, — ^-^ — - ways in which he may 

vote for two persons, ,0" ways in which he may vote for three 

LI 
rm -.K n(n-l) n(n-l)(n-2) . , 

persons, and so on. Thus 15 = « + — ^r — - + — ^ r^ + ... to as terms. 

If from the expansion of (1 + 1)^^^^ we subtract the first and the last terms tho 
remainder is twice the above series of x terms; thus 15=- (2**+^ - 2) ; there- 
fore 2*»*-i = 32 = 2«. Thus 2a; + 1 = 5. 

6. Let X represent the number of shillings, and y the number of francs ; 

then a;+-~^=495; therefore 26a; +21y= 26x496. One solution is a;=495, 

?/ = 0; the general solution is aj=495-21<, y=26<. Thus including the zero 
bolution there are 24 solutions, and excluding it there are 23. 

7. Add together the first two terms : thus we get -; rr. :t i ti"^* is 

^ ** (l+2)(i + zO 

I-7: — TTi — ST- Now annex the third term to this; thus we get 
(l + z)(l+2^ 

z* / 1 \ . z^ 
1 — 7j — ::- I 1 I . that is 1 : . Procced in this 

(UZ){1 + S»)\ l + zV'"""""^ (l+z)(l + 2«}(l + «^) -^^"^"^^ "* ""« 

gp-1 
way, and we obtain for the sum of n terms I-7; — r-z — 5 — -n — ;r» where 

•^ (l+z)(l + Z«)...(l+2«)' 

j5=2*, and g=2**"^. If we multiply both numerator and denominator of the 



fiaction by 1 - z we get for the sum 1 - ■ .. .. — . 
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8. l+2aJ*-(a*+2aj»)=l-««-2a»(l-aj)=(l-a;)(l+aj-2a!?») 

= (!-») (l-a»+«-«»)=(l-a5)»(l+flB+sB^+«+a^=(l-s«;)M(l+«l'+«'}; 
this is never negatiye. 

9. Let a and b denote the two quantities ; suppose n means are inserted 

between them. The m* term of the a.p. is a+ =- (6-o). The m*^ 

n+1 * 

term of the o.p. is a(-) • The former s=^-^ ^ ., ^ " ^ ; the 

\ay n+1 

latter s=(a*""**+*6'*~^)"+^: these may be regarded respeotively as the arith- 
metical mean and the geometrical mean of »+l quantities of which n-m+2 
are equal to a» and m-1 are equal to b; and therefore the former ia ibe 
greater by Art. 681. 

10. Let / denote the integral part of (2 + •v/3)^^ and F the fractional part. 
By the Binomial Theorem 

/+i!'=2*+aj2*-V3+^^^^2«^». 3 + ... 

Now (2 - V3)* is a proper fraction; denote it by F^: thus 

J7'=2»-aj2*-V3+^fi^2»-«. 3- ... 

4 

By addition 7+i!'+F=2«H-i+2^^pi^2«-». 3 + .. . Hence F-^r must be 

equal to unity; and /+l-.2*+'i is equal to a series of terms every one of 
which is diviEdble by 2a; x 2 x 3, that is by 12a;. 

11. Let a denote any prime number. By Art. 709 the highest power of 
a which is contained in [»is/(-)+/(-^]+... ; and the highest power of a 

wMch is contained in ([p)« [g is J |/^|)+ J(|^ + ...| +/^|) +7^^^^ 

We have to shew that the former power of a is at least as high as the latter. 
Suppose that o*' is the highest power of a which is not greater than p. Then 

there are r terms in 7( ^ j +/ f^ j + ... ; and the product of q into the sum 

of these r terms cannot be greater than the sum of the first r terms of 

j(^+l(^\ + ... The (r+l)«» term of the last series is ^(^), and 

this cannot be less than 7 ( i J ; for 7( - j=/(~:j j, and ({a*' is not greater 

than n. Similarly 7 ( -^^ j is not less than 7 ( -^j J . And so on. Thus the 
required result is established. 

T. K. N 
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IS. The observed eyent ia the result of the experiment. The probability 
pf this event on the hypothesis that the theory is true is p, and on the hypo- 
thesis that the theory is false is (1 -p) q. Therefore after the observed event 
the probability of the first hypomesis is p^{p+ (1 -p) q), 

14. Denote the bag with two sovereigns and a shilling by A^ and the bag 

vnth a sovereign and a shilling by JB, The chance of drawing a sovereign 

2 1 

from il is ^ and from Bia j:'. hence, when a sovereign has been drawn the 

2 i2 1) 4 

chance that it came from il is --f- j- + o( f ^^^ ^ ij'j <^d the chance that it 

1 (2 1) 3 

came from ^ is n ^ |d+ ol * ^^^ ^^ i' ^ ^^ second drawing be made 

4 
from the same bag as before the chance is = that it now contains a sovereign 

g 

and a shilling, and - that it now contains a shilling ; therefore the chance of 

4 1 2 

drawing a sovereign is -^^ai ^^^ is » • ^ ^^ second drawing be made 

7 « 7 

4 
from the other bag the chance is = that it contains a sovereign and a shilling, 

o 

and = that it contains two sovereigns and a shilling ; therefore the chance of 

4 18 2 4 

drawing a sovereign ^^^n+»^o* ^^^ ^ if • ^^^ ^^^ expectation see the 

Aly^a. 

15. There are two hypotheses; that the white bag contains the sove- 
reign and the four shilling pieces, or that it contains the two sovereigns and 
the three shilling pieces. The observed event is the drawing of a sovereign 
from the white bag, and a shilling from the red bag. The probability of this 

1 3 

event on the first hypothesis is ^ x - , and on the second hypothesis is 

2 4 

- X - . Hence after the observed event the probability of the hypotheses 

5 o 

3 8 

are ry and =j respectively. The coins drawn being now put back we have 

four cases which -mil be sufficiently described by referring as before to tho 

3 

white bag ; the following are the probabilities : ^ that it has now a sovereign 

3 8 

and four shilling pieces, — that it has now five shilling pieces, ^ that it has 

now two sovereigns and three shilling pieces, and ^ that it has now a sove- 

reign and four shilling pieces. The probability of drawing a sovereign from 

3 13 8 18 2 27 

the white bag is therefore ^ x g + ^gXO+g^ Xg + ^g x g, that ia ^^ ■ 
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Similarly the probability of drawing a sovereign from the red bag is 
3 2 3 3.8 2.8 !» .. 39 

22^6 + 22^S + 22^6 + 22^6'*^*"n0- 

16. Out of n persons of the indlYidoal^s age one will die every year: 

M. 1 M O M. ^ 

thus , , ,... are the respective probabilities of his living 

n n n 

1» 2, 3, ... years. Therefore -^ , -^ , -^ , ... are the present valnes 

of the payments to be made respectively at the end of 1, 2, 3, ... years during 
the life of the individnal. The sum of this series is found from Art. 473 by 

... »-l T 1 1 

putting a=.^, 6= -;j^, r=^. 



LVI. 

1. Take the logarithm of the product ; thus we have an infinite series of 
which the n^ term is logu^; and we must examine whether this series is 
convergent: if it is convergent the logarithm of the product is finite, and 
so the prodact is finite. If the series of which the n^ term is logu^ is 
divergent and negative the logarithm of the product is negative and numeri- 
cally indefinitely great; in tins case the product is indefinitely smalL 

2. Denote the given expression by P; then 
logP=«log»+log^^+log^+log^+...+log^-|^ 

=»log«-log(l+a5)-logri+|j-logri+|j-...-logri+^^ 

.. , ,/123 n\,l,2,3 , n 

Now log »=log f J. J. g....jj-j-j =log j+log j+logg + ... +log^^-y ; 

and thus logP may be considered as a sum of n terms, the first term 
being -log(l-f x), and for aU values of r greater than 1 the r^ term being 

alog-^-logf l+-j , that is -oBlogf l--j-logf 1 + - j. Thus if a; is a 

negative integer we have in log P the term - log (0^, so that log P is infinite. 
But if X is not a negative integer every term in log P is finite, and for all 
values of r which are numerically greater than x we can expand the r^ term, 

so that it becomes » ^i + ^ +^+...^ ^ ^? - ^+ ^-...^ , that is 

«+«' 1 1 

4 + terms involving -3 , zj » •••• Thus the r^ term bears a finite ratio to 

^ , and so the series which forms logP is convergent : see Arts. 771 and 562. 

N2 
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3. We may consider u^ as the product of n factors, the (r+1)^ factor 

^^« l^'Tlnl^l f ^^^ is ) 7 ) — lL: denote this by r^, . Then 

(7+r)(l + r) fn-5:Wi + l\ '^^ 



)ose r Bo 



logt^m=lo« (l + ") +log (l+^) - log ^1+^^ -log (l + J) . Suppc 

large that - , ~ , and - are all proper fractions ; then by expanding we have 

TV T 

log Vy+i= — ^-^ ^-^-ji + ... If a + i3-7-l IS positive logr^-i 

bears a finite ratio to - ; and thus the series which forms logu^ is divergent 

T 

and positive : therefore u^ increases indefinitely with n. 

4. Proceed as in Example 3. If o 4-/3-7- 1=0 we see that logr^j 
bears a finite ratio to -^ ; therefpre log u^ is finite when n increases indefi- 
nitely : therefore i»„ is finite when n increases indefinitely. 

5. Proceed as in Example 3. If a +/3 - 7 - 1 is negative the series whioh 
forms logu„ is divergent and negative ; therefore logtt^ is negative and nu- 
merically increases indefinitely with n : therefore u^ is indefinitely small 
when n increases indefinitely. 

6. Here — **- = r— ; thus by Art. 762 the series is convergent if x 

^n+i {a+n)x 
is less than unity, and divergent if x is greater than unity ; if a; is unity 
Art. 762 will not always decide. Put x=l, then 






if a is negative the series is convergent by Art. 766, and if a is positive the 
series is divergent by Art. 767. 

7. u^n\ (n) = — ^Si~~ r * ^^^ i® indefinitely great when n is ; for n" 

becomes unity since its logarithm, which is - logn, vanishes by Art. 769. 

n 

Hence the series of which u^ is the n^ term is divergent by Art. 771. 

■r^ t*- 2»-l 2«-2 1 ., , . . _^^ ., 

8. Here — "-= -,- -.-; thus by Art. 762 the series is conver- 

w^^-i 2n-3 2»-3 a; 

gent if X is less than unity, and divergent if x is greater than unity. If 

1 u f ^n i\ i(2n-l){2n-2) ,) 6n«-7n ,^, 
x=l we have n I — "^ - 1 ) :=« J' _ ., , — - - 1[ = .-^ 5-5; and the series 

is convergent by Art. 766. 
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u^ n* n» 



9. Here — ^ = , ^ . -> . ^r = -s 3-^ — 2>\ J with the notation of 

Art. 776 we have a— ul - 1=0, and bo the series is divergent 

10. Here —2- = - =-:;: x ^ r:^ = -in^ — 7 s ru^ ^ — • with the 

notation of Art. 776 we have a-A-l^q-p-l; the series is convergent if 
q "p ~ 1 is positive, and divergent if q -j9~ 1 is negative or zero. 

11. Suppose that from and after some fixed value of n the value of 
n log — ^ is always greater than 7, where 7 is positive and greater than 

"n+l 

unity. Then log — ^^ is greater than - , and therefore when n is large 

**fi+i »* 

enough log — ^^ is greater than log ( 1 + - ) ; see Art. 687. Therefore when 
«iH-l \ V 

» is large enough — — is greater than 1+-; and therefore, as in Art. 76G, 
the series of which the n^ term is u^ is convergent. 

It 

12. Here from and after some fixed value of n the value of log is 

^n+l 

positive and not greater than - or is negative. In the former case log---^ 

is less than log — = , by Art. 688 ; and therefore — ^ is less than = ; 

»-l w^i »-l 

in the latter case — ^ is less than unity. Thus in both cases -^^ is less 

W'f' 1 tr 

khan . Hence by Arts. 765 and 562 the series of which the n^ term is 

w,^ is divergent. 

18. Here ^ =MlHi±^= 1 (u^LX*., 

\ nx+xj 

therefore log -^ = -logx-log ( 1+ — -— ) - n log ( 1+ ^ j 
tt,H-i \ nx-^xj ''V nx-^a/ 

. a a^ nx nx"^ 

nx+x 2\nx+x)* nx-^a 2{nx-^a)^ 

But =1 ; thus we have 

nx+a nx + a 

, tt- ( , - a a tix* ) 

nlog— =-=n J-loga5-l + -— +rr-, ; — r« + — ( • 

«w+i ' nx + a nx+x 2{nx + a)* ) 

If » is greater than e~^ then -logx— 1 is negative, and the series is diver- 
gent by Example 12. If a? is less than e~^ then - log se - 1 is positive, and the 
series is convergent by Example 11. Ji xsie'^ then -log as -1=0; in this 
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case we nave n log— =- = 77- — —ri + 7 — --V7 — ^. + ... ; and by taking n 

liurge enough this approximates as closely as we please to the valne 5 : there- 
fore the series is divergent by Example 12. 

14. We have only to examine the case in which xssl ; then 



^M-i (rt + a)(n + ^) A^a\ A^gy 



I. Suppose that 7 - a - /3 is positive. 

Then a positive quantity h can be found greater than unity, such that 

when n is large enough — ^ shall be greater than 1 + - • For this will be 

secured if 1+-^^ h--4 is greater than ( 1+- | ( 1 + — - +-? )> *hat is if 

n n* ^ \ nj \ n n}J' 

y + l — a-B-hiB greater than ^" " — ap-y + _!^. qj^^ this condition can 

n nr 

obviously be satisfied by taking n large enough. Now, by Art. 686, a posi- 
tive quantity p greater than unity can be found such that when n is large 

enough ( I is less than 1 + - . Hence when n is large enough — 2. ig 

greater than ( ) . But, by Art. 662, the series of which the n^ term is 

-p is convergent when p is positive and greater than unity; hence, by 
Art. 764, the series of which the n^ term is u,^ is convergent. 

II. Suppose that 7 - a - /3 is zero. 

Then 3l will be less than ^ provided 1 +l±i±l + lt& ig less than 
**«+! » n n* 

^l+^Vl + ^ + ^^ , that is provided ^ +^ is positive. Thus if a 
and p are of the same sign -^ is less than . But, by Art. 662, the 

series of which the n^ term is - is divergent ; hence by Art. 766 the series of 

which the n^ term is u^ is divergent. If a and p are not of the same sign, 
take m a fixed positive integer so large that m+a/S is positive. Then 

_fWg>.^(n+m + l)(n-hm+7) V n J\ n ) y, ^^^ 

w-f 1 

ing out will be seen to be less than , and so the series of which the 

nth term is u^^^^ is divergent. Hence the proposed series is divergent 
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III. Suppose that 7 - a - /3 is negative. 
Here — — is always less than it is for a series with the same yalues of 

a and /3 in which 7 ~ a - j9 is zero; that is — — is always less than the corre- 

Bponding ratio for a series which has been shewn to be divergent in II. : 
therefore, by Art. 765, the series of which the nth term is u^ is divergent, 

16. I. Suppose that a - -4 - 1 is positive. 

Then a positive quantity h can be found greater than unity, such that 
when n is large enough — ^ shall be greater than . For this will be 

secured if l+- + _. + Jl + ... is greater than (l+-)(l + - + — 5 + -^+,..), 
» n^ TO* \ nj\ n n* vir J 

that is if a - ^ • A is greater than ^ + 5-^ + ... ; and this con- 

dition can obviously be satisfied by taking n large enough. Then continuing 
the investigation as in I. of the preceding solution, we see that the series of 
which the nth term is u^ is convergent. 

II. Suppose that a - il - 1 is zero. 

Then — ^ will be less than provided 1+-+-5+-.+ ... is less than 

M„4.i n n n' n' 

(l+-)( 1 + — + -o + -ii+- ) » tliat is provided A-\-B-'b-\- —+... 

\ n'\ n n^ fir J n 

is positive. Thus if A + B^h is positive, the condition will obviously 

be satisfied when n is large enough. TA A + B-h is not positive, take m 

a fixed positive integer so large that A + B-h-\-m is positive. Then 

^"^^ ■ will be less than provided 1 + - + ; :« + ... is less than 

>+-m+i ^ » + »! {n + mf 

IS less than (1 + -)U+— + — + = +...}, that is if 

\ nj inn* «* ) 

A+B-mA-(b^ma) is positive, that is if A+B-h+mia positive: and this 

by supposition is the case. Then, continuing the investigation as in II. 

of the preceding solution, we see that IJie proposed series is divergent. 

m. Suppose that a-A-^lis negative. 

Here — ^ is always less than the corresponding ratio for a series with the 
fi+i 

same values of b, c,... A^ B, Of,». in which a-il -lis zero; that is — ^is 

always less than the corresponding ratio for a series which has been snewn 
to be divergent in IL : therefore by Art. 765 the series of which the nth term 
is u^ is divergent. 
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16. Here i>.=»<^ -^)"^^/-^ "'•"- . 



I. Suppose a -A podtiye. If /3+1 is greater than a the series is cod- 




and since 7 is less than p we have 7 + 1 less than a, and therefore X (n) (/^q - 1) 
can be made as small as we please by taking n large enough, and the series is 
divergent. 

IL Suppose a- J. negative. The series is divergent by Art. 767. 

in. Suppose a-^=0. Then Pq becomes n — J- — — and we 

must continue the process as in Case L 

17. The second series is less than -r- of the first series, and therefore if 

Mo 
the first series is convergent so also is the second. 

If a; be positive log {l+x)iB less than x ; see Art 687. 

Thus log ^O % Jg Jggg ^jj^jyj ^ 

log ^ 7 ^ is less tl"ui ^ , 

log lie — L_z3_Ja.iB less than ^^- — , 

and so on ; hence by addition log (u^ + Vi + «s + ... + vj "" ^^ ^0 ^ ^ss than 

this shews that if the first series is divergent so also is the second. 

18. I. Suppose that from and after some fixed value of n the value of 
\^{n){Pi-l) is always positive and greater than 7, where 7 is positive 

and greater than unity. Then P^ is greater than l-i-rjf~~xi therefore 

Pq is greater than 1 + ^7-: + > / vTa / x ; wid therefore — -^ is greater than 
\ Hn) X(n)\3(»)* w^i 

^11 7 

"*"»"^ »y(») "*■ «5CS)x^' 
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'* nX(n){\8(w)}P' v^+i » X(») ( X'(») > 

X/»i+l) is less than X(«)jl+-r^J: therefore X*(»+l) is less than 

^ ' j wX(n)j 

X^ (n) + X ? 1 + -TT-^ f » and is therefore less than X' (n) -f -ttt-, . Thus — ^ is 
( n\{n)S n\(n) v^^ 



less than f 1 + - j}l+ ^"^ , ni+ ^ /.Tno/ v f » ^^^ therefore when » is 



»X(n)fr'^«'^(»)X'^(»)! 



large enough -^ is less than ( 1 + -)1i + -y7-\[1+ x/?>a/ xh P^^ 



»- 



vided 3 be greater than p. Hence when n is large enough — ^ is less thao 

1 1 r 

1 + - + -r-rr + X / x^Q/ V , provided r be greater than g. 
» nK{n) »X(»)X^(») ^ 

Since 7 is greater than unity we may suppose that 7 is greater than r, and 
yet have 'jp positive and greater than unity. Since 7 is greater than r we 

have — ^ greater than — 2i- , But, by Art. 770, the series of which the 

nth term is v^ is convergent when p is positive and greater than unity ; hence, 
by Art. 764^ the series of which the nth term is Uj^ is convergent. 

II. Suppose that from and after some fixed value of n the value of 
X'(n)(Pi-l) is never positive and greater than unity. Then Pi— 1 is 

positive and not greater than .„, . or is negative. In both oases -^^ is less 

**^^ ^"^w **■ »X(») "*" n\{n)X^{n) * 

T X 1 XI. ^'n H+lX(»+l)X»(n+l) ., ^/ ^v 
I^®* »»= x/ >V2, v ? then— 2- = X / V -TaTT" ' Now X(n+1) 

is greater than X(») |l+ ^ / \ - g 9\( \ i ^ ^*' ^^^J hence X®(»+1) is 

greater than X'(n)+Xjl +-^-j-Y~oJaw~\{ » *^^ therefore greater than 

X' (») + -TT-N — 5T-r-v » when n is large enough. Thus when a is large enough 
^ ' nX(») n'X(») ^^ ^ ^^ 



-^i-lS 



is greaterthan (l+^) jl+ A_ _ ^^^j jl+;jj^^„j - n'XWX'C) ! ' 



11 



and therefore greater than l + - + g^) + ^(„)V(„) ' 

Hence when n is large enough -»ii is less than -^ . But, by Art. 770, 

the series of which the 11^ term is v^ is divergent; therefore, by Art. 765, the 
series of which the nth term is u^^i is divergent. 
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Lvn. 

1. In Art. 795 put a=s5, 5=1; thus we find that the value of the ex- 
Xiression is ^24. 

2. By Arts. 794 and 795 the expression = (Jv? + 1)*- {Jti^ - 1)«, that is 
ii«+l-(»«-l), thati8 2. 

8. This may be shewn by indnotion. Assume that Pn=^?n-i* <^^ 
Pn-i^Hn-i^ we have 

Thns if the relation is true up to a certain value of n it is true for the next 
value ; and it can be shewn to be true when n = l| and when n=2 : therefor* 

it is always true. 

6 / * Jar* \~* 

4. Here jp^ is the coefficient of **~^ in the expansion of = ( 1 - = J , 

by Art. 796, that is in the expansion of + 7; r« + 7i — =— ^+...; 

L — ax (1 — ax)* (1 — oxy* 

then expand each of these terms by the Binomial Theorem, and pick out the 
coefficient of x^~^ in each. Again q^ is the coefficient of ai*^^ in the expan- 
sion of ■= r-r, that is in the expansion of —7; :r-s: — ; so that 

l-ax-hv? ^ x(\-ax-hQ^ x 

y„ is the coefficient of x" in the expansion of -^ r-r , that is in the 

1 — aaj-rwr 

1 bx^ h^ 

expansion of = + j^ — -^+ r: rs -{■..., We may observe that these 

l-ax (l-ax)^ [l-ax)^ "^ 

formulae for p^^ and q^ will furnish a direct proof of the statement of 

Example 3. 

5. This may be shewn by induction. We have jPn=«(Pn-i+Pn-a)» 
9n=«(2n-i + 9ii-8); therefore p,»+5»=n (Pn-i + ffn-i+PH-a+ffn-s)- Assume 

that 2)n-2+ ?n-8 = |^--lt and Pn-l+?n-l = [» ; ^'^^^ Pn + Jn = ** [^ + L^= |w + l. 

Thus if the relation is true up to a certain value of n it is true for the next 
value ; and it can be shewn to be true when n=l, and when n=2: therefore 
it is always true. 

6. We have l)n=a»P«-i + 5«Pn-a=(^n+i-l)l»n-i + *nPn-a; therefore 

Pn-^f^lPn-l = -{Pn-l-b^n--i)' ^^^^^^ Pn-^M-lPn-1 JJ «n» thus tt„ = -W,»_i. 

Hence we see that u^, ti^^ u^^ ...u^ may be considered to form a Geometrical 
Progression in which the common ratio is -1 ; therefore tt,j=Mj(-l)*~2=M2(-l)*. 
Similarly we can shew that q^ - 6»+i$n-i = (?a "" ^s^i) ( - !)*• 

7. Wehave jp*=anP«-i+&nl)n-a=»V»-i+{(»-l)^ + l}P»-a; 

therefore p»-(»*+l)i>n-i= -{Pn-i-[(»-l)''+l]jP«-a}- 

Denote j5n-(»'+l)l>»-i 1^7 Wn» thus «n=-«»-i» Hence we see that 
u^, tfg, t£4, ... 1% may be considered to form a Geometrical Progression in 
wnich the common ratio is - 1 ; therefore «n = «s ( - 1)**"' = tij ( - 1}**. 

8. In Art. 799 suppose Vo=l» *i=l» *'a=2| Vj=8, ... and let n increase 
indefinitely. Then the series becomes eqiuil to e"', and the continued frac- 
tion has the form stated* 
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9. In Art. 797 put x= -], i^o=^» ^=2> ^%=^i ••• <^d let n increase in- 
definitely. Then the series becomes equal to log (1+1), that is to log 2, and 
the continued fraction has the form stated. 

10. In Art. 801 put o=l, j8=0, 7=1, and change the sign of x; thus 
we deduce an infinite continued fraction of the first class for - log(l+a;); 

X 

every component has unity for denominator, the numerator of the first com- 

ponent is 1, of the second is -«, and generally of the (2r)**»is -r; — :rr^ , and 

z " (2r — 1) 2r 

oithe(2r+l)«.is^5:^). 

LVIIL 

1. From the first and second equations by subtraction we get x-y^=^~iut', 
therefore a;(l + a)=y(l + 6). Simiarly from the second and third equations 
y{l + h)=z{l-\rc) ; and from the third and fourth equations « (1 + c) = » (1 + d). 
Thus «(l + o)=y(l + 6)=z(l + c)=M(l+(i)=Jfc say. Substitute in the first 

equation; thus we get —-- == — -^ + -1- + =—" , , and as 5-T-=l-rr- 

1+a 1+6 1+c 1+d 1+a 1+a 

this is equiyalent to the required result. 

2. -=y+2, ?=2+fl!, -=ar+y. Subtract the second equation from the 

first; thus-- |=y-x; therefore ^ (^ + ^> = ^ (\+ ^) . Similarly by subtract- 
a a o 

ing the third equation from the second we get =^-~ — - = — ^ . Thus 

c 

^(l + a) y(l + h) 2(l + <j) 

— - — = — X — =— =Jt say. Substitute in the first equation ; thus we 

1 h e 

get ■=-; — = z — : + . Clear of fractions and reduce ; thus a6+6c+ca+2a6c=l. 

1 + a 1 + 6 1 + c 

^*™ a(l-6c)"(l + a)Ml-6c)"l + 2a+a«-6c-2a6c-a26c ' ^^^ 

1 - 6c - 2o6c=a6 + ca^ so that — - — --- reduces to jr— — TT i . sr » t^' 

a(l-6c) 2a + a'* + a6 + ca-a^6c 

is to-jr 1 z- . Similarly ^rr^— — r and — r^ — ,, reduce to the same 

2+a + 6 + c-a6c '' 6(l-ca) c(l-a6) 

symmetrical expression. 

3. - + - = !+-; this may be regarded as a quadratic for finding y in 
terms of x: solve it in the ordinary way, or use Art. 336, and we shall 

obtain | = - or - . Similarly we get - = - or - . If we take | = - and 
6aa; c a x ox 

-= - we get =a6c; therefore x=a; and therefore y=h and z=c. If we 

ex X 

take T=- and- = - we also get x=a, y=6, 2-=c: likewise if we take 
6 a ex ^ ' <^ » 
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7 = - and - =3 - we get x=a, y=o, 2=c. If we take t = - and - = - we get 
ox e a ^ >^» b a e a ^ 

^=a*\ therefore x=ka, y=hbt z—ke, where h is one of the cube roots of 

unity ; see Art. 360 : the last result includes all the others since unity is 

itself one of the cube roots of unity. Substitute in the last given equation ; 

thus h^ (a* + 6* + c*) = - 2 (a6 + 6c + ca) ; this gives the required relation ; if we 

cube both sides it takes the form {a^+h^+(^)*= -8 (a6+&c+ca}'. 

4. Square and add the given equations ; thus 

y' s^ s^ SK^ X* y* ^ 

z' ^ x^ z* y* * 
Multiply the given equations together ; thus 

3+ 3+-j+;j + -- + ^+2=a6c. 
V y x^ sr y^ «» 

Hence, by subtraction, 4 = a^ + &3 + c^- a6c. 

5 . Multiply together ; ic'yV (y +z){z+ x) {x + y)= a^l^c^, 

that is 0^6 V {«« (y-\-z) +y («+«) + «« (x+y) + ^xyz) = a«6»c», 

that is a%''(^ ja^ + 6^ + c« + 2abc\ = a^fcV. 

6. ^4:^±^3 .^^Jy±^; see Art. 396; therefore 

a3+b^-rj3^y3^^J^±^^(^jc-y)'--a?+y^l=15xy(x-j'y); 

therefore a^+b^^xf^ + y^ + lBxyix-k-y); also a'-6'=(a5-y)'; therefore by 
addition a^ =x^+(yx^y +ixy*=x{x+Sy)*i similarly by subtraction 6'=y(y+3aj)^. 

Hence a^ + 6^ = x^ {x + 3y) + y i (y + 3x) = («i + yi)'. Thus (xi + yi)* = A 

7. aS-c6=(«+y)«--«*-y«=6«y(a:» + y') + 10x*y«^+y); 
also a*-6'=(a5+y)'-a^-y'=8a!y(aj+y)=3arya. 

Thus a5-c5="-g^ X 668+10 (^^^J «=^9^(l^'+56»). 

therefore 9a (a«-c«)=6 (o»-6«) (2a8+63). 

8. By addition and subtraction 

therefore 2 1 I = - + - , and 2 1 I = . 

\ ac J ax* \ ac / ax 

Square and subtract , taus 4 f ) " ^( ) ~^* 

9. WeshaUfindthata^=-j +4+^+-:« +T3+-T + 3. and this is 

^^ y' a^ 2^ y" ar «* 

equal to 7+1. 
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10. From the first two eqnations we find «= — ^— , and w=a -r— ; stib- 

a 

stitute in the third equation. 

11. Multiply the first equation by y, and the second by «, and add; 
thus a(a;'*+y-)=y*+8x«y, that is a^y^+Sx^ Similarly p=a? + Sxy*; 

therefore a+p={x+y)^y and (a+/3)l=(x+y)*. Similarly (a-/3)i=(a5-y)'. 

Add; thus(o + i3)*+(a-/5)*=2(ai»+/)=2. 

12. Multiply the three equations together, and extract the square root: 

thus {x+y){y + z)(2-\-x)=:hSahcxyz; therefore ^^.tA}y±^y^L^^^,sdbc; 

xyz 

that is - + ^ +^ +- + - + -+2= dzSabc; therefore 
y X z y X z 

4c®-2 +4a' -2 + 46'- 2 + 2= ±8a6c: then divide by 4. 

13. Suppose each of the given fractions equal to Js ; thus 

x=h{a'+a^, 2y=k{a^+y^, 4z=k{a^+z^; 

multiply the first of these equations by y*-z\ the second by a«-aj*, and the 
third by x^ - y®, and add ; it will be found that the sum on the right-hand 
Bide vanishes; thus a;(y»-2*) + 2y (2"-aj») + 4z(x«-y*)=0. 

14. By addition and subtraction and division by 2 we get 3jc'+y*=aar, 
%2^.jp3_5y. multiply the former by y, and the latter by x; then by ad- 
'I'ition and subtraction (a;+y)'=(o+6)«y, {»-y)^={h-a)xy; therefore 

{x + y)'*={(a+b)(^]i, (aj-y)^={(a-6)c*}5; subtract; thus 

4c»=cJ{(a+5)^-(a-6)5}. 

15. a;'= - , y'= - , /= - ; substituting we get 

X y z 

e* I cy hi ft,, az ex e. , hx ay 
2a'=-^+ — , 26'==—+ — , 2c'=--+ '^; 
z y X z y X 



4(aa'«+W'»+cc'«)=.-^+--^ +-^+-— + -5-+-^ + 6a6c; 



square, multiply respectively by a, 6, c and add ; thus 

hh^ hah^ bc^a? 
y" scr sr y 

and by multiplication, 

therefore 4 {aa^+hb^-\- cc^-edbe=Safb'c^-2abc ; 

therefore aa'«+66'»+cc'»=a6c+2o'6V. 

16. There are 11 letters, among which a, t, and n each occur twice. 
Thus there are 8 distinct letters giving 8.7.6 permutations, that is, 886 
permutations. There are 7 x 8 permutations in which the letter a oecun 
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twice ; for any one of the other 7 letters may occnpy the first, or the seGond, 
or the third place in the permutation. Similarly there are 7 x 3 permuta- 
tions in which the letter t occurs twice, and as many in which the letter n 
occurs twice. Thus the whole number of permutations = 336 + 63 = 399. 

18. Let us suppose for clearness that the m - 1 walks are parallel to the 
length of the garden, and the n-1 walks parallel to the breadth of the garden. 
The person in walking must pass between n pairs of beds in the direction of 
the length of the garden, and between m pairs of beds in the direction of the 
breadth ; and the m + n portions of which his path may thus be supposed to 
consist may occur in any order. Thus the number of ways is equal to the 
number of permutations of m+n things taken all together, in which m are 
of one kind, and n are of another kind. 

21. p6=({B?+y2-2a!y)(y«+2«-2y2)(28+«*-22a5), 
5«=(xa+ya + 2a^)(y« + z2 + 2y2)(2a+a:« + 2aaj); 

hence we see that jp^'-f j* - 2r*= 

thus 16a;yz» - Qfxyz + jp« + g« - 2r« = 0. 

In the same manner we find that 

16a^/3* - 8r«a;yz"+i)V + r" - 2«"=0. 

From the quadratic in xyz we get jcyz= 7 (j* =fc ij2r^-p^ ; 

from the quadratic in xhfh* we get asVa* =7 (»^=*= tj28^*-p^^; 
therefore 4 (r« ± J28^^'^^f) = («'=*= J2r^-p^*. 

22. Since X=ax+a^x^ + ai, Y=hx+hiXi+h^t Z=«B+Ci«i + r._,, 
we have X {bc^ - bjc) + Y {ca^ - CjCt) + Z (abi - aj>) 

= Oj (^<^i - \c) + &a (coi - c^a) + Cj {abi - ctj)) ; see Art. 207. 
And since aX + 6 7+ cZ = 0, aiX+ J^ 7+ c^Z = 0, we have 

7 r— = = -X r ; see Art. 385. 

oci - o^c coi - (?!» ooj - a^b 

Substituting for Y and Z in the former result, we get 

y _ (6gi - bjc) {flg {bci - 6ic) + ftg (cO i - c^a) + c^ { a by - a^b) \ 

Similarly the values of Y and Z are known ; then by squaring and adding 
we obtain the required result. 

23. Suppose n= 2 ; then we have to shew that ?* + ?2 is less than P + j^t 

or that ^ ( I" - r ) is less than «i ( r* - r ) ' *^^ ^^^ ^ obvious since a, is 
less than a^. Now let » have any value; then when the fractions are 
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arranged so as to £^ye the lecut stun, in any pair of fractions the greater 
denominator must come under the greater numerator by what has just been 
shewn: hence the arrangement which produces the least sum must be that 
which is given in the former part of the Example. 

In the same way the arrangement which produces the greatest sum must, 
be that which is given in the latter part of the Example. 

24. (r) =(-^ r~ ) » *^® logarithm of this 

thus we may put the logarithm in the form 

25. In the preceding Example suppose that the same quantity is added 
to a and to 6; then the logarithm is numerically diminished, and as the 

logarithm is negative, the fraction ( r ] is increased. 
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1. aj-[2y + {32-8aj-(a;+y)}]+2aj-(y+32) 
=aj - [2y + {3a - 8« - a? - y}] + 2a! - y - 3« 
=a; - [2y + 3a- 4a8 - y] + 2»- y - 32 
=a;-2y-32+4»+y+2»-y-3z=7aj-2y-6a. 

2. aaJ*-6«« + c j a^flcS +(2ac-6»){B* +c' i asi^ + bx^-^e 

J a^3fi~dbgfi-\-acK^ \ 

ab^ + (oc - 6*)a:* + c* 

3. Multiply the numerator by 7 ; 

7a;3-4aj«-21a+12 \ 36a»+14a>-105a:- 42 / 5 

y 35g»-20a?a-105g+ 60 V 

34x> - 102 

Divide by 34; ««-3 \ 7a:«-4«»-21a!+12 / 7«-4 

/ W -21a? V 

-4ai> +12 

-4a:« +12 

Thus 0^—3 is the g.c.m. 
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. Sx-a g+Sa (3a;- g)(7a?+9g) + (g+8a)(5flg+3a) _ 

6a;+8a'**7a:+9a" (6«+8a)(7«+9a) "'*°' 

2a -I- g o-gg _(2tt+as)*-(a-g)^_ 

a2-«'"2a« + 3aa;+«*'" "(2a+aj)(o»-ar») 

6. Multiply by 15; 4aJ+l-5(6«-l)=15{«-2) ; &o. 

6. Mnltiply the second equation by 2 and add to the first ; &e, 

9 

7. Suppose that B overtakes Amx honrs ; then B goes xx^ miles ; and 

A goes (aj+ 2 J) x — miles : therefore -s- = -7- («+ 2i). 

8. Suppose a; the number of guineas ; then as +48 is the nmnber of half- 
crowns ; therefore 21« + - (a; + 48) = 2000. 



9. 



a< + 2a> -a+T ( a'+a-n 



o* 



2a« + a i 



2a» -»+7 
2o» + a« 

2a« + 2a-^^-a«-a+^ 
-a' -.-0+2 

10. (3-«)(3aj-l)=^; Sa;'- ^+8=0; 4^e. 

11. a-{2a-36-[4a-66-6c-(7a-86-9c-10rf)]} 
=a-{2a-86-[4a-56-6c-7a + 86+9c + 10cq} 

= a-{2a-85-[-3a+36+3c + 10d]}=a-{2a-86 + 3o-35-3c-10rf| 
r=a-{5a-66-3c-10d}=»a-5a+66+3c+10<£=-4a+6ft+8c+10rf 
s= -4+8+9 + 2=10. 

18. fl5»+6a; + 6 \a5'» + 6a5 + 8/ 1 



)a5'» + 6a5 + 8/ : 
/a^ + Saj + e \ 



a;+2 \a;'+6ap + 6 / aj+3 
y a;^ + 2a? V 

3a;+6 
8a; + 6 

Thus a; + 2 is the acv. 

14. 12a;' + Sloa; + 20a3 = (3j9 + 4a) (4^ + 5a) : thus (3a; + 4a) (4a; + 5a) may be 
taken for the common denominator. 

15. Clear of fractions; (a;-2)(a;-3) + 2(a;-l)(aE;-8)-t8(«-l)^-2); &c. 
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16. Add the equations and divide by 16; thns »-y=5. Subtract the 
first equation from the second and diyide by 2; thus x-Vy=VJ» Then add 
the two results ; &o. 

17. Let X denote the number of minutes after 9 o'clock. In x minutes 
the long hand will move over x divisions of the watch face ; and as the long 
hand moves twelve times as fast as the short hand, the short hand will move 

over =7? divisions in x minutes. At 9 o'clock the short hand is 45 divisions 

in advance of the long hand; so that in the x minutes the long hand must 

X 

pass over 45 more divisions than the short hand: therefore or ==^+45; 
therefore 12a; = as +540. 

18. Suppose that A alone could do the work in x days, and B alone in 
y days; then A can do — of the work in 30 days; therefore — = = . 

Similarly 15 +10 = 2 
X y 5 



19. 4a;«-a;(12y-4z) + 9y'»-63/3+2» ( 2a;-(3y-z) 

\^ 

I \-x 
>/-x(12y-42) + (3y-3)2 



4^ 

4a;-(3y-z) \-a;(12y-4z) + V-63/z + z* 



u 



20. 3(a;-3)-(a:-l)(a;-4) = (a;-l)(a5-3); &c. 

21. a - {3a - 56 - [7a - 96 - lie - (13a - 156 - 17c - 19d)]} 
= a-{3a-56-[7a-96-llc-13a + 166+17c+19d]} 
=o-{3a-56-[-6a4.66 + 6o+19d]=a-{3a-56+6a-66-6c-19(i} 
=a-.{9a-116-6c-19ci}=a-9o+il6 + 6c+19d=-8a + 116 + 6c+19(i 
= -8 + 22 + 1 + 2 = 17. 

23. We shall find that x+2 is the g.c.m. of si^-4: and a5^+10a;+16; and 
x + 2 divides a;^ - 7x - 18 ; so it is the a. c. m. of the three expressions. 

-, 23i^-x+2 1 , 4*2-1 ^ * 

24. r— T — 5 7i=7r — r, and-T7 =-=:2x+l. 

4»'* + 3a:+2 ac + l' 2a:;- 1 

25. Multiply by 60 ; 20 (x - 1) + 3 (11a; - 3) - 6 (3a; - 9).= 130 ; &c. 

26. Multiply the first equation by 12 ; 7a;+^=ll; &o. 

27. Suppose that they meet x miles from Ely. The first person takes 

x 60 

— hours ; the second person walks in an hour ^ miles, that is S| miles : he 

4y lo 

16 — a; a; 16 — a; 

therefore takes . hours to wftlk 16 -as mil^s. Thus jj = , that is 

9a;_ 8(16-a;) 
40 "" 10 ' 

T. K. O 
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28. Suppose that there are x benches, and that y persons sit on each 
bench : then the whole number of persons is xy ; therefore xy={x-{-10){y-l), 
anda:y=(aj-15)(y+2). Thus lOy-aj- 10=0, and -16y+2a;-30 = 0. 



29. aj^-4a5»+6aj*-8iB? + 9«*-4aj+4 [ »»-2«»+x-2 

^ 

2x»-2»» \ -4a5« + 6x*-8a5» + 9x«-4a; + 4 



c 



■;: 



4x5+ 4a* 



2x»-4x*+x J2x*-8x3 + 9x«-4x+4 
y 2x*-4x»-f x« 

2x'-4as? + 2x-2 ) -4aj3 + 8x2-4x+4 

y -4x8 + 8g'-4x+4 

45 
80. lla^-9x=-j-; &c. 

1x2 + 3x4 2 + 1214 3,.2>-9 8-1 

^^' 2x8-1x4" 6-4 " y-^' ^ ^ -9-8-1, 

4/(16 + 9 + 2)= «/27=3. 

on / 3 . A / 2 \ 6 8x 2x« . 

^2- U+^j (lo-^j = 100 - 10 + 10 -^• 

38. x*-115x+24 J24a^-115x» + 1/24 

y24x* -2760x+576 \ 

-115xS + 2760x-575 

Dmdeby-115; xS-24«+5\x* -116x+24/x 

/ x*-24x'+ 5x \ 

24x«-120x + 24 

DiYideby24; a^-Sx+lJx* ■^24x+5 / x + 5 

y x^ - 5x' + X \ 

6x''-26x+6 
6x*-2Sx+5 

Hhas 9^-6x+l is the a.cM. 
„. (l+x)(l+x) + (l-xUl-g) + l+g' _3 (l+xO 

86. x8-9x»+27a;-27-3(x'-6x"+12x-8)+3(x»-3a?+3x-l)-x?=9-x; 
that is -6=9-x. 

36. Multiply the first equation by 5, and the second by 3, and subtract ,* 
thus ^=7; &c. 

37. Suppose that he bought x sheep of each kind ; then he spent 3x+ 4x 

7x 
pounds, that is 7x pounds. Half his money is -^ pounds ; thus he can get 

-^ sheep at £3 each, and -^ sheep at £4 each. Therefore -^ + -^ =2x+2. 

D Do 



i 
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38. As 20 women are to receive £60, each woman receives £8. Suppose 
that a man receives £x, and a child £y. Then 15x+ SQy=177 - 60, os+y =6. 



85* 



X 1 
y 2xy ^2aj"*'4«» 



B* Vy "" 2 " 2aj 






40. 2a;(aj+l) + (aj-4)(4a;-3)=9(aj-4)(a;+l); &o. 

5x7~lx3 _35-3^32_ 38_«_27-25-2 

*^- 3x6-lx7""i637-T"'*' 3-6-27-25-2, 

4/(49+16)= 4/64=4. 

42. Each expression reduces to a (a? - ^ax + 2a?), 

43. jB^-l \a5"-«*+{c«-x2+a;-l / a?-a;+l 

-a:*+jc' +05-1 

«3 -1 

Thus aj'- lis theo.o.ic.; and therefore as' - a;^ fa?-a?+aB-l is theL.G.3f. 

^ a:'+5g+6 g»-h6a;+5 (g+2)(a;+3) (a;+l)(ai+6) _ (g+2) ( a;-Hl) 
• 7?+^ ^ ^+Zx " «(a}+6) ^ a;^a;+3) ~ t? 

46. Clear of fractions ; thus 
(2a;-l)(3aj-l)(6aj-l)+4(aj + l)(3aj-l)(6aj-l) + 9(a; + l)(2a;-l)(6a;-l) 

=36(a;i-l)(2x-l}(3a;-l); 
this reduces to - 84x + 12 = - 144a; + 36. 

46. Multiply the second equation by 8, and add to the first; thus 
58a: -29y- 29=0; divide by 29 ; 2a; -y— 1=0. Again, multiply the second 
equation by 3, and add to the third ; &c. 

47. Let X denote the number of gallons ; then the mixture is sold for 
12 {x + 80) shillings : therefore 12 (a; + 80) = 15 x 80 Tl + ^ V 

48. Suppose that A can do the work alone in x days, Biny days, and 

C in. z days ; then - + - = v;r» - + - = rr. -+-=;r:r. Bv addition 
»*»jp, loxou ^Ty j^2» X z 15 y z 20 ^ »^vaxwuu 

02 



II 



89. ^-*.?+x + 2^' ' * ^ y ' 
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2 (-+-+-) = ?; therefore -+-+- = —-, Thus At B and C together 

1 

can do z-r of the work in one day, and therefore can complete the work in 

10 days. 

49. Assume for the square root ^x+y/y; 
then as in Art. 801 we have •«+y=a-c, y/(xy)='s/{ah+hc-ae-b^); 
therefore (x-y)«=(o-c)*-4(o5+6c-ac-6«)=(26-a-c)«; &c. 

„ . 8 16-4a:-3 13-4a; ^ 13-4a5 12-8aj 
60. 4-r — = — : =— — — : 3-r 



4 



4-a; 4-a; 4-a? * * 4-« 13-4«* 

12-3a; 62 - 16« - 12 + 3aj 40-13a; 



i3-4a; 13-4aj 13-4a; * 

40-13X _ 39-1205 ^^ 89 -12a; . 

*^- 13-4» -40-13a>* "^^^^ *-40-13a:* 
therefore 13a;2 - 62x + 39 = ; therefore «» - 4a; + 3 = 0. 

51. "When the expression is worked out the coefficient of x is 
o + 6 + cfa+6-c-(6 + c-a) + c + a-6, that is 4a; similarly we can find the 
coefficient of y, and the coefficient of z, 

62. (s-a+8-6)3 = ^8-a)8 + (s-6)3 + 3(8-a)(a-6)(«-a+«-6); 
and s-a+«-6 = 2«-o-6 = c. 

53. a;*-2ar'»y + 6xy-2a^3 + 4y4 j a;*-3x32,+ 6a;y-3a;y» + 63/* / 1 

y sc*-' "la^y + 5.r%'^ - 2g;//3 + 4y^ \ 
- 7^y+ xY- ■Jcy^+ y* 

Divide by —y\ a^-x^y+xy'^-y^ \xl^-'23^y + 5xh/^-2xy^ + iy*( x-y 

J a^- 7?y + x^y'^ - xy^ \ 

- a^ + ix^y^- xy^ + 4:y* 

- ic^y+ SB*/- icy3+ y* 



3a; V + 3/ 

Divide by 3/; a?+y' \ a;^-a;V+«y'-y'' ( «-2/ 

y a;^ -^xy^ \ 

-xhf -y* 

-a;8y ~y3 

Thus a;*-f y* is the g.c.m. 

(a;-o)«+(a;-5)'-(a-6)^ ^ 2a^-2a»-2a;5 + 2a5 ^ 2(fl;-o)(ag-5) ^g. 
{x-a)(x-h) " (x-a)(a;-6) (a;-a)(a;-6) 

65. 9a;«-6a;+l+l6««-16a;+4=25a;«--30a;+9; &c. 

66. Clear of fractions, and simplify; thus we get a;- y =6, a;+y= -3. 

67. Suppose that A could complete the work alone in x days, B m y 
days, and C ia. z days. 3ince A^ B and C together can do a third of the 
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work in 3 days, -+- + - = -. Similarly -+- = -, and - = « • The last 

X y z o y z o z 6 

equation finds 0, then the second finds y, and then the first finds x» 

68. Suppose that in going from Aio B the person walks x miles up-hill, 
y miles on a level, and z miles down-hill ; then on returning he walks z miles 
up-hill, y miles on a level, and x miles down-hill. Thus 

3"^8i'*"3i"'^ 60 -''^» 3l"*"3i'^3"^^- 
Also a5+y-hz=7J. Add together the first and second equations; thus 
(a;+z) f-+?W?|=4|. Substitute for x+z\ thus ( "2 "" ^j ^ + if = ^i 
Clear of fractions ; &o. 



6»3-3a.9_3 I2a;«- 6a;S-h x 

a? 



^1 



12ic«-12ic« + 3«* 
-3(6a^-3a;«-3) 

12x8 - VZa^ + SiB* - 18»=* + 9«"^ + 9 



c 



8»9 - 12*8+ 6«7 - 37aj« + 36a;5-9aj* + 54x3 -27a«- 27 / 2x8-»2_3 

8^^ 

- 12a8 4. 6a.7 _ 37a;6 + 36jc5 _ 9a;4 + 54i53 _ 27a;a _ 27 

-12x8 + 6a;7- ajg 

- 36iB» + 36*5 - 9a;* + bAa? - 'ilx^ - 27 

- 36a;8 -I- 36«5 _ 9^4 + 54a;3 _ 27a;2 » 27 



60. Clear of fractions ; thus 

therefore [x^ - ««) a:6 = - (a;" -h^)xa\ therefore a; = or J (as^ - a*) = - a (a» - 62) *, 
the latter gives x^ (a + 6) = (a + h) ah. 



61. 24J«-|(aj-l)|ja;-|(a5-2)jja;-?(a;-H)j 



..2aj-aj-|-l 3a;-2aj+4 4a5-3a;+4 , ,,, 
=24 2 . ^^^, 1 =(aj-|-l)(a;+4)(aj-|.4). 

.^d (a;+2)(a;-t-3)(aj+4)-(aj+l)(a;+4)(aj + 4) 
= (a;+4){(x+2)(a;-|-3)-(a;-|-l)(a;+4)}=(aj-H4){«« + 5a;-f-6-(a;«4-6x+4)}=2(a:+4). 

^ «' g_ a^-fa*~2a:»a* _ (a;'-o«)« ^ ^ « a^-ga 
a* x^ "" o^a' "" a;^a'^ ' (i ~ a? " axx * 

Ua:^--o«)» )«. g»-o» _ (a;« - a^)* a» __ (a;»-oy 
( a:2aa J • aw "" aj*a* ^ar'-a=*'" a?V * 
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63. Mtiltiply the first expression by 7 ; 

7««-23a;y+6y« \ 35iB»-126a^+77ay'-42y» / Bx 
/ 36g»-115g;V+30gy« V' . 

- llaj^+47ay»-42y» 

DiTide by -y, multiply by 7, and continue the division; 

77««-329aw+294y»/ 11 



77g '-253gy+ 66y» 
- 76{cy + 228y« 



Divide by-76y; a;-3y \ 7aB^-23{cy+6y« / 7a;-2y 

— 2a:y + 6y* 

- 2ay + 6y« 

Thns a;- 3v is the o.o.m. 



64. The fractions may be expressed with the common denominator 
ir^ +0!^ + 1, and then added together. Or we may proceed thus : add together 

the first and second fractions; this gives - — - — . > — =^ —, which 

ar+flr + l 

reduces to -r — r — l ; then add this to the third fraction, and we obtain in 

iC* + sc* + 1 

., 058-05*+! 

the same way ^^^^^ . 

gg^ 4(x-3)-(a.-6)(.-2) ^ a.»-16-2(.^l)(05-5) 

(a;-6)(a;-3) (a; -6) (a; -4) 

(a;-5)(aj-4)(-aj8+12a;-24) = («-6)(a;-3){-x3 + 12a;-26); 
that is (a:»-9a;+20)(-a;2 + 12a;-24>=(a:S-9a;+18)(-«a+12a;-26), 
therefore (a;«-9a;)(-a;2 + 12a;) + 20 (-a:2 + 12a;) -24 (x»-9«) -20 x 24 

= (««-9«){-a;« + r2a;) + 18(-jB2+12x) -26 (a;S-9ic) -18x26; 
therefore 2(-a:«+12a;) + 2(a:»-9a;)=20x24-18x26; &c. 

66. Clear of fractions and simplify ; then the equations become 

fee— ay=0, 26a;- ay =06. 

67. Let X denote the number of pounds he gave for the house ; then the 

4a; 2626 

total outlay in pounds was ^+Tr^i that is -^. His loss owing to the 

house standing empty is reckoned at -^r- x tt^jt. Then 1192 — ^^ - -nr^^Kn, 

18 the gain ; and therefore this= j^ . 

68. Suppose thai at the first division x votes were given for the resolution 

and y against it; thena5-y=-y; andac— 10-(y+10) = l. 
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69. Transpose a nd square; as-2 s/xa+a=x+a-b-2 Mjb(x-^a-b)+h; 

therefore Jxa = ,Jb{x + a-b) ; square ; xa = b{x+ a- h); therefore 
x{a-b)=b{a-b), 

70. This equation can be solved in the ordinary way. Or we may write 
it thus: (aj-2)(aj-3)=(2+ -J (1 + 77) » and thus it is obvious that one 

solution is given by a;- 2=2+== , that is x=4t^. And as the sum of the 

no 

roots is 5, the other root is == . See Art. 836. 

71. >y{(2+6-3)«6}+Ay{(3+6)(26-24)}+4/{(6-2)(6-8)} 

= 4^5«+^8+;J^8=6+2+2=9. 

72. Each expression = a; (y' + 2?) + y(z*+{B«)+z(a5»+y*)+2ajy2. 

73. Multiply the first expression by 4 ; 

4iB9-16a;«-38a + 65 ) 20a;3_76a.j + 220a; -1700 / 5 

y 20g8 - 76g« - 190a; -H 325 V 

-aj2+410aj-2026 

Change the signs of the new divisor ; 

a^ - 410a;+ 2025 \ 4a;3 « iSj^a _ 38aj+ 66 / 4a; 



) \4a?- Ux^- 38aj+66 / i 
y 4a;8-1640«« + 8100aj V 



1625a;* -8138a; +66 

Divide by 13 and continue the division ; 

126a;»- 626a; + 6/126 

126ai«- 61250a; +253125 V 

60624a; -253120 
Divide by 60624; a;-6 \ a;*- 410a; +2025 / aj-406 



) )a;«- 410a; +2025/ a 
y x ^— 6x V 

-406a; +2025 
-405a; + 2025 



Thus a; - 6 is the o.o.v. 

74. Take for the common denominator (a-&)(&-c) (c-a), then the 
numerator is (c-6)6c(a;-a)'+(a-c)ca (aj-6)*+(6-a)ao(a;-c)', that is 
ji?{{c-b} bC'i-(a''c) ca+(6-o) a5}, that is s? (a- 6) (6-c) (c-a). 

75. Square; (a;-a)* + 2a6+6'=(a;-a)«+26(a;-a)+6'; 
therefore 2a5=2&(x-a); therefore as= 2a. 

76. ax+c7/+bz=hy cx-hby+az=hf 6a;+ay+cz=A, where h stands for 
a'+6^+c^-3a6c. Subtract the second equation from the first, and the 
third from the second; thus 

(a-c)a;+(c-6)y+(6-a)«=BO, (c-6)«+(6-a)y+{a-c)2=0. 
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Hence ^ - .V ? 

xieuce (c-6)(a-c)-(6-a)«""(6-a)(c-6)-(a-c)«"(a-c)(6-a)-(c-6)«' 
by Art. 385. It will be fonnd that each of these three denominators 
jreduces to aft + 6c + ca-a'-6*-c', bo that x=y=z. Hence substituting in 
one of the given equations we have (a + & + c) a? = a* + 6' + c^ - 3a6c ; divide by 
a+h+e; therefore x=a^ + h^+<:^-bc-ca-ai, 

77. Denote the length of the circuit by a miles ; then A walks Za miles 

in half an hour, that is at the rate of 6a nules in an hour ; similarly £ walks 

at the rate of 9a miles in an hour. And at the end of half an hour we may 

a 
consider that ^ is ^ miles in advance of £, Suppose that B overtakes A i^ 

_ rt 1 

X hiours; then 9axa5=- + 6axa!, thus3a«=-; therefore a;=^, 

2 2 6 

78. Suppose that a mackerel cost x pence on the first day, and y pence 

240 
on the second day ; then ^n" ^^ ^® number of dozens which could be bought 

12 
for a sovereign on the first day, and — is the number of mackerel which 

12 240 

could be bought for a shilling on the second day. Therefore — =2 x j^ , and 

10a5+10y=:26. 

79. We know that (p + g)' =jp^ + g' + Zpq (p+q)' Thus we get 

that is »3 = 2a+3a;4^(a«-aa-63^, that is a»= 2a -3a*. 

80. Transpose and cube ; thus 

«? + 8a*+16a;-l=(«+3)3=ic3 + 9x»+27a;+27; therefore ar»+ 11a: +28=0. 

81. This can be shewn by actual tniiltiplication. 

82. This can be shewn by actual development of the expression 

83. Multiply the first expression by 8 ; 

8iB* - 13aa» + 6aV - 3a3a; + 3a* \ 66«* - SOaa:^ + ^^ah? _ 22a^x + 32a* / 7 

y 56a^-91aar»+35a%»-21a3g;+21a * V 
llaa:^ - llaV - lla*a;+ 11a* 

Divide by 11a; ii^-ax^-a^x+a' \ 8a;* - 13aac» + 5a««»- 3a%+3a*/ 8»-5a 

y Sa*- Sax^- 8a V+ Sa^a; y 

- 6aa» + 13aV-lla«a;+3a* 

- 5aa^+ 5aV+ 5a^x-5a* 

8aV-16a8a;-*-8a*" 

Divide by 8a'; a:^-2aa; + a' Xa?- aa?- v^x-^c? i x+a 

J 7^ - 2ax* + o%B V 

aaj^-2a*a5+a* 

ax^-2(jfix+^ 
Thus «'-2aa;+a' is the o.c.m. 



MISCELLANEOUS EXAMPLES. 201 

84. The common denominator is the product of all the denominators ; 
•and the example may be worked in the ordinary way. Or we may proceed 

^, 1 1 2a; 2x 2x Aix? 4jb» 4«» 8a^ 

^^* 1-a; l + aj~l-a;«* l-«» l + aj« 1-a** \-9^ l+«<~r^' 

l-rBS'l+a^-l-xis* 

85. Clear of fractions. Or we may proceed thus : 

2a;+l . 1 XI. X 2«+l 1 

2a. J = 2a! H : therefore ^ ^ = ■ : 

^2«2 + 2a; + 3 ^ x + 1* 2a;8 + 2a; + 3 x + 1' 

therefore {x + 1) {2x + 1) = 2** + 2a; + 3 ; &o. 

86. Multiply the first equation by hc+ca + ah, and the second by 
a+h+Ci and subtract; thus (a^-bc)x+{b^-ca)y + {c^-ab)z=0. Combine 
this with the third given equation ; tnus by Art. 385, 

ag _ y g 

(6 + c)A~(c+o)A~(a+6)A' 

where h stands t6T a^+b^ + c^-bc-ca-ab. Thus we haye simply 

X y 2 , 

^ — = -^— = i=h say. 

b+c e+a a+b ■ 

Substitute in the first given equation and we find that h=^-, 

87. Suppose the amount of ordinary stock to be x pounds. Thus the 

5x 7A 
dividend paid to the shareholders in pounds is Joo "*" 100 ^ *^^^^ ' *^^^ 

therefore must be equal to =^ (x+ 400000). 

88. Suppose that the man walks x miles an hour up-hill, y miles an 

R A. P 

hour on level ground, aiid z miles an hour down-hill. Then - + - -|- -=.3||, 

X y z 

ft A K 

• +- + -= 4. And when he walks half way to B and back again he :sralks 
X y z 

5 miles up-hill, then 2i mUes on level ground, then 2) miles again on level 

C jr C 

ground, and finally 6 miles down-hill: thus - + - + -=3-J^J. Subtract the 

112 
first equation from the second ; ~Tr' ^^&^t multiply the second 

equation by 6, and the third by 4, and subtract ; — + -=4J ; &c. 

X z 

(__i^_^)J_ ( i6i-Vi9360 )i_ \m--Jm^)i 

Il61 + v/l9360) Ul6ir-19360i -( 6661 i 
= 1. |l61- V19360 j = ^ jll- Vioj : see Art. 801. 
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90. a(a!+&-c)+J(«+a-c)=2(a!+o-c)(x+5-c); therefore 

2a;»+a;(o+6-4c)=-2c*+(a+ft)c; therefore 
. g;(g+&-4c) / o+6-4cV _ , (o+&)c (a+5~4c)* _ (a+6)« 
^■^ 2 '*"V i ^y "■"'''*"~2~ ■*■ I6 ~"T6~' 

therefore «+ — . — = db — r— ; &o, 

91. 3«-[5y-{2aj-(32!-3y) + 2z-(a:-2y-2)}] 
= 3flj-[5y-{2a;-3z + 8y+22-a;+2y + «}] 
=3a- [5y- {a:+5y}]=3aj- [5y-a5- 5y]=3a!+ as 
= 4aj=20. 

92. These results may he estahlished by working out the expressiong. 
Or thus : by Example 81 if p + 5+r=Q we have p*+g*-fr*=2gV+2r*j9'+2p«5*; 
and thus of course each of them is equal to half the sum of the two, that is 

tol{p*+q*+r*+2q^r^+2rY+^P*q% that is to s(l>''+2'+0"' Then if 

we suppose p=x-yj q=y-z^ r=z-Xf we have p + q+r=0; and 
p^+q^ + r^=^2{x^+y^+s?-yz-zx-xy): thus the results are established. 

93. iB'+(»i-3)aj«-(2m«+3m)aH-6f»* \ {r3+(5m--3)««+(6ni«-16m)a;-i8m« / 1 

y a?+ (w-3)ag»-(2»i«+ 3m)a?+ 6m^ \ 

4mx^+(Sm^^l2m)x-24m* 

Divide by 4w; «« + (2ffi - 3) a; - 6m ) a^ + (m-3)flc»-(2ni«+3m)a?+6m« / i 

y g» + (2w~3)g»-6ma; \ 

~ma?-(2m^-Sm)x+Qm* 
- mx* - (2m* - 3m) x + 6m' 

Thus JB^ + (2m - 8) X - 6m is the o.c.m. ; that is (x - 3) (x + 2m}. 

nj rm- • *_ j.- «' (<J- 6) + 6' (a- c) + c' (6 - o) ., , . . 

94. The given fraction =-5^ — ^, — r^^^^ '- — 577 — ( ; the denommator 

a* (c - 6) + 6^ (a - c) + <r (0 - a) 

is Imown to be equal to (c - ^) (( - c) (c - a). The numerator is equal to 
(a-b) (6 -c){c- a) {a-{-b+c) : this may be shewn by actual work, or by the 
method of Art. 808. 

95. Clear of fractions ; thus we get 4 (x - 1)'^ ■= 0. 

96. Put u for the value of x-a, y-b, z-e; thus x=u+a, y=«+6, 
2=tt+o: substitute in the first equation, and we get 

(tt+a)*+(t*+6)» + (tt+c)8=3(tt+a)(tt+6)(tt+c); 

this reduces to^u (a*+6*+c* - bc-ca- ab)=Zabc-c^ - 6* - c* ; 

therefore t* = « (a + 5 + c). 

o 

97. Let X denote the number of sixpences, y the number of shillings, 
and z the number of half-crowns. Then x + ^ + 2 = 102, x = 2^ = 5e. 



X— Wi 
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98. Snppose that the distance from AioBis x miles, and that the dis- 
tance from Bio Gi&y miles. Then 57 + z ^^ *^® number of hours the per- 

son takes to walk ; and this is equal to -^ . And it is also equal to 



_^-+?4.1^ Thus -+^ = '*-^*^-^ + -+-- therefore ^-?+H. 



y 

therefore a;= 14 ; &c. 

99. x8+y«+z3-3xrz=(x+r+iO(^''+r»+z«-rz-zx-xr). 

NowX+r+2r=(a+6 + c)(a;+y+2); hence by the aid of Example 82 the 
required result follows. 

101. (4a5 + 2)*-(2a;+4)*=(3a;-l)*-(a;-8)*. 

Now (4aj + 2)*-(2a; + 4)<={(4a;+2)2+(2a;+4)»}{(4a;+2)«-(2a; + 4)«} 
= {(4a; + 2)» + (2aj+4)2}{4a? + 2 + 2a;+4}{4a;+2-2a;-4} 
^ {(4a; + 2)« + (2a; + 4)^} 12 (a; + 1) (a; - 1). 
Similarly (3a;-l)*-(a;-3)*={(3a;-l)3 + (a;-3)S}8 (a;+l) (a;-l). 
Hence we have either {x + 1) (a; - 1) = 0, or 

12 {(4a; + 2)2 + (2a; + 4)2} = 8 {(3aj - 1)' + (a; - 3)«} ; 
the latter reduces to ar* + 3a; + 1 = 0. 

102. Let X denote the middle number ; then (a; — 1) a; (a; + 1) = 15a; ; there- 
fore a;2-l=16. 

103. The second equation gives ^(x-\-y)=xy; thus 06;^= 18; substitute 
9-05 for y, &c. 

104. "We have given that x^pyz and y=g'(a;+z), where p and 5 are cer- 
tain constant quantities : therefore x—pqz(x+z). Now put a; =2 and 21=2 ; 

thus we obtain pq=2» Hence the relation between z and s is 4a;=z (x+2). 

If we put a;=9 we shall find 2=3 or - 12. 

105. '^(2-17x|)=9x-5=-^. 



106. 14 



^-?l'-(-S*l-?(-J)^ 

"2 



and 



14 14 28 

3 



Ti) '-^ 



2w 132 |2»-2 2n(2n-l) 132 

; therefore 7 — Vr? — rT\ = 



^^'^' |n-l| TO+l"" 35 ^ |n |n--2 ' ^^^^^-^ (»-l)(7i+l)~ 35 



therefore 85n(2n-l)=66(««-l) ; tterefore 4»«-36»+66=0. The only 
admissible root of this quadratic is 6. 



9 
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108. (2-l)'»=l«=l. 

in 

109. By Art, 528 the general form of the coefficient is ^^^ 



where j3 + g+r+« + *+... =-n ; and in the present case none of the quantities 
J), g, r, ... is to be greater than unity, so that the coefficient is In. 

110. (1'08)« is to lie between 1000 and 10000, so that its logarithm must 
lie between 3 and 4. Now 

108 2' 3' 

Iog(l-08)«=«logj^=a!log-j^=a;(21og2+31og3-2)=ajx -0334239. 

3 

Thus « may have any integral value not less than .fvoqioqa ^^'^ ^^* greater 

4 
^^^^^ AQOytoQQ * ^^ ^"^ ^ found that OS must lie between 90 and 119, both 

inclusive. 

111. Square ; 

o(6+aj- a) + 6 («+ a- 6) + 2 {a5 (6 +»- a) (a5+a-6)}i =a5 (a+ ft-aj) ; 

therefore a53-(a-6)*= -2{rt6(6+aj-o)(aB+o--6)}i ; 
square ; {«« - (a - 6)2}« = 4a6 {«« - (a - 6)2} ; 

therefore a:*-(a-6)«=0 or ar»- (a-6)"=4a5j 

therefore a;'=(a-&)' or (a +6)'. 

112. ^ + ? = «^^ = M!-2; now«+/3=-^, a/3=^; seeArt.335: 

thus 5+- = 2. And 5x-=l. Hence the required equation is 

/3 a ac i3 a 

x9-(--.2V+l=0. 



-e-') 



113. The first equation gives T^+y^^jzxy; thus x'+y'=20; therefore 
9?+y^- 2xy = 20 - 16 ; extract the square root ; &o. 

114. (aj-2)(aj-l) = (a;-4)(a;+3). 

115. Let d be the common difference; then the terms are 18 ^4d, 
18 - 3d, . . . 18 + dd, 18 + 4d : therefore the sum = 9 x 18 = 162. 



116. The common ratio 



l+y2^ ^ (l + V2)(3-2y2) ^^2 - 1. 



~3 + 2V2*l+V2 3 + 2V2 (3 + 2 V2) (3 - 2V2) 
The sum to n terms 

1 (s/2- 1)^-1 1 1-.(V2~1)» ^ 1-(V2-1)'* 

1 + V2 V2-1-1 ""l-hV2' ■ 2-V2 V2 

117. First consider those oases in which the last sign is posUive, In 
these cases every negative sign has a positive sign after it. Thus we may 
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consider that there are n inseparable pairs, each composed of a negative sign 
followed by a positive sign ; and p~n single positive signs besides. The 

\P 
number of these cases is -; — ^ — by Art. 497. Next consider those cases in 

\n \'p-n 

which the lout sign is negative. In these cases every negative sign, except 
the laatf has a positive sign after it. Thus we may consider that there are 
91-1 inseparable pairs, each composed of a negative sign followed by a posi- 
tive sign; and »-» + ! single positive signs besides. The number of these 

\p 

Then the sum of the two numbers 



cases IS 



l!LL 



p-n+1' 



^[n |j3-w ( p-n+1) (j?-w+l) |n [p-n *" [n |j)~n+l ' 

118. First suppose r not greater than m ; then the coefficient required 

is that which arises from the expansion of ^ J—J-A-ILJ. that is from 

(l-sc)^ 

the expansion of (n - m + 1) a; (1 - a;)""^ : the coefficient is therefore » - m + 1. 

Next suppose r between m + l and w+1, both inclusive; then besides 

n-m+1 we have to find the coefficient which arises from the expansion of 

-— -5, that is from the expansion of -x"»+i(l-a;)-2; that is --(r-m) 

(1 - xy 

by Art. 621: therefore the whole coefficient is TO-m+l-(r-m), that is 

w - r + 1. Last suppose r greater than n + 1; then besides the n-r + 1 just 

obtained, we have to fbad the coefficient which arises from the expansion of 

■z Tg, that is from the expansion of «'*+*(l-a;)~2; this is r-n- 1 by 

Art. 521: therefore the whole coefficient isw-r+l+r-Ti-l, that is 0. 

119. V(n' + l)-?i={V(n'+l)-«} ^i'''/^|"^^ = ,, , \, ; and. this 

is greater than -^ r , and therefore greater than -^r-, =t . Hence the pro- 

2n+l 2(»+l) 

posed series is greater than qJq + 3 + Z+"-(j ^nd is therefore divergent by 
Art. 562, 

120. Log Q^ 3 = -. 13 log 1-05= - 13 X -0211893=: - -2764609 

= - 1 + -7246891 =log -6303214. 
Log g = - 20 log 1-06 == - 20 X -0211893 = - -423786 
= -l+-676214=log -3768894 
Then ig | -5308214 - -37688941 = 20 x -163432 = 3-06864. 
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121. Transpose and square ; thus 

4+6«-a?-2(4+6«-a5*)i(««+8aj-4)i+a^+3fl!-4=8«; 

therefore (4+6aj-a!*)i («'+8«-4)i=:0; 

therefore either 4+5dB-x'=0 or 2^i-3x-4=0. 

122. Let p denote one root and 2/3 the other; thus ap^+hfi+c^O^ and 
4ap^ + 2(j3 + cs : therefore by subtraotion 8a/3" + &i3 = ; therefore P^^oZ* 

Sabstitnte this value for jS; thns r — ;r-+e»0; therefore 26*s9ac. 

^ mlm t/ 7 

128. ---^ = -— — -=.; therefore (a5+«)*+5(flj+y)=84; hence we obtain 
12 x+y-i-o ^ iff \ 9i 

1 1 JC + V 

06+^=7 or -12, Again ~+- = ^n5^; therefore aw= 12; &o. 
•^ jB y 12 ^ » 

flSV VZ gia? 

124. Let Xf y, z denote the three parts; then 4 =%'='^» ^^^ 

4g Bx 22 4s 2z 

C'f-tf+s=lll. Thusa5=-=-, y=-^- = 77. Substitute; c- +-5+ «= 111; &c. 

000 00 

125. See Art. 454. Both yalues of n must be positive integers. Thus the 
sum and the difference of the roots must be both even integers, or both 

odd integers. Therefore — r — must be a positive integer ; and ( -r- - 1 ) + t- 

must be a positive integer, and a perfect square ; moreover the two integers 
must both be even, or both be odd, and the square of the first integer greater 
than the second integer. 

126. We have to find the sum of n terms of the series - + — + — ^ + ... ; 

a or or* 

i-1 
,, lr» ^ l-r« 

the snm=- 



a 1_ ar*-i(l-r)' 

r 

mTrr • xi • J. XT. /> ^ • ^^ (witi — 1) . . . (tun — yi + 1) 
. We can give n things to the first person m — ^ ^^ 

ways. Then we have mn - n things left, and so we can give n things to the 

. . (wiii-») (m»-n-l)...(m»— 2» + l) . , -^ 

next person m ^ '-^ j — - — ways. And so on. The 

product of all these numbers is the whole number of ways in which mn 
things can be distributed among m persons. 



128. ^±l^={2-(l^x)\^(l-x)-* 



(l-x)^ 

= (l-«)-8|2?-«2»-i(l-(r) + ?^-^^2'^Ml-«)'-...| 

«= 2* (I - »)-» - n2«-i (1 - »)-« +^^^^^^ 2*-« {^ 
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Expand each term, and pick oui the coefficient of a:«+»'-i ; thus by Art. 621 
we obtain — ^^ ^-~ ^^-w2'*^ (»+r) + — ^-^r — ^2" '; xt will be found 

that this reduces to 2»»-3 { (n + 2r) (n + 2r + 2) + n}. 

129. As in Art. 529 we have 

g'+2r+3«=4, p + gr + r+«=3. 
The coefficient is 

that is 12 + 27 - 36, that is 3. 



p 


^ 


r 


8 


1 


1 





1 


1 





2 








2 


1 






n^ 



180. The »**» term of the series is —. Now it is easily seen that 

in " 

n'=n(n-l)(n-2) + 3»(»-l) + n; and therefore this term may be written 
13 1 



thus: 



n-Z 



n-2 71-1 



• If we apply this transformation to every 



term for which n is not less than 3 we obtain 



that is 



2' (111 ) 

14.^+1+3 + 1+5 J|^ + ^ + 2 + |, 



131. The equation may be written thus : 

V(aJ-3)(aj-5) + V(a5-3)(a;+5) = ^(aj - 3) (4a; - 6). 

Therefore either as - 3 =a: 0, or -y/{« - 5) + VC* + 5) = V(4a; - 6) . Square the last ; 
2x + 2v/(«* - 25) = 4a) - 6 ; therefore aJ - 3 = V(«* - 25). Square, &c. 

132. Let a and /3 denote the roots ; then a+/3= - : if a and j3 have the 

same signs this sign is that of - , and if a and /3 have different signs the 

sign of the numerically greater of the two is the sign of - . Similarly 

a 

-+-=-: and so the sign of - is the same as that of the numerically 
Q, p c c 

1 1 

greater of the two - and - , that is the same as that of the numerically 

OL p 

less of the two a and /3. 

133. Put x-a^tf y-b^u, 2 - c =i; ; substitute for x, y^ and z ; thus we 

get ^ + tt+t;=0, -+r+-=0, «^+i*^+i;2+2to + 2tt6+2w=0. From the first 

a o c 
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and second equations, by Art. 385, we have = =— -— =jfc say; 

c b a c b a 

Eubstitate in the last equation ; thus 

-"^>-''.">-'»' .y--.?:^i?4:^ir-S- 

134. Suppose that A takes x half-crowns, y shillings, and 2 sixpences ; 
and that B takes t half-crowns, u shillings, and v sixpences ; then 

6a;-h2y + 2=5«+2tt+t;; ' ^ =s ^^^ = =X; say; 

a5-|-y4-2=60, t+tt-ft>=60, x=t + 2. 

Thus fl;4<=3il;, y + «=2ifc, z+v=jfc; therefore a;+y+2+^ft*+v=6Jfc; or 120= Git, 
so that k=20. Hence a;+t=60, andx-£=2; tiierefore iB=31, £=29; &c. 

135. We have -=a+(p-l)&i -=a-|-(2-l)6. Hence, by subtraction, 

11 1 

=(p-?)6; therefore i = — . Substitute the value of 6; thus 

q P n 

-=a -1-^^^ ; therefore a=, — . Thus the sum of » temis= ^r (n + 1) — ; and 
q pq pq ^ m 

this =^^^o — " ^=jP2* 

136. Wehave6=-^r-, /3=---^, - + 1=-+--. 

2 "^ a + 7 7 a c a 

Hence (Sfl)»= ^ , / ,/ . But ^ = ; therefore 1-^-^ =i ^ ; 

^'^'^ (a+7)'* 07 oo o.y ac 

therefore ^^^^ = — . Thus (&i3)3 = ac 07. 
(a + 7f a7 

137. Take any 2 of the 3 consonants ; put either at the beginning and 
the other at the end of the word; this gives 6 cases. The remaining 6 
letters can undergo 16 permutations. Therefore the required number is 6 [6. 

138. We have (l+x)^=aQ+ajX+a^+a^+ , 

\ xj ° X x^ af^ ' 

thus Oo'-Oi'+aa'— aa*+... is the term which does not contain as in the 

/ 1\^" 
product of (1 + x)^ and ( 1 - - ] • 

Now (x,„)«.x(i-i)"'=(±tirM!:=^!ri)!!. 

The term which does not contain x is the ooefficient of x^ in the expansion 
©f (««-!)*•; and this is \ ,'— . 
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139. The nth term is — - . Now Tin is less tlian 2 ; for (1+1)*= l+n+... , 

60 that 2** is greater than n, and therefore 2 greater than ^n. Thus every 

1 
term of the series is greater than ^ ; and the series is divergent by Art. 557. 

140. We have fpm the given equation y = log (1 +is) ; therefore e^ = 1 + » ; 
therefore aj=cy- l=y+ 1^ +t^+ 

1 19 

Ul. aB»-3a;+7-V(«'*-3a5+7) + j=20J; therefore VCaj'-SaJ+T)- 2=^5 • 

The root ^ (a;* - 3a5 + 7) = - 4 does not strictly apply : take y/ (»'-3a>f 7) = 5 ; iSso. 

142. Suppose that x men stand in the front rank of the solid square ; 
then x^ is the whole number of men. In a hollow square 24 +x men stand 
in the front rank ; and as a hollow square is four deep the number of men in 
it is (24+a;)«-(24 + a;-8)«. Thus «a=4{(24 + aj)a-(16 + a;)2}=4(40 + 2a;) 8. 
Therefore a^ - 6^=1280. The only admissible root of this quadratic is 80. 

143. 6«2-a:y-12y«=0. Put y=ta; thus (6-f>-12tr»){B*=0. The solu- 

2 3 

tion x=0 will not apply; take then 6-v-12i;*=0 : this gives »=^ or -7 . 

Then substitute in the second equation successively y—-Q- and y=- -r-. 

144. Let V denote any number greater than 20. Then when the train 
moves at the rate of « miles per hour instead of 20 miles per hour, the 
increase of the receipts is ^(v-20), and the increase of the expenses is 
q{v- 20)^, where p and q are certain constant quantities : thus the profit is 
p (v - 20) - gr (v - 20)^. This profit also vanishes when f;=40: thus 
2(^ - 4OO5 = ; therefore p = 20q, Hence the profit is 5 { 20 (r - 20) - (r - 20)^ } , 
that is {{60t;-t;«-800}, that is 2{100-(t;-30)«}. Hence the profit is 
greatest when v=30. 

145. Let itf (13) stand for a multiple of 13. Then 

10=13-3, 100=if(13)-4, 1000=^ (13) -1, 

Hence 10* =10 xl08=if (13)+3, 

10«=10«xl08=^(13) + 4, 

10«=108xl0»=Jlf(13) + l, 

107=10 xl0«=3f (13)-3, 
and so on. 

Thus Po + 10=*i>3+10»i)g + ... = ^(13)+2)o-^8+2Je-..., 

10pi+10V4+107p7 + ...=if (13) -3(^)1-1)4 +iv-...). 
10Va+10*P5+1082)8+...=3f(13)-4(pj-p5+|)8-...). 

Hence finally the proposed number 

=3f(13)+Po-i>s + i»6---3(Pi-l>4+i»7--)-^(Pj-JP«+i'«--) 
T. K. P , 



210 



HISCELLANEOUS EXAMPLE& 



146. Let 



f =o+ar+ar"+... +ai*~S 
f'=a-or+ar*-... + a(-r)*"^; 



then 



$=a 



r*-l 



(-r)*-l 1 + r* 



f^ssa^ — — — r-^ = a ' , since n is odd: 
-r-1 1 + r ' ' 



iherefore m'= j^^.. ^ , and this is eqnal to the sum of n tenos of the 
series a* + aV* + a*r* + . .. 

147. Denote the straight lines by the numbers 1, 2, 8,...ii. Make a 
group of n intersections in the following way : the intersection of 1 and 2, of 
2 and 3, ... of n- 1 and n, of n and 1. Thus there are two, and only two, 
points on each straight line. And we see that we must take two points on 
each straight line, for otherwise there would be more than two points on some 
straight line or straight lines. In this way we see that the Example is 
equivalent to 12 of Chapter zxxiv. 

148. 4i=2T, 8A=2tV, 16'V=2A, ... thus the expression is equal to 2 

12 8 4 I / l\"-8 

raised to the power denoted by 7+o + Tg+32+ — » *^** ^'^'^ Iw''^) * 

that is by 1, 

149. As in Art. 529 we have 

2 + 2r + 3« + 4t=4, p + 2 + r + «+«=-3. 
The coefficient is p q r s t 

(-3)(-l)^(-3)(-4)(-8)+^"^^"^\-l)« 

. (-3)(-4)(-5) (-3)(-4)(-5)(-6) 

+ j^2 ^ -^^^ [4 ' 

that is 3-36 + 6+30 + 16, that is 18. 

150. Let the bases be a, avj ar', ...ar*~i; let the quantities be 
Aq, Aif A^i.'.A^-i'i and let x be the common logarithm. Then 

Thus the ratio of J^ to Aq^ of A^ to J^,... is equal to r*; so that x is the 
logarithm of this ratio to the base r. 



-4 











1 


-5 
-5 


1 

2 
4 
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151. 
therefore 
therefore 



2a;+l 



13 



3a; + l 
11 



2ic + 3 
12 3 



aj-1' 



2aj + 3 2» + 1^3a;+l a-l' 
4a;-20 3aj-15 



(2a; + 3)(2x + l) (3a; + 1) (a; - 1) ' 



thus either x=5 or 4 (3a; + 1) (a; - 1) = 3 (2a; + 3] (2a; + 1) ; the latter reduces to 
82« + 13=0. 
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152. The former part of the Example is contained in Art. 334. Now it 
is obvious that the equation is satisfied when x=a, and when x—b^ and 
when a;=c; hence the equation must be an identUy, This of course can h% 
verified by 9implifying the left-hand member. 

163. By division /^r^^=6; put y=ta; thus l + t8=6(l-rV: 
hence t;'=5 or ^ • Then from the first given equation x^ (1 + v^) — 6i; ; &c.. 

154. Suppose that bell metal contains x per cent, of copper, and therefore 
100 -a; per cent, of tin. Suppose that the mass which is fused together 
contains y per cent, of bronze, and therefore 100 - y per cent, of bell metal. 

Then from considering the quantity of copper, zinc, and tin, respectively 
in the mass, we have 

y 91^ 100 -y g _ 88 
100*100 ■*" 100 *100~100' 

JL A-ii 

100 '100 ""100* 

lOO'lOO"*" 100 • 100 ""100* 

From two of these equations the third will follow ; for by adding the three 
we obtain an identity. The second equation gives y=81|; and substituting 
in the first equation we get 2=75. 

155. Lei P denote the sum of the products of the first n natural num- 
bers taken two and two together. By Art. 225 we have 

{l + 2-f-3+...4-»r'=l'+2" + 3a+...-hn2 + 2P, 
that is j^|'^nf».HH2n + l>^^^ 

Hence i'=15!<^-lM(!!^='iMJ3„(„+l)-2(2«+l)! 

• (n-l)n(it + l)(3n + 2) 
24 

166. Let the numbers of the first set be denoted by a, ar, ar^,x\ then 

since the last three are in h.p. we have = — ^ - - ; thus aj=r — . 

ar air ar' x 2-r 

Again, let the numbers of the second set be denoted by a, ar, y, z ; then, as 

before, y=jr — ; and arz=y'; thus z=-;^ — r^ . We have then to shew that 
^ — r {^z — ry 

^ — is less than tj^ — -r, that is, that r(2 -r) is less than 1: this is evident 
2-r (2-r)'' ^ 

for l-r(2-r) = (l-r)2. 

P2 
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157. If there were no restriotion the number of different arrangements 
vould be 17. But we must exclude all the cases in which the blue and the 

green come together. There are 16 such cases in which the blue is before 
the green, and 16 in which the green Is before the blue. Therefore the re- 
quired number is 17-216. 

158. Let (5V2+7r==»+«. Now (6 V2 + 7) (5v/2-7)=60-4g=l: 
iience 5 V2 - 7 is a positive proper fraction. Therefore (5 V2 - 7)"* is a posi- 
tive fraction ; and it must be equal to a because (5 y/2 + 7)"* - (5 V^ - 7)"* is 
obviously an integer. Hence a (n + a) = (5 >/2 - 7)"» (5 ^2 +7)~ = (50 - 4»)» = 1. 

159. As in Art. 529 we have 



2 + 2r + 3» + 4l=4, !> + j+r + «-»-<=: -s- 



The coefficient is 



SJtMdkH 

,, , . 15 .. 135 815 815 ,, . . „ 
that IS -•;r+30+-Q J- + -Q- . that is 0. 

We may easily verify this result. 1 - 2a5 + 3a5* - 4055 + . . . = (1 + a?)"* ; thus we 

require the coefficient of oc* in {(l + x)~^}~2f that is in (1+ar)': it is obvious 
that this coefficient is 0. 

160. Let 2> denote the number of the population at the beginning of a 
month; then at the end of that month the number is jp+~ - ^, that is 



(-2)*. 
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Sp Ap 2401 

^"^2400"2400» **"**'" 2400 P- 



At the end of the second month the num- 



, *. • ,M . 2401 2401 ., . , /2401\« 

ber of the population in like manner is — r^ x ktc^ P» *^*^* ^ ( 2400 J '** 

Similarly at the end of the n*^ month the number of the population is 

/2401\'* 

( qI?v5 ) P* Suppose that the population is doubled in n months ; then 

/2401\* /2401\'* 

' ^ ;)=2p; therefore ( .^Tw^ ) =2. Take logarithms ; thus 



V2400y 



that is 
therefore 



, 2401 



V2400y 
= log 2, that is n (log 2401 - log 2400) = log 2, 



n= 



« {log 7* - log (3 X 23 X 100)}=log 2 ; 
log 2 '3010300 



4 log 7 - log 3 - 3 log 2 - 2 '0001807 



=1666 nearly. 
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161. Here «*+l=2(a:*+4a? + 6ic?+4a;+l); therefore by transposition 
«*+8x?+12x3+8»+l=0; divide by ««; thus {b«+^+8 ^«+i^ +12 = 0; 

that is («+-) +8 f 05+ -J +10=0. By solving this qoadratie we obtain 

c+-= -4jsV6; henoe x can be found. 

X 

162. Suppose that in the first race A ran at the rate of x miles an 

2 2 2 

hour, and B at the rate of y miles an hour. Then = ?7v , and 

X y oO 

^-j^ = ^. Therefore eO{y-x)=xy, and 60(a;-y+4) = (^-2)(a;+2); 

subtract; thus 120(a;-y+2)=-2(fl:-y+2); therefore x-y+ 2=0; &o. 

163. Simplify the second equation ; thus 2xy+4y=0; therefore either 

y=0 or X—-2. Substitute y=0 in the first equation and we obtain 

3 19 

x^ -_: substitute x= -2 in the first equation, and we obtain y=-^-. 

164. By Art. 384 we obtain ^ g+y+g . ^^^y+s; that is 

^ y+z+l+z+x+x+y-1 ^ ' 

X-^-y + z 1 

' - — r=aj+y+«. Thus either a5+y+«=0 or 05+^+2=^. Taking the 

former we get x=0, y=0, t=0. Taking the latter we get x=- (y+z + i), 
y=2(2+«), z=^{x+y-l): these lead to «=-, y=^, 2=-g. 

166. Let M(101) stand for a multiple of 101. Then 10«=101-1, 
10S=ilf(101)-10, 10*=Jf(101) + l, 10«=Jlf(101) + 10; and so on. Thus 
jP(,+10i)i + 10>s+10«p,+ ...=if(101)+po + 10pi-ya-102)8+iJ4 + 10jp5-... 

166, We have a=-^, c= — -,; thereforec(a + 6)=(6+c)6; therefore 

ae=h\ And 2a=5+c=6+— ^; therefore (2a-6){a+6)=2a5; therefore 

h^+ha-2a*=0 ; therefore 5=a or - 2a. If h=a then also c=a ; if 5= - 2a 
then e=4a. 

167. Take any two straight lines of the first set, and any straight line 

out of the other two sets ; thus we get — ^ ~ (n+p) triangles. In like 

n:ianner take any two straight lines of the second set, and any straight line 
out of the other two sets ; and also take any two straight lines Qf the third 
set, and any straight line out of the other two sets. And finaUy take one 
straight line from each set ; this gives mnp triangles. 



214 
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168 (1 -«)-•(! -«)*=(! -a;)*-*. Expand each, side and pick out tlw 
coefficient of i>f-\ On the left-hand side we shaU have to take the coeffi- 
cient from the product / 1\ \ 
Jl+2«+3a^+... + (r+l)« + ...j |l"wa;+ '* '^g" «'-»•■(; 

hence the coefficient is easily seen to he the quantity denoted hy a^ Thus 
«- must he equal to the coefficient of of^ in the expansion of iX-W^ f- 

Hence o^=0 if r-1 is greater than n-2, «^^,<h^y^^)^ C\}\f^ 
r-l=n-2. If r-1 is less than ii-2 we have a^=(-l)*-«a„_yby Art. §08. 

169. As in Art. 529 we have 

7 
5 + 2r + 4!e=e, jp + 5+*' + *=3' 

The coefficient iB l> « «• * 
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170. Let X denote the required logarithm; then (25)*= 50, that is 

(1 Q\ SX 1 QQ 
— - j = -^ . Take the logarithms to the base 10 ; therefore 

, <.v , ^/v.. , « XI- 2-log2 1-69897 , oi«o4 

2x(logl0-log2)=logl00-log2;thusx=2-^^-^ = ^3^:^ 

171. a; + a;"^ = (»? - 1 + x~% (aJ + a5~4). Thus we have either o^i + «"i = 0, 
or 1=- (xS-l+«-^). The former gives»l+l=0, so that a5=(-l)t=(- 1)4- 

The latter gives a5i-l+«"t=-7 , so that a5t--j-a5?+l=0, whence we get 

»i=4 or .\ therefore x=4i or f-j*=dL8 or ±g. 

172. (a+/3)»=^, (tt-i8)8=(a+i3)»-4ai3=^,-^. Hence the required 

X. . ^ /26« 4c\ ^6» /6» 4c\ ^ 
equation is a^-(^^ -^j« + aa (^? -"^J=0. 
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173. 64 (a? -«») = (a; +9y)*; therefore 146y«+18ajy- 68a;' =0. Put y=t;x; 

3 21 

then 14511^ + 18v~ 63 =0 ; this gives v= ? or - ^o • ^® second given eqna- 

tion may be written thus: {it*-x-i-y)^-'(^-x+y)=506; from this quadratic 
we obtain a^-x+y=2S oi -22, Substitute successively in these equations 

Sx . 21 

y = ~andy=.2^«. 

174. Suppose that A could reap the field alone in x days, ^ in y days, 

and C in 2 days. Then since the whole field is reaped by A workmg for 

12 12 6 X 2 

12 days, JB for 12 days, and O for 6 days — + — + -=1. Also - = ;r. Sine© 
"' " X y z y S 

11. 
A and together reap - + - of the field in one day, they could reap the 

X s 

whole field in days ; similarly JB and O together could reap the whole 

x+z 

field in -^ days: therefore ^- : J^ :: 7 : 8; thus — = -^. Sub- 
y+z ^ x+z y+z x+z y+z 

stitute -^ for y in the last equation, and simplify; thus we get Bx= 5z. Then 

substitute for y and 2 in the first equation. Hence we obtain a; =30, y=45, 

s=18 ; therefore - + - + -=-, so that when they all work together they 

X y z 9 

reap 5 of the field in one day, and therefore reap the whole field in 9 days. 

175. By the method of Art. 443 we can shew that any number of ounces 
may be weighed if we have two of each of the following weights: 1 oz., 5 oz., 
6* oz., 6* oz., 6*oz.,... If we do not require to go beyond 312 oz. we shall not 
require any weight beyond the two of 5'oz. ; for the least weight which 
would require us to use a weight of 6* oz. is 6* - 2 . 6' - 2 . 6' - 2 . 6 - 2 ounces, 
tnat is 313 ounces. 

176. Let the numbers be a, or, cu^, at^; then a(l + r + r' + r') = 16, 
a«(l + r» + r* + r«)=86; that is a (l + r)(l+r»)=16, o« (1 + r»)(l + r*)=85. 

Square the first equation and divide it by the second ; thus -i — ——r — ^= t;; ; 
^ 1+r* 17 

therefore 17 (1 + 2r + 2r« + 2/8 + r*) = 46 (1 + r*) ; therefore 

28 (1 +r*) - 34 {r+r») - 34r»=0 ; 

divide by r», therefore 28 /r» +^^ - 34 /^r +iV 34=0 ; 

therefore 28 Tr + i V - 84 Tr + ^^ - 90 = ; 

15 9 

therefore r+- = ^ or - = • The latter gives impossible values for r; the 

former gives r= 2 or ^ , and taking either of these we find that the numbers 
are 1, 2, 4, 8. 
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177. Sappose that the p men go to their side of the table ; on this side 
there are n -p places left; these can be Med up by any of the 2n -p - 9 men 

\2n-'p-q 
who ^ill sit on either side, and thus n-p men can be taken in 



ZLl^Zl 



ways. The remaining men will go to the other side. And In permutations 
can be made of the men on each side. Thus the whole nimiDer of ways is 

In In |2n-y~g 



I **""P I n-q 



1 flet. — 9v 

17Q. 1 = - — 5 . Hence we require the coefficient of «'*■ 

in the expansion of -^^ [^-27^^) " *^ coefficient is ^^[^^f^) • 

1 

179. Suppose that (lij? is less than h; then u^ is less than l*. Hence 
from and after a certain term the series is less than a Geometrical Progression 
beginning with that term and having the common ratio h. Therefore if it be 
less than unity the series is convergent. 

=<"+^Ms?T+2^rfi?.+8(»+i)»+-! 



-1— 



"T* ••• j 



[n+1^2(n + l)«^8(n+l)» 

, . 1 11 

-•^■*'2(n + l)"*' 8(n+l)« "*'4(n + l)» "*■••• 

" l^TPi'*" 2 (n+l)«"**8lSTl)^ "*"•••{ 
=1- 1 ' ^ 



2(n + l) 2.3(n+l)« 8.4(n + l)» 

Hence we see that as n increases this logarithm continually increases ; and 
therefore ( 1 + - ) continually increases with n. 

181. It is obvious that x= 1 is a root of this equation. And we may write 
the equation thus; 9a:«-l=4flc8(3a5-l), that is (3a;-l)(3»+l)=4flc8(3a:~l), 
so that another root is given by 8x- 1=0. Hence if we bring all the terms 
of the equation to one side we are sure that (x-l) (3x-l) will divide the 
terms: see Art. 832. On toial we find that the equation may be written 

thus : (»- 1) (3«- 1) (2a;+ 1)'=0, so that the roots are 1, - , and - ^ . 



r 
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182. Suppose that on the first occasion the ages ot A, B^ Bie a, ar^ 
ai^, respectively ; and let x denote the number of pounds divided on each 

ttOB 

occasion. On the first occasion A gets -— — — — j pounds ; and on the 
second occasion he gets —^J^^^-^^ pomids ; thus 

} «+g ?__j-,=i7i 

Similarly j^^J-^____^j^_3-j«=2J. 

And 01^+5=2 (a +5); therefore a(r"-2)=6. Divide the first equation by 
the second; thus g^\^^^^/.i5^ = 7, that is -J3^_j.=7, that is 

^^^i?^^^^ =7; hence ^=7, and therefore r=? Therefore a =20. And 
[r — 1) *• -*• 1 ^ 

then we find x = 1045. 

183. «+y-(a^)i=61, a;M («^+y^)= 78; therefore (»i+yJ)«=^'; 

subtract the first equation from this and we get 8 (xy)i=' — ^-61. From 

169 
this quadratic we obtain (ary)«=86 or --^. The latter gives impossible 

values : take the former and combine it with the first given equation ; hence 
we get 2=81, 16; ^=16, 81. 

184. x=ey+hz=ey+bll)x+ay); therefore x{l-h')=y(e+ah). Again 
y=az+cx=a(bx-\-ay)+cx; therefore y (l-a')=a5(c+a6). Multiply cross- 

wise ; thus x' (1 - 6') = y' (1 - o') ; therefore := 1 = rr^-ji . Similarly we can 

2* 

shew that each of these fractions also =7- -j • Also by multiplying two 

former results we get xy (l-a*) (l-6')=scy(c+a6)" ; therefore (l-o')(l-6*)=(c+a6)' ; 
therefore 1 = a« + 6H c^ + 2abc, 

185. Let a denote the last digit of any number ; then the cube of the 
number is equal to a' together with some multiple of the radix ; and thus 
the cube ends with the same digit as a^ ends with. Now suppose the radix 
to be nine ; then 0', 3* and 6' end with the digit ; 1', 4* and 7' end with 
the digit 1 ; and 2^, 5^ and 8' end with the digit 8. Thus the last digit 
must be or 1 or 8. 

186. By Art. 227, we see that 

(6 + c+(l + c)' = 3(6 + c+d+c)(6' + c« + d' + c«)-2(63 + c3 + rf' + c') 

+ Q{cd€ + bde •\-hce+ bed) ; 
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and a similar reBolt holds for "the cube of any multinomial. Hence we hare 

o»(l + r+r»+r«+...)'=3a(l+r+r«+r»+...)o«(l+r»+r*+f« + ...) 

-2«»(l+r»+f«+f*+...) + 6P, 

where P stands for the required product. Thns 



a' 






a>( 1 2 8 

therefore P«=-;r 



6 Ul-»-)' l-»^ (l-r)(l-r*)J 

^ IS 

I* 3P== — :5 we mnst have 7= — r^ = 7^ — -.-. — ^r ; therefore 1 +r= 3(1 - r); 
l-r* {l--»') (*-**)(l-' ) 

whence •'=o- 

187. Bappose that u^ denotes the nmnber of gallons of wine in the 
second yessel at the end of n operations ; then a - u^^ is the nmnber of gal- 
lons of wine in the first Yeesel. Take c gallons from each ; the c gallons 

taken from the first contain -(a-uj gallons of wine, and the c gallons taken 

c — _ 

from the second contain r tf» gallons of wine. Thus the nmnber of gallons 

of wine in the second vessel at the end of this operation will be 

c c / c c\ 
«*!»+ - (<»-"»i)- r ^» J *^8 ^® denote by tt^^j, so that tt^i= c+ (1 h)^' 

We may write this result thns: u^i-^^= ^1-^ -|j^tt^-^-^j . 

c c oh 

"n+i - 9. "^Pi^^n " 5)» vhere p stands for 1 r and 5 for — ? . Thus we see 

that V|-9, Vf"?* ^8 -?«••• form a Geometrical Progression of which the 
common ratio is p* Therefore u^- q = {Uj^- q) p^^^ip - q) p^\ for «i = c. 

Thus t«^= — r + (« niP » a^^c r=(l-i») — i n = — ^ » I 

^ a+6 \ a + bj^ a + b ^ ^^ a-i-b a + b a + 6 

therefore w-= — r (1 "l^*")* 

l + 2a8 1 « 

188. 7^ = :; + 



or 



!-«• 1—x l-tx+x^* 

thns (X+2*) (X-*')-i=(l-ai)-»+j^ ^1 + j^P 

Expand both sides and pick out the coefficient of a?*^ on both sides. On 
the left-hand side it is 0. On the right-hand side it is 1 from (l-xj~^; 

wLile :r - (l-J-= — ) =r ri + m . va ""-» and each of these 

l+«\ l+xy 1+x (l + «)« (l+a;r 



Bion 
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must be expanded and the coefficient of ar^^*-*^ picked out : see Example l. 13. 
In the identity thus obtained multiply by (- 1)** and transpose, and the 
required result follows. 

189. Here ^^ = ?"*?* = T-Ars • The value of f 1 +-Y when n is 

indefinitely great is e : see Art. 652. Thus the series is convergent if a; is 
less than e by Art. 559. By Example 180 the value of / 1 + -] increases 

>vith n ; and thus . ^ is always greater than unity for any assigned 

vahie of n however large; hence the series is divergent if a;=e by Art. 560. 
And a fortiori if as is greater than e the series is divergent. 

190. •= = — •- = -Tz m Ti • Thus the logarithm of this expres- 

l-a5-a5» + ar» (1 + as) (1 - of)* ® 

= -21og(l-a:)-log(l+a;)=2|faj+j+ j + .-.j-Taj-g- + -^-...^ . 

3 1 

Hence the coefficient of 4(^ is - if « be even and - if n be odd. 

n n 

191. l + 2««+x*=2aa!<l-a;«); divide by a^: thus -511.2 +aj^= 2a (--aj J ; 
that is (aj--) + 2a [x--)+4=0. By solving this quadratic we obtain 
« - -= - a+ V(»' - ^) i hence x can be found. 

X 

192. If x-y=z the expression vanishes. If a;=^ the expression be- 
comes z*{z-x)*; similarly it is necessarily positive if y=e or if z=ac If 
X, y, z are aU different, suppose this to be -tiieir algebraical descending order 
of magnitude so that x-y and y-z are positive. Thus a?{x-y) {x-z) is 
positive ; and z' (z -x)(z- y) is positive, for the lactors z-y and z-x are both 
negative : but ^' (y -z) (y - x) is negative. Now either x* or z^ is greater than 
y^\ and a;-z is greater than x-y^ and greater than ^ - z ; so that at least 
one of the two aj' (as - y) (x - z) and 1^ (z - a?) (z - y) is numerically greater than 
y^^'-^){y-^* Thus the whole expression is positive. 

193. The equations may be written thus : 

(x» + l)(y« + l)=m*ajy. n«(«»+l)y=a;(y»+l); 

hence, by multiplication, n*(a?+l)'(y»+l)y==w'«*y(y*+l). The solution 
y = is inapplicable ; y*+l = gives impossible values. Take M'(ar^-1)* = mV ; 



ma; 



therefore «* + 1 = ± — ; hence we can find as. And since (a^+l)(y*+l ) = m'ajy 

we get by substitution i - (y' + 1) = mhf ; therefore y* + 1 = ± mny : hence 
we can find y. 
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194. Put x=Jc{l-bv), y=Ir(l + av), e=X(l+a5t>*), and sabstitate in 
each eqnation. The firet becomes k(a-i-h+e+db€v')^0. The second be> 
comes ^ (1 + a&v*) {a-^b+c+ abcv') = 0. Hence both equations are satisfied if 

195. The m^ gronp begins with the {(m- 1) $+ 1}*^ term of the derived 
Arithmetical Progression, that is with --5^ + 03 + («*-l)2«3i •'^ ^ 
the smn of the terms in the group is 

that ic a+(m— 1)6. 

196. Let u^ denote the n^ term; then u^=a(^i-i+v»-i)> therefore 
tt^-tt,j_i= -i,(i*»_i-iV-a)' This shews that the series «j-«i, ^j-^b* 
w^^u,,... is a Geometrical Progression with the common ratio --. There- 
fore «i,-tii»^i=(«j-«i) T- 2 j = (*-**)(-2) * Thus ti,-fii=6-a, 

«s-«i=(6-«) (-2)' *4-«»=(^-«)(-2)»-«»-~»-i=(*-«)f-2)* • 
Hence,byaddition, fi^-«i=(i-a)jl + (-^)+(-iy+ +(_ iV"*! 

2 

197. First suppose two things a and &w The permutations are aib and 5a. 

Hence we form —. — rr and . ,. . > ; their sum =(- + rl r=-r. 

a(a-i-6) o(o+a)' \a h/a-^b ah 

Next suppose three things a, ft, and r. Consider those permutations in 

which e stands last : they are ahe and hoc Hence we form — -, — -m — ; 

•^ a(a+6)(a+6+c) 

1 1 

and - ,. . .„ — T ; their sum is . , ... > by the first case. Similarly 

6 (6+0) (6+a+c) «6 («+&+«} "^ '' ^ 

we get •=— ; — 7 — r from the permutations in which a stands last, and 

— ; — -T — V from the permutations in which h stands last» Hence the whole 

8um=— 7-3—— ( — + — + — )=s-Y-» Similarly haTing thus proved the 
a+b + c\ab be eaj ahe "^ ^ *^ 

theorem for three things we can prove it for /our; and so on. 
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198. The expression on the left-hand side is easily seen to be the 

term which does not involve y in the expansion of (1+^)** ( 1 + - ) • s^ow this 

= (n.*+y+5)"=(l+«)«jl+^j =(!+*)• 5l+nf+ !Li^>,«+ ...|, 

X 



where t stands for ., ^ » We have now to find the term which does not 

1 + 35 

contain y in the expansion of z^f^^j^j .,„ We easily see that there is no 
such a term in 2, g', z", .... In 2' the term is -: -5; in z* the term is 



(l + a;)^ 



__W5 _• and so on. 

[2 [2(l + »)4* 

1 , /n+2\"+i n + 2 A 1 \"H «+2 

199. «-= -TXT » "^liere v^= ( --^ ) ^ =3 ( 1+ — - ) -; 

hence when n is taken large enough v^ approaches as closely as we please to 

/ 1 \n+l 
the value «-l.. Hence u^ maybe considered to be equal to ( — =- ) when n 

1 

is large enough ; and as — r is less than unity the series becomes a Geo- 

metrical Progression in which the common ratio is less than unity, and is 
therefore convergent. 

200. By the method of Art. 549 the series is equal to the product of 
In + 3 into the coefficient of oi?^^ in the expansion of 

[ 2^ a? x*' \»» 

V*"*"]2'*"[3"^[4"^"7 ' 

this coefficient is the same as that of x* in the expansion of 



[ X ^ 0^ Y 

i^^"*'[2'^[3'^[4'*'-7 • 



AsinArt.629, g+2r+3«=8, i)+g+r+«=n. 

The coefficient is 

1 . , IX 1 1 «(»-lUn-2)/l\» 
n2+«(»-l)|2-|3 + -^-|J ^([2) ' 

n . w(n-l) n(n-l)(n-2) 



that is 



24 



12 



48 



n-1 



1 
3 




1 



1 




»-2 


»t-3 



Therefore the series = [n+S j ^ + ^ ' + — i -^ '- \ , 

201. By actual multiplication we obtain for the result of the first part of 
the Example l-^x-x* + a^ + afi+ x^ - afi - x^ - x^^ + x^^ -hx^* - ai^'^, Kow if we 
multiply out (1 - afi) {1 - x^il - ix^) ..., it is obvious that as far as «** inclusive 
the product will be 1 - ac* - «7 » x* - a^ - a^® - «** - x^*. Multiply this into the 
former result, and we obtain as far as a;" inclusive 1 - « - a;*^ + «^+ a^ - «•*, 
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202. It is easy to shew by actual mnltiplication, or by the method of 
Art. 808, that(o-6)«+(6-c)»+(c-a)«=-3(6-a)(c-6)(a-c); 

hence {a'-h'^)* + {b*'C^)*+ (c«- oV= -3(6S-a«) (c»-6«) {a*-(^). 

Divide the latter by the former, and the required result follows. 

203. We have to shew that B^^ is not less than 60 where -^=1 + Tq^ - 

104 
Nowlogi2i«)=1001og/Z=1001og^=100(log 104-2) = 100(logl3 + log8- 2) 

100 
=100 (log 13 + 3 log 2 -2) = 1-7033. Also log50=log-2-=2-log2=l-69897. 

Thus logE^<^ is greater than log 50; and therefore R^^ is greater than 50. 

204 Let X denote the value of the continued fraction z •; ... ; 

1+ p+ 1+ p-^ 

1 p-\-x • 
then x= J == -^ ; therefore »'+|a— p=0; therefore 

la.——— P + -*- + * 

p+x 

« = 2 ( -I' + Vp* + 4p) J therefore 2x-hp = Jp^ + ip : this is the required result. 

205. Let X denote the number of weights of 9 lbs., and y the number of 
weights of 14 lbs.; then 9x + 14^ =2240. One solution is ac=0, y = 160; the 
general solution is x=14<, ^=160- 9£ ; thus t may have any value from to 
17 both inclusive. Therefore there are 18 solutions. 

206. Assume 75 — 5-r-pi r^ = r — 5- + 71^ — ^; therefore 

(1 - 2x) (l-x)' 1 - 2« (1 - xy 

1 = A (l-flc)' + {Bx+C) (l-2«). Since this is to be identically true we may give 

any value to as ; suppose then 0;=^: thus 1=7-* ^^ that ^=4. Therefore 

l-4(l-a;)8=(Ba;+C)(l-2aj), that is (2a;- 3) (l-2a;) = (^a; + (7)(l- 2a;) ; 
therefore 2a; - 3 =Bx + C ; therefore j5= 2, and C= - 3. Thus 

Hence the coefficient of x* in the expansion is 4.2* +2n- 3 (n+1), that is 

207. Divide both the proposed expressions by l-a;; we have then to 

-u XT. X 1 +« + «;*+...+»" . , ., l + a;+a;*+... + a;*-^ ^ .,. _ 

shew that = is less than , or that twc* 

n + 1 n 

is less than 1 + a;+ a;''+ ... +flJ*~^ ; and this is obvious, for each of the n terms 

on the right-hand side is greater than x\ 

208. It is obvious that the expression n* - 4n' + 5n' - 2n vanishes when 
n = l ; therefore »- 1 is a factor of the expression, by Art. 332; and n is also 
a factor. Divide the expression by n (n - 1), and we obtain the other factor : 
in this way we find that the expression = (n - 2) (n - 1)''». Now one of the 



MISCELLANEOUS EXAMPLES. 223 

three factors n - 2, n-1, and n, is divisible by 3 ; if n be even both n and 
n - 2 are divisible by 2 ; and if n be odd (n - 1)' is divisible by 4. Thus the 
expression is divisible by 3 x 4, that is by 12. 

209. The nnmber of ways in which 5 counters can be drawn is the nnm- 

110 
ber of the combinations of 10 things taken 5 at a time, that is ffTf- The 

number of ways in which the 3 marked counters can be drawn~among the 
5 drawn is the number of combinations of 7 things taken 2 at a time, that 
17 

is rTT-= • Hence the chance of drawing the 3 marked counters is 

2 o 

1 7 110 8 4 6 1 

TTTT -^ TTTk » *^^* is Q ' ' , that is :r^ . Heucc the value of the expec- 

tation is j^. of a shilling. 

210. The n- i^rraJ^^^:^ = \ (-!)"= _!. (l_ A". Now 

»* n-1 \ n J n-X \ nj 

(1--) can be brought as near to e"^ as we please by taking n large 

enough : see Art. 552. Thus the series bears a finite ratio to the divergent 

series ;: + » + t + ••• > ^^^ ^^ therefore itself divergent. 
2 3 4 

211. Let Oi, a,, ... Oft denote the n quantities. Then 

2n 

Put for the square on the left-hand side its developed form, multiply by 
n-1, and bring all the terms to the left-hand side : thus we get 

(oi - Oj)* -J- (ai - Oj)'' -h . . . -F (aj - Oj)' -H . . . = 0. 
Therefore Oi-aj=0, Oi-a3=0, ... 03-03=0,... 

212. Put X for 6-c and y fore- a; then oj+y =-(«-&). Hence the 
first expression becomes 25 {{x + yY - x^ - y^} {{x + y)* - x* - y^}, that is 
25{a? + xy-i- y^)^lxy {x + y)x Sxy (x+ y) : see Example iv. 45. The • second ex- 
pression becomes 21 {(x+y)^-x^- y*}*, that is 21 {5 (« +y){x^+xy+ y^) xy]K 

213. Suppose that the expectation of life is x years. By Art. 595 we 

1 — /?~* fi 91 1 1812* 

have 1812i=160i^ where 5=1+4=^; therefore ~.-^^-l-R-': 

therefore S-'=l-^^^: therefore ^=S = S. Th"" 
, 21 , 8-0000 ., , log 8 -log 1-1872 -4025974 ^, . . 

" J°e 20 =^°8 fl872 = ^^''^""^ ' no83+log7-log2-l = ^1211893 = *^' " 
almost exactly 19. 
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214. V. al+' V - , =1^. ^-^; thus eveiy quotient is unity. 

Hence Pr=i=>r-l+i>r-J- Thus P4=r8+i>f. JP6=P8+l'4»-l»»=l»Jii-l+i»l«-lI 

therefore hy addition JPjn = Pi + Pi +P» +IV + • • • +l**»-i • 
Similarly ?r=2r-i+3r-iJ &c. 

215. Let 2 denote the numerator, and y the denominator; then 

5a;+ lly=1031. Divide by 6 ; thus »+2y +^-^=206 ; therefore ^^ must 

he an integer, say =f. Thus y=l+5^ and x=204- lU. As the fraction is 
to be a proper fraction we must have l + 5t greater than 204 -lli; this 
requires t to be greater than 12. Hence we find that t may have any value 
between 13 and 18 both inclusive. 

I« 

216. By Art. C48 we know that 777 — ^7^-7 =-, is identieaUy 

(«+l)(« + 2)...(a; + n + l) 

equal to —— + — 2. + ... + — ^^^^, where A^, J., ...J,^., are certain 
constants. Clear of fractions ; thus 

[n = ill (a;+ 2)(aj+ 3) ... (aj+ n + 1) + J, («+ l)(ac+ 3) ... («+« + 1) 
+^3(a;+l)(x+2)(a5+4)...(x+»-fl) + ... 

Now since this is an identity it is true for all values of x ; put - 1 for rj ; 
thus every term on the right-hand side vanishes, except that which involves 
All and we get |n = /li n, so that Ai = l, Again in the identity put -2 
for X ; thus every term on the right-hand side vanishes, except that which 
involves ,4,: and we get [n= -A^ | ^-I t so that A^^-n, Similarly 

A^= — ^ — -. And so on. The theorem may also be demonstrated by 
induction in the manner of Example 236. 

217. Put — for p, where m and n are positive integers. We have to 



m «— m 



shew that {a+h)^a ^ is less than . Suppose that there are m quan- 

n 

titles each equal to a +6, and n-m quantities each equal to a; then thoir 

.., .. , . m{a+b) + (n-m)a ., . . na + mb , ., . 

arithmetical mean is — ^ ^ , that is ; and their geome- 

n> n 

tricalmeahi^ {(o-f-ft)'»a*""»}* that is {a+iy^a " : the latter is less than 
the former by Art. 681. 

2 J 8. We have 3* - 1 = 81 - 1 = 80 5 therefore 3»+* - 3» = 80-3* ; thus if the 
digit in the tens' place of S'* is even so also is the digit in the tens' place of 
3»-N. But if n=l, or 2, or 3, or 4, the digit in the tens' place of 3" is even; 
therefore it is even for every value of n. Any power of 9 is some power of 3; 
and therefore the same statement is true for powers of 9. The statement is 
also true for powers of 7; it may be estabUshed in the some way as for 
powers of 3, observing that 7^—1=2400. 



MISCELLANEOTJS EXAMPLES. 225 

Again, 6*+i-6*=5»(5-l)=20.5«-M thus if the digit in the teiiB' place 
of 5* is even, so also is the digit in the tens' place of 5*^^ But if n=l, or 2, 
the digit in ihe tens' place of 5^ is even ; therefore it is even for every value 
of n. And 6»+i - 6* = 6» (6 - 1) = 30 . 6*-! ; and hence we may shew that the 
digit in the tens' place of 6*^ is odd for every value of n. 

219. There are three possible hypotheses, (1) that all the balls are black, 
(2) that two of the balls are black, (3) that one ball is black. Hence, 
assuming that before the observed event the three hypotheses were equally 
probable, the probability of the first hypothesis after the observed event is 



i-5-|i+|+^j'*^'"|- 



220. By Art. 794 the continued fraction y + -^ — 5 — . . . = ^(y* + 1) ; thus 

a5=^(y>+ 1) ; by Art. 795 the continued fraction x - ^ — g ... =-y/(a?-l) : 

since x= V(y^+ 1) it follows that y=y/(x^ - 1). 

221. Clear of fractions and bring all the terms to one side; then it will 
be found that the given relation may be written thus: 

(a+ft-c)(a-6+c)(-o+6+c)=0. 
Therefore one of the three factors must be zero. Suppose a+h~e=sOy then 

5*+c»-a' _ (g+6)«+6'-o» _gH-5 + 5-a 
2bc " 2b(a+b) 26 * 

222. Suppose t the value of each of the equal quantities; then 

a2=a«-<, y8=6«-«, ««=c«-<; 
an<i substituting we get 

Transpose and square; 

Therefore 2c' Aj(b^-t)(a*"t) = a«6* - 6«c" - aV + 2c««. 

Square again; &o. 

223. By Art. 595 we havep=^^^^, g= ^^f ^^ ; therefore ?=l+J2-«; 
therefore (12-1);)+ ^=2, that is rp+~ = 2, 

T. K. Q 
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224. >y(^' + y)=«+>y(^' + y)-«=^+ V(6V+L)4-a6 ' 

V(&«a3 + 2a5) + o& _^ . yJ{V^a^ + 2ab)-ab ^ . h 

2^ ^^ 2^ ^'*"V(6V + 2a6) + a6' 

V(6V+ 2a6) + a5 V(^V + 2a6)-o6 2a 
_ja + g = ^'' + V(6V + 2a6)+a6- 

Thus it is obvious that the quotients are a, &, 2a, (, 2a,... 

226. By Art. 337 the proposed expresnon is equal to 2 (a; - o)(x - j8), where 
a and j3 are the roots of the equcUion 2a;2_(21y + l)aj-lly* + 34y-3=0. 

These roots wiU be found to be ^ly +1=^(23^-5) ^ that is lly - 1 and - 1 + ^ • 
Hence the proposed expression 

=2(x-lly+l)^a;+|-|^=(aj-lly+l)(2a;+y-3). 

226. By Art. 658 the recurring series can be transformed mto two 
Geometrical Progressions, one arising from the expansion of and the 

ft ~" JB 

other from the expansion of - — , where ii and£ are constants, and a and /3 

p — X 

are the roots of the equation l^px-qa?=0. In order that these Geometrical 
Progressions may be both convergent x must be numerically less than 
both a and /3. 

227. l^iV+l>«^'+-+^nV ^3 ter than f i^i^+^^^^^ + '-^Pn^A ' ; 

ioT if we clear of fractions and bring all the terms to the left-hand side we 
obtain a series of positive quantities PiP2(<h^^i)^'^PiPii^i~^)^'^"- 
^a Pi^+P,<h+--^Pn<^n ia neater than «i + «i.+ - + ^n for if ^e ^leai of 

fractions and bring all the terms to the left-hand side we obtain a series of 
positive quantities {p^ -p^) (oj - Oj) + (^ — pj (o^ - ag) + .. . Hence the required 
result follows. 

228. We may suppose that a=5p+a, b=5q+Pf c=5r+y; where p, q^ r 
are integers, and a, p, y represent or ski or zk2. Thus 

{5p + a)» + (5q + p)^={5r+y)^, 

Therefore 7* - /3* - a' is either or divisible by 5. Now a', jS*, 7* must be 
or 1 or 4; and on trial we shall find it impossible to have 7'-/3*- a' equal 
to or divisible by 5 unless at least one of the three a, /3, 7 is 0. Thus one 
of the three a, &, c is divisible by 5. 

229. ^ Suppose, for example, that the number is to have 4 digits ; then the 
number is equially likely to be any one of the numbers which lie between 9999 
and 1000 both inclusive. Now beginning with 9999 and descending to 1000 
we see immediately that one number out of every nine is divisible by 9. 
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230. This can be yerified for the cases n=l and n=2, and can be shewn 
to be universally true by induction For 

ai» + y» = (jc + y) (a^~^ + y**~^) - xy (as'*"* + y*"*) ; 

let as = 3 + y/5f and y = 3 - \/5 ; then a;** + y* is the integer next greater than a^ : 
see Art. 526. Nowa+y is divisible by 2, and a;y=4: thus if ac^'^+y*"^ is 
divisible by 2^\ and x**-" +y«-« by 2*»'a, then a;»+y" is divisible by 2". 

231. Let ai?+ax+^ denote the commcm quadratic factor ; and suppose that 
' 9?+pa?+qx-\-r={a^+ax+^){x+y), and a^ + p'a^ + q^x+ r^ =({i^+ ax +p){x ■{■'/), 

Then equating the coefficients in these identities we get 

p=a+y, q=ay+p, r=py; 

Hence P-p' =y-y\ 2-2'=«(7-70» ^-^^^Piy-Y)* 

Thus the proposed expressions are equal, for each of them is equal to /3. 

232. It follows from the results in the preceding solution that 

q-q'_ »--r'_ 
;— a> /=P» 

p-p p-p 

233. Since the present value of an annuity of £100 on the Hfe of a 
person aged 21 is £2150, the present value of the annuity for the child would 

be £-^]]7 ^ the child were certain to reach the age of 21 years. But as only 

6 children out of 10 reach the age of 21 years the present value is 

. ^ 6 2150 .^ « 1 . 3 ., , 2150 , /.„ 100\ „^ , , ^„ 

^IQ^'m' ^^^ -^=^"*"iOO • **^^ log-^=log \^Z X -g-j - 211ogl-03 

^ 2 + log 43 - log 2-21 log 1-03 = 3 -0628 = log 1155. Therefore the present 
value=£^ x 1155 =£693. 

- . (2n-l)a--n 

^a— 1+ • 

\/{n^a^ - na) -\-na-n* 

(2TO-l)a-«- " "*■ (2^^1)a-w ^ ^y/{n^a^-na)-¥a{n-l)' 
V( »V-wa) + a(n-l) ^ ^> ' V(TO«a»-na)-a.(n-l) 

a a 

=2(n — 1)+ ,, a « r— . 

^ ' y/{n^a* - na) ^na-a 

By proceeding in this way we shall find that the first five quotients axe 
a - 1, 1, 2 (n - 1), 1, 2 (a - 1) ; of which all, except the first, recur. 



Q 



o 
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285. Let X denote the digit in the tens* place, and y the digit in the 
units* place; then the nnmher is lOx+y: hence lQ!f+x=^{10x+y)-l; 

therefore 19y-8x+2=0. Divide by 8; thus 2y-x+-^^=0; therefore 

- ^j" mnst be an integer, say =«: thus 8y+2s8c Divide by 8; thna 
o 

y=28+ Q ^ ; therefore -^ must be an integer, say =« : thus $=^+1, 

o 

Therefore y=8< + 2, and a;— 19t+5. Since x and y must each be less than 
10, the only admissible solution is x=5, and ^=2. 

236. This may be shewn by induction. It is obviously true when n=l, 
whatever be the value of x provided neither x+l nor x+2 vanishes. Assume 
then that it is true for a certain value of n provided no denominator vanishes. 
Change x into a; + 1« assuming also that as + n + 2 does not vanish. Thus 

1 n n (n - 1) _ 1 

«+l"(aj+l)(a:+2)"*"(x+l)(a;+2)(«+8) 

and ^ » • "<'*-'> 



a;+2 (« + 2)(a; + 8) (x+2)(a5+3)(aj+4) 
Subtract the second result from the first : thus 
1 2n 8n(n-l) 



1 




~aB+n+2' 

1 


1 1 


x+n+1 
1 


x+»+2 

1 



(x+l)(a; + 2) (a; + l)(x+2)(x+3) (x + l)...(x+4) 

Again^ subtract this from the first result : thus 

1 n+1 (n + l)n ^ 

x + l" (x+l)(x + 2)'^(x+l)(x+2)(x+3)""""«+n + 2' 

This is what we should get by changing n into n+1 in the first result : 
thus if the theorem is true for a specific value of n it is true for the next 
value. Hence as it is true when n=l, it is universally true. 

The theorem may also be demonstrated in the manner of Example 216 '^ 
as we may assume that the expression on the left-hand side is identically 

equal to — ^- + — -^ + ... + — ^-^ where A^, -4- ... il,^, are constants, 
x+i x+2 x+n + 1 * ■ "^* 

w-l 

237. We have to shew that x"-l is greater than n(x-l)x ^ ; divide 

jp»-l ^ gM-9 ^ ^. I 

by x-1; then we have to shew that — — is greater than 

n 

n-l 

X * . The left-hand member is the arithmetical mean of a set of n quan- 
tities, and the right-hand member is the geometrical mean of the same : the 
former is the greater by Art. 681. 

238. All these statements can be verified by trial for low powers and 
shewn to be universally true by induction. 

For 48 - 4 = 60 ; thus 4'»+« - 4"= 60 . 4»-i ; therefore the digit in the tens' 
place of 4**'^'' is even or odd according as that in the tens' place of 4** is even 
or odd. 
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Also 2»-2=S0; thus 2*+*-2«=30.2«-i; therefore the digit in the tens' 
place of 2**^ is even or odd according as that in the tens' place of 2^ is even 
or odd. We suppose that n is not less than 4. 

And 86-8=32760; thus 8»+*-8"=32760.8*-J; therefore the digit in the 
tens' place of 8**^ is even or odd according as that in the tens' place of 8** id 
even or odd. 

239. The cluuice that the digit taken is 2 is - ; and if the digit is 2 the 

chance is ^ that the digit in the tens' place of the power is odd : thus there is 

a chance of ^^ relative to 2. Similarly there is a chance of r^ relative to 4 
lo lo 

and to 8. And by Example 218 there is a chance ^ relative to 6. By 

o 

Example 218 the chance is zero relative to 3, 5, 7, or 9. Thus on the whole 
the chance is jg + jg + jg + g, that is ^g- 

240 Her« n_- ^^' + 3«+.2 . «n ^ (n+4)(2u8 + 3n+2) 

"*""(n + l)(» + 2)(n + 3)* u«+i (» + lM2(n+l)^ + 3(n + l) + 2} 

^ (n+4)(2n«+8n + 2) 2n»+lln« + 14n + 8 ^' + Y»' + 7n.+4 

(»+l)(2n»+7n+7)'" 2»3 + 9«'' + 14»+7 j^^ a . r, . 7 * 

»• + ^ n.» + 7n + ^ 

Thus with the notation of Art. 776 we have a-^ -- 1=0; and the series 
is divergent. 

Or we may proceed thus : By the method of Art. 647 we have 

2n« + 3n + 2 ^^ / ^ 8_ H \ 

(»+l)(»+2)(n+8)"2 \n + l n + 2"^tt+8y' 

and by transforming every term we find that the proposed series 

11 „ /I 1 1 1 \ 

= -l2 + H4 + 5+6 +••••*■«+•••)' 
and is therefore divergent by Art. 562. 

241, Here Os=o(ai+6i), and 6,= —^-^ ; therefore ajJ^ajftjiihus the 

theorem is true when n=2. We shall now shew by induction thait it is uni- 
versally true. Assume that for any value of n we have aj>%^<h^i* now 

«»fi=Q(*i+yi and 6^1=--^; therefore 



6i+a, 



'n 



This shews that if the theorem is true for a specific value' of n it is true for 
the next value. Hence as it is true when n= 2, it is universally true. 
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242. Add the first and ibe .second i^qnations ; thus se* + y' - a* - &' = 2jey ; 
therefore as - y= ± V(»' + &*) • similarly y - 2 = ± V(^ + c*), and 2-0?= ± \/(c*+ a*). 
Therefore, by addition, we see that the equations are inconsistent unless 
±V(aH^)±V(ft*+c')±\/(c*+a'^) = 0. If this relation does hold the three 
given equations are equivaJent to twot and are therefore insufficient to find 
the values of the three unknown quantities. 

243. .Let P denote the original capital ; then the person spends eveiy 
year 2Pr, when r= r?rfr: and we have to determine n so that P may be the 
present worth of an annuity of 2Pr continued for n years. Thus 
P=2Pr ^""^* ; therefore 1- -8-^=5; therefore i2»= 2, that is (l+r)*=2; 

therefore n log .-7:;:= log 2; therefore n=^ — r^— 4 — 5 — v= 18 nearly. 
'^lOO logl3+log8-2 ' 



.«. ^(^.-±j).„^(...i^^)-. 



4a + 2 
= + 



V(9a«+12o+6)+3a* 
PiitiVfor9o« + 12a+6. 

ViV-f 3a ^ jN-{a-\-2) 2g + l 

4a + 2 "*■ 4a+2 ^/^'+» + 2' 

2a + l "^Ja + 1 ■^^+3a' 

^/i7+ 3a /s/iV- 3a 2a+ 1 
_2 — =^a-\ 5 =a + — == , 

JN+Ba ^^ ^/F-(a+2) ^^ 4a4-2 
2a+l 2a + l ^"+a+2* 

jN'-{-a-\-2 jN^Sa 8 

4a + 2 "*• 4a+2 "^V^+3a' 

JW+Ba „ ^JW-Sa - . 4a+2 

^L__ = 2a+ ^^—5 =2a+— 7= ; 

8 3 jN-\-Sa 

the quotients will now recur. 

245. Suppose that the farmer bought x sheep and y bullocks; then 

^+5y=25; therefore 3a;+10y=60. Divide by 3; thus a;+3y+?^=16; 

v— 2 
therefore ^^-q— must be an integer, say =« : thus yr=2 + 3t, and x=10-10t. 
o 

Either 85=10, and y =2; or «=0, andy=5. 

246. If each term on the left-hand side is expanded the whole coefficient 

of ^rwmbe found to be \-f^ j- + 4^ +S7^^T7i^+-| '^ 
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In 1 

the coefficient of a;** on the right-hand side is (- 1)**t — r= — . . "We 

' !r \n-r m-n+r 

have to shew that these are equal. Put n'-r=8; thus Ve have to shew that 

- + — ; =-v + —7 rrr — sr + ... = . This may be shewn by induc- 

wi m (m - 1) m («i - 1) (m - 2) m-8 

tion. It is obviously true when s=l, whatever be the value of m provided 

neither m nor m - 1 vanishes. Assume then that it is true for a certain 

value of 8 provided no denominator vanishes. Change m into m-l 

assuming also that m-a-1 does not vanish. Thus 

1 8 8(8-1) 1 

- + —, Ti +—, -.x/ ■ »> + ...= 



m m(m-l) m(m-l)(m-2) "* m-8* 

1 8 8(8-1) 1 

m-l"*"(m-l)(m-2)"^(m-l)(m-2)(m-3)'*" m-8-1' 

Subtract the first result from the second: thus 

1 2a 3«(«-l) 1 1 



m(m — l) m(m-l){m-2) m{m-l) {m-2)(m-S) '" m-8-1 m-s* 

add this to the first result ; thus 

i g + 1 (8+1)8 _ 1 

m m{m-l) m(m-l)(wi-2) '"" m-8-1' 

This is what we should get by changing 8 into «+ 1 in the first result : thus 
if the theorem is true for a specific value of a it is true for the next value. 
Hence as it is true when s=l, it is universally true. 

247. Transfer all the terms to the left-hand side ; then omitting those 
which cancel we have a series in which each term is of the form 
(oP-jp) (a«- 6«): these terms are positive, for both factors are positive, or 
both negative. 

248. By Format's Theorem N^~'^=l + hn where k is some integer ; raise 
both sides to the power nT~^ ; then on the left-hand side we have iV*» ; and 
on the right-hand side we have by expansion l+pri^, where p is some 
integer. 

249. There are six hypotheses with respect to the notes to be regarded 
as equally probable before the observed event. (1) Three of £6. (2) Two 
of £6, one of £20. (3) Two of £5, one of £10. (4) One of £5, two of £10. 
(6) One of £6, two of £20. (6) One of £6, one of £10, one of £20. The 

2 2 

probability of the observed event on these hypotheses is respectively 1, g > « » 

- , 5 , 5 . Hence after the observed event the probabilities are respectively 

u o O 

3 2 2 111 

10' iO* 10' 10' iO' 10* ^® ^^^^ ^* *^® ^®^ ^*^ ^ pounds is 

1 1 ( ) 250 

therefore - x -- |3x3x5+ 2 x30 + 2 x 20 + 26 + 45 + 36 | , that is, -^, that 

25 
is -— , that is 8^. 
o 
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250. 



4 

-12 



1 + 0+ 8-12+ 4 
4 + 16 + 28-128-832 
-12-48- 84+384 + 2496 



1 + 4+ 7-32-208-448 



^ aj*+8a»-12aj+4 , ^ „ «« , o,.o « 448flj-i - 2496x-« 

ThnB — — — -=a5*+4a5+7-32ar^-208fl8~' = — ; ^^ — 

•^""" a:«-4a;+12 ^-r^-ri o«j ^ia» {r»-4a;+12 

261. The first equation may be written : xV (y -1) +x{y -1) -4(y -1) = 0. 
Thns either y-l=0 or a:^ + a!-4=0. Take y=l and substitnte in the 
second equation; thns we &ida(=l. Then take 0^*^+0-4=0; the second 
equation is a^y'+a5(y-3y') + l=0: substituting for ac^ from the former 
equation we have (4 - x) ^ + x (y - Sy*) + 1=0; therefore 4y* (1- x) + ay +1 = ; 

A 1 4 *** X 

therefore 4y* (1 - x) + - = ; therefore «■ = -7 — rr . And y = — 5- ; therefore 
' ^ ' X x(x-l) ' X* 

; therefore (4-x)*(x-l)=a^; therefore 16-24x+9a^»0; 



('-?)■- 



x(x-l) 
therefore x=g : and then y=n • 

• 252. We have Oi-a=ai-o, a,-ai=Oi-a+d, <ij-<ij=ai-o+2<I, ... 

9* ^9* ^1) 
ay-aj,^i=ai-a+(r-l)d; therefore, by addition, Oy-o=r(ai-o)H 3 — d. 

And as 0,^2 is the Bameas&weget&-a=(n+l)(ai-a)+^ — ^ — ; therefore 

0^-0= — 1 ~ A ^' ^^ determines <ii-at and then a^, a,, ... become known. 

We thus find that ai=o+-^ - -s-i and that a-=6- ]-— T + -7rl ; ^^ ^^ 

* n + 1 2 ^^ (n + 1 2 ^ 

suppose h greater than a : then in order that <ii,a^t...a^ may lie between a 

& — o nd 
and & we must have o^ greater than a, and a^ less than & ; thus , - -^ 

and -^ +^ must both be positive, so that d must lie between — ; • " ? 
n+1 ^2 ^ nin+l) 

w(n+l) 

D 

253. The value of r is here — . Suppose that the terminable annuity 
is £A per annum; then 100=? + -(l-JJ-»»); therefore 12=-(l-JJ-»): 

Si *t Q1 

therefore .i=12x— x j^_^^,,o ' Now J2=l+r=l + gg:=^; therefore 
logJ^»•= -301og J^= - 30 (log 13 + log? - log 11- 3 log 2) = --43680 

c -1 + -66320= log -3658. Thus -i=12xgg x ,g =-645 nearly. 

254. When.y/(a*+l) is converted into a continued fraction every quo- 
tient after the first is 2a; thus p»=2ap„_i+jj„_,, gn=^n-i-^9n-%' ^o 
series (1) of Art. 614 becomes 0, a, a, a,... : and the series (2) becomes 
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1, 1, 1,...: therefore by that Article (a'+l)g'n=«P»+l'n-i» l>n=«^n+5'n-i» 
From the first of these four equations j>,^_x= ^"~^**"^ ; change n into n+1, 

and substitute in the third equation: thus (gg + 1) gn= ^'^^ n ^'* — + J>n-»i» 
therefore 2(a'+ 1) j^=tp,^i + p,^i. Again, from the second equation 
gn,i= Q ' » change n into n + 1 and substitute in the fourth equation: 

thus Pn= ^"^^2^""H g,-i; therefore 2p^:±g^i+y^.i. 

255. Suppose that the boy bought x apples, y pears, and z peaches ; then 
a!+y+2=12, and g+y+22=12. By subtraction -^-«=0: substitute for z 

in either equation ; thus -^+y=12. Hence -= must be an integer; say =^; 

therefore a;=5<, y=rl2-9t, and2=4<. If <=0 we geta;=0, y=12, 2=0; if 
*=1 we get 05=5, y=3, 2=4. 

256. Assume , ^ =j +— ; therefore 

(X-<.,(l-?) ^- 1-^? 

a+fix=J ( 1 — 1+^(1 -ex). Since this is to be identically true we may 

give any value to %^ suppose then x—-\ thus a+-=-4 f 1--^], so that 

A= — \i — -~, Again, suppose that x—c\ thus a+6c=^(l-c*), so that 
D «+^ mv a+&B a+6c 1 c(ac+6) 1 , ., 

fore the coefficient of o^ in the expansion is ^ r- —■ — \ — r-i c*. 

257. Consider the » numbers 1', 2^, 3*, ...»'; their arithmetical mean 

. l« + 2« + 3 «+...+n« ., . . (n + l)(2n + l) ... ... 

IS y that is ^ '-^ ; their geometrical mean is 

1 i 

{!". 2*. 3*...n*}*, that is {[n}"; the former is the greater by Art. 681. Again 

consider the n numbers 1", 2^, 3^ ... n' ; and proceed as before. 

258. By Format's Theorem iV**~~^=l+ibi where h is some integer ; raise 
both sides to the power »: thus iV*''*=(l + Jtn)"=l+/)n* where 'p is some 
integer. Therefore (A'"» + 1) (iV** - 1) = pn*. Now N"^ + 1 and JV* - 1 cannot 
both be divisible by n ; for if they could, their difference, which is 2, would 
be divisible by n : and this is impossible except n=2. Thus when n is not 
equal to 2, we see that A*^+ 1 or iV"* - 1 must be divisible by n'. Moreover if 
n=2 then N must be an odd number, so that JV*"+1 and N^-\ are both 
even ; and therefore one of them must be divisible by 4, that is by 2*. 
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259. It is an even chance whether the number taken is odd or eyen ; in 
the former case the digit in the units' place of the square is odd, and in the 
latter case it is even. 

Again, 0^, 1», 2', 8", 6*, 7*, 8* and 9' may all be considered to have an 
even digit in the tens' place ; and 4' and 6' have an odd digit. Also, N and 
k being any integer, N^ and {N+ lOifc)' have both an even digit or both an 
odd digit in the tens' place ; so that it is sufficient to consider the cases 

2 1 

0^, 1^, 2', ... 9'. Hence we see that ^tt or ^ is the chance that the digit in 

lU o 

the tens' place of the square is odd. 

Similarly with respect to the digit in the next place it will be sufficient to 
consider the cases 0«, l^, 2*, ...(99)*: moreover since (60 + a)*- (60-a)'=200a 
the results for the numbers between 51 and 99, both inclusive, are respec- 
tively the same as those for the numbers from 49 to 1, both inclusive. On 
trial it will be found that there are 59 cases in which the digit is even, 

41 
and 41 cases in which the digit is odd. Hence we see that jjr^ is the chance 

that the digit in the hundreds' place of the square is odd. 

260. Suppose that the expression =il-\-AjX-hA^+A^+ ... , where 
Ai, A^, A^t ••• do not contain x. Change x into ex ; tnen we can infer that 

1 + ex 

z — -(l+AiCX-¥A^+A^<^a?+...)=l+AiX+A^+.„ Clearof fractions; 
X "■ ex 

then equate the coefficients of of: thus A^+A^i<f=Af-Af^ie; therefore 
^r-i(c+0=-^r(l-0; so that J,=^ii±^Zll^^j. This will determine 

in succession every coefficient: thus ^q denotes 1; therefore Ai= ^^ ^ ' ; 

. c(i+c) , c'(i+i )a+c) _ 

•4fi=-T — r-^i^-T^ — v// o> ; and so on. 
* 1-c* * (l-c)(l-c*) 

261. a* + o'/3»+/3*=(a«+/3»)«-o«/3«={(a+/3)«-.2a/5}«-a«/3« 

^f^ 2cy fty_^ ^ ^ 

V" a) " \a) ""ff*" a» "*" a« ' 

262. Let a be the first term, and b the common difference of the cor- 
responding Arithmetical Progression; then -=a+(«i— 1)&, — =a+(n-l)6; 1 

1 
hence we get a=h= — . Let x denote the r^ term of the h.p., then 

- =a+ (r - 1) 6 = — ; therefore x= — • 
X ^ ^ mn r 

263. Let u^ denote the n^ term; then «„= n/m,»_i Mh-i ; therefore 
log«n=2(^ogttj,_i+logiij,_,). Let logtt,»=v,»; thus i;^=2(t;^_i+v„_s). Hence, 

as in Example 196, we find that v^=v^+q (^j-^i) |i- ( - h ) ( '» *^^ ^o 
when n is large enough we have v^ differing as Uttle as we please from 
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v^ + Q (^a " ''i)* *^** ^ ^^™ — ^ — ^ • *^^^ when n is very large we may put 
log ,^ = £i^^!±Sf =iog (6«„)J, BO that «,= (Va)K 

264. Suppose that on diyiding i by a we haye a quotient jp and a 

remainder r; then h-=^'pa-\-r. Therefore r is greater than -; assume 

jp + 1 

a 1 a' XT. «' a(p + l)-6 a-r a-r, .3* 

r = ~TT+r/J **^®^ i7= "jfT — rTr~=r7 — rTv = -i: — where g, stands for 

a' 1 a" 
+ 1. In the same manner we con put r-. in the form + =75 where 

6''=6jjgj, and a" is less than a-r. Proceeding in this way we obtain the 
required form. If 6=7 and a=5 we have 5i=2, gj=3, 53=^, q^—l» 

265. Suppose that x coins of the first kind and y of the second are taken, 
then 1^^+ T^=^^^» therefore 90a! +74y= 12000; therefore 45a; +37y= 6000. 

2 (4aj — 3) 4a: - 3 

Divide by 37; thus g+y+ ^^ — ^ = 162; therefore. __ ■ must be an 

integer, say =«; thus 4a;=3+37«. Divide by 4; thus a;=9«+-j- ; therefore 

« + 3 

-J— must be an integer, say = t ; thus « = 4t - 3. Therefore a= 37< - 27 and 

y = 195 - 45<. The solutions are obtained by putting < = 1, 2, 3, or 4 ; so that 
we have a;=10, y = 150; aj=47, y=105; aj=84, y=60; a;=121, y = 15. 
The first solution gives the largest number of coins, and the smallest value 
in money; the last solution gives the smallest number of coins, and the 
largest value in money. 

266. We have 2)„=2ap„_i+2)«_a, g«=2ag'H-i + ?n-s; *^^ 

Pn _ Vn^ _ 2a (pa_i g„_a - J)n-a gn-l) 

80 that the factor 2a occurs in the numerator. This is true whether n is 
even or odd; there is however a difference between these two cases. We 
have Ji = l; hence the relation 2n=2ag„_i + 5,j_j shews in succession that 
9s ) %t $7) ••• &J^6 not divisible by 2a: on the other hand q^ — ^a^ and the same 
relation shews in succession that 341 ?6» 28» ••• ^^® divisible by 2a. Moreover 
i'n-i ?n-s""Pn-a9n-i ^^ numerically equal to unity; so that when the fraction 
is reduced to its lowest terms if » is even the numerator is 1, but if n is odd 
the numerator is 2a. 

a (1 + ?'**"^) 

267. Let n be the number of terms : we have to shew that — ^ — is 

greater than ad+f+r'+.-.-l-r*-^) ^ ^^ ^^^ n(l + r"-i) is greater than 

2 (l+r+r^+...+t*~^). Now the right-band member may be arranged into 
n pairs of the form r"*~^ + ^-*» where m takes in succession all the integral 
'values from 1 to n inclusive. And l4r*"^ is greater than r™-i + r*~^; 
for 1 +r»-i - {f^-^ + r*'*") = (1 - r"*"^) (1 - r*""*), and the two factors are both 
positive or botii negative. 
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268. It was shewn in Example 228 that one of the three a, h, e hi 
divisible by 5 ; and in a similar manner we can shew that either a or 6 most 
be divisible by 3. Now it is impossible that a and b can both be odd ; for 
then a^ 4 6' would be divisible by 2 but not by 4, whereas c^ is divisible by 4 
if e is even, and is not divisible by 2 if c is odd. Hence either a and b are 
both even, or one of the two is even and the other odd. If a and b are eve^i 
then c is even, and abc is divisible by 8. If a is odd and 6 even, then e is 
odd; let a=22>+l and c=2qi-l; then 

5«={2j+l)»-(2p + l)«=4j(2+l)-4p(p+l); 

thus &' is divisible by 8, therefore b most be' divisible by 4. Thus in this 
case ctbc is divisible by 4. Therefore in both oases dbe is divisible by 6 x 8 x 4. 
If a is a prime number great-er than 8 it cannot be divisible by 3 or by 4; so 
that b must be divisible by both 8 and by 4, and therefore divisible by 8 x 4. 

2 

269. The chance of drawing two specified numbers is =-. : hence the 

2 

expectation in shillings is — ; rr x P, where P denotes the product of the 

n (n - 1} 

first n natural numbers taken two and two together. Hence by Example 155 

., , * XI. 1 X- • viv • 2 (n-l)n(n + l)(3n+2) 

the value of the expectation in shillings is -7 — rr- x — ^. , 

'^ ^ n(n-l) 24 

thatis(!LtlI|!L±i). 

270. Let p^ denote the probability that the individual will die during ine 
r*^ year ; let q^, denote the probability that he will be alive at the end of the 
r^ year. Suppose £x the payment to be made immediately and repeated. 
Then the present value of £P to be received at the death of the individual is 

'^(^"*"^"**^'"^'" ) ' "^^ *^® present value of all the payments is 

^{^R'^M'^'^^'^'"}' *^®^® *^^ present values then must be equaL 
Moreover we have j't^^r-i'^r* observing that q^ is equivalent to 1, and 

271. Let each of the fractions = it; then I;logxs:a;(^ + s~a;)* and 
islogy=y(2+x-y); multiply the former by y, and the latter by x, and add ; 

thus yloga!+a;logy = -^; therefore y*a«'=« * . Similarly acV and y'if 
may each be shewn equal to the same. 

272. Transpose the first equation and square ; thus 

(g« + a«)fe«+6») = (x« + ft«)(y«+a«)-2 (a-H5)V(a;« + 6 »)(y«+a«) + (a4-5)^ 
therefore (ar»-y2)(a«-6«)-2(a+6)V(«" + ft*)(y' + o') + (a+ft)*=0. 
But a^-y'=(«+y)(a!-y) = (a + 6)(af-y); th e | refore dividin g by (a + 6)' and 

transposing we get {x -y){a-b) + {a + 6)'= 2 J{x'+b')(y*+a^, The left-hand 
member of the last equation s=(«-y) (a-6) + (a5+y)(a + 6) = 2(a»+y6) 
therefore aw+y6=V(«^ + 6*)(y' + a') ; square thus 2xyab^xh/* + a^b^; ihei^ 
fore {xy - ab)^ =: ; therefore xy=ab. Combine this with x+y=a+b. 
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278. Let V? denote one of the sqnare numbers, and y the corresponding 

gnotient; then a;*=7y+4; therefore y=: — =— =^- = • Thus either 

a; +2 or x-2 must be divisible by 1, so that we most haye x=:7<:is2, where t 
is an integer ; and y=7fi± it, 

274. We have p^^ = 2op„_i + p,,.,. Thus p^ +p^ + p^ + ... is a recurring 

series ; and its sum by the method of Art. 656 is ^ _q" — ^^ • Hence p^ 

is the coefficient of af*"^ in the expansion of this expression. Moreover 

Pi=(*iPi= 2o*+l ; hence the expression becomes ^ — = -3 .' Now by Art. 837 

we have 1 - 2ax - re* = - (a? - a) (as - /3) where a and (3 are the roots of the equa- 
tion x^ + 2(ix-l=0, so that a+/3=-2a. Hence the expression becomes 

^•"2^^"^^^ .w • V 1 ^ M *!.*. V i5 ^ a \ 
" i » *^at IS - ( + -T — ) , that IS - ^ ( , ^ ^ + •= ) , 

since a/3 = - 1. Hence the coefficient of a:*"^, or |)^ , is - x 03* + a") ( - 1)*"^, 
that is i{(-o)»+(-/9)*}, that is i{(a+ ,7?Ti)«+(a- ^/?+l)"}. 

Similarly q^ is the coefficient of ai"~^ in the expansion of 1 q~ I^ " » 

that is of =— j5 -, that is of - 7 r-, — ^r , that is of - — ( 5 ), 

l-iax-x^ (x-a){x-fil) p-a\x-a x- j8/ 

276. Assume 7^ — s-x«/^ v;rT=^ — 77;- +75 — ^-w?; then 
(l + 3«)«(l-10a;) l-10aj^(l 4-805)** 

l + lx-x'^A (l + 3a;)«+(Baj+(7)(l-10«). 

Since this is to be identically true we may give any value to x\ suppose 

1 7 11 fiQ 

then «=Tq ' thus 1 + Tq - Tqq = tqTv -4 , so that -4 = 1. Therefore 

l + 7aj-a!«-(l + 3«)*=(5ar+O(l-10a;), 
that is a;(l-10a;) = (JBa;+C7)(l-10x); therefore x=^Bx+C; therefore JB=1 

Hence the coefficient of o^ in the expansion is 10*« + » ( - 8)*»"'^. 

276. Assume that IS =ip+q, 80=18p+4g; hence we obtain |)=4, 
5r=2 : and these values verify 366=80p + 18g. Assume that 8=8p + 2y-|-r, 
13=8p + 3g+2r, 30=13p + 8j+8r, hence we obtain i)=0, 2=3, r=2 : and 
these values verify- 65 = 30p + 13g + Br. 
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277. L If ni=l the inequality becomes an equality. 11. If m=2 we 
have to shew that (»-l) (a*+6^+c*+...+A;*) is greater than 2(oft+oc+...+6c+...) : 
this coincides with Example li. 20. III. If m=3 we have to shew that 
(n-l)(»-2)(a3 + 6» + c* + ...+Jfc')is greater than 2. 3. («i6c + a6d + ... + 6cd+...). 
The right-hand member =2 (ai. +65 + cC?+...) where A denotes the pro- 
duct of all the letters except a, taken two together ; B denotes the product 
of all the letters except &, taken two together ; and so on. For instance, the 
term abc will occur in a^i, in bB, and incG; so that it will occur 3 times on 
the whole. Now by II. we know that 2 A is less than [n - 2) times the sum 
of the squares of all the letters except a ; so that if we denote the sum of 
the squares of all the letters by 2, we have 2 A less than Z«-- a^ : similarly 
2B is less than 2, - b^^ 2C is less than Z, - c^, and so on. Thus the right- 
hand member is less than (n - 2) {a (S, - a") + 6 (Sj - 6«) + c (Sj - c^) + . . .}, that 
is the right-hand member is less than (»-2) {2^2, -S,}, where 2^ stands for 
a + b + c+...+k, and Z^for a^ + ¥-\-c^ + . . . + }(?. And Z^S, is less than wSj 
by Example 247; therefore finally the right-hand member is less than 
(»-l) (n-2)S3. IV. Suppose m=4. This case is established by the aid 
of III. and Example 247, in the same way as III. was established by the aid 
of n. and Example 247. And so on. 

278. By Format's Theorem a*~^— 1 is a multiple of n. Now either a or 
a^~^ - 1 must be an even number, and so be a multiple of 2 ; hence since n 
is not equal to 2 we have a(a**~^ - 1) a multiple of 2n, that is a**- a is a mul- 
tiple of 2»., Therefore a^ and a must end with the same digit when ex- 
pressed in the scale whose radix is 2n, 

279. There are four hypotheses with respect to the coins to be regarded 
as equally probable before the observed event. (1) 6 shillings. (2) 4 shil- 
lings and 1 sovereign. (3) 3 shillings and 2 sovereigns. (4) 2 shiUings and 
3 sovereigns. The probability of the observed event on these hypotheses is 

6 8 1 

respectively 1> •77^ » ^ > jk» Hence after the observed event the probabili- 

10 6 *l 1 

ties of the hypotheses are respectively ^^ , 5^ , ^t^ » Sa • Now on the first 

hypothesis there are 3 shillings left in the bag, and so the value of a draw 

is 2 shillings. On the second hypothesis there are 2 shillings and 1 sove- 

2-t-2 x21 

reign left in the bag, and the value of a draw is shillings, that is 

o 
44 
-^ shillings. On the third hypothesis there are 1 shilling and 2 sovereigns 

left in the bag, and the value of a draw is ^ shillings, that is 

o 

82 

— shillings. On the last hypothesis there are 3 sovereigns left in the 

o 

bag, and the value of a draw is 40 shillings. Hence the whole value of 
another draw in shiUings is 20^"*"20^¥"*"20^'8"*'20^ * that is 

^ |l0+44+41+20| , that is ^ , that is 11}. 
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280. As in Example 246 we can shew that 

m^ ' m(m + l)^ ' m(m + l){m+2)^ ' 

_ 1 0! n(n-l) as' 

"■m + »'*"^m+w-l"*' 1.2 (ot + « -2) "*'••• 

Change the sign of Xy and subtract ; thus we obtain the required result. 

281. Let ^o""^^"^ =y; then flB«-2a;-3=y(2fl5»+2ir+l); therefore 

2i»^+2ic+l ^ 

»* (2y - 1) + 205 (y + 1) + y + 3 = ; by solving this quadratic we obtain 

J5 = "^ — y ^ j^ — '— — - : hence y must lie between 1 and- 4 in order 
2y-l 

that X may be real. 

282. Square the first equation ; thus a; + y = a - 2 (ajy) 2 ; square again ; 

thus a^ + y^ = a' - 4a (ajy) ^ + 2a5y. Transpose the second equation and square ; 

thus flc^ + y2 = 6' - 25 (2scy)^+ 2a5y. Hence, by using the former result we have 

1 1 10? — }^ 

a«-4a(icy)^+2fl:y=62-26(2ajy)7+2ajy; therefore (a?y)8 = ^^_^^ . Square 

the first equation, and subtract four times the last; thus (a;7-y^) 

=«- . or L —-7i 1 ;» » Smce oes+ys and a;3_y? are thus known 

4a-2ov2 2a-6v2 

we can find ^ and y^, and thence x and y. 

283. We have ^ =- , 2s — — — - ; and so on : thus we shall find that if 

g'l a jj 00+ 1 

n is even i>»=6pn-i+i>n-a» ^^^ *^^* ^^ ** ^® °^^ i'n^^i'n-i+l'n-a' Suppose 
neven; thenp^=5i),»_i+i?„_s, i>„+i=«^i^n+i'n-i» i'ivf4=*i>«+i+i'n; tl^^ from 

the first of these equations jj^_i = ^** ~/""' » therefore Pw+i = «Pn + ^** "a'*^"^ » 

therefore l>„+s=a5p«+;),»-p«_8+l)^; that is ;)„+2 = (a5 + 2);)„-p^_j. And 
we shall find that this relation also holds when n is odd. Thus we see that 
jPi+jP2»+P3a^ + ... is a remrring series; and its sum by the method of 

Art. 656 IS ■ i_(,^ + 2)ar»+x* ' ^^"^""^ ^^ *' 

the coefficient of x^'"^ in the expansion of this expression. Moreover 

Pi=l, P2=h, p^=ab+lf p^=ab^+2b; hence the expression becomes 
1 + hx-x^ 

l-{ab-\-2)x^ + a^' 

Similarly we proceed with respect to g„, observing that 2'i=a, g'2=:a5+ 1, 
jg = a^h + ^a, J4 = a'^6'^ + 3a6 + 1. 
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284. - }t^.':': ^ =- il'^^lf x ; assume that this 

„4|±^ + ^i^; then l+to-«»=(il»+^)(a?-M) + (CSB+i>)(a^-X). 
or — A ar — ft 

As this is to be identically tme we may eqoate the coefficients of the 
Tarioos powers of x ; thus 

0-A + C, -l=J5+2), 6=--i/t-C?X, 1=»-J!ft-JDX; 
therefore ^=.— , 5=.— , C7=-c-^, 2)=-.^"'' 



Thus 



X-M* X-/i' X-m' X-A* 



1 (X6a;+X(l-*t) /ite+/:A(l-X)) . ^ , 



X-/t( 1-Xjb^ l-fuc* 

Hence the coefficient of a5**~^=- (X*-/**); and the coefficient of «•* 

X — /4^ 

= ^ |x"+Ml-A*)-A**^Ml-X)| =5~- |x«+i-/a«+i.x«+/i*|. Theformer 
coefficient ^p^, and the latter =jPm^x by Example 283. 

In like manner we find that 

fl + (a6 + l)ag-ac» _ 1 ( aX+(X-l)Xa; an+(ji-\)ttx ) 
l-(a6 + 2)a>"+a5*~X-fi ( 1-X«» " l-;4ie« )' 

Hence the coefficient of «^-«=^ (X* -/**) ; and the coefficient of a!i**~* 

A "~ yit 

SB- — |x*(X-l)-/4?»^-l)|. The former coefficient =;,^p and the latter 

^9sn ^7 Example 283. 

285. Let X denote the digit in the tens' place of the second number, and 
y the digit in the nnits' place ; then the second number is 10z+y> The first 
number =xy and also s=2(10as+y)-100. Therefore a^=2(10a;+y)-100; 

thus X (20 - y)= 100- 2y, therefore ag= ^^" ^ -^^-^ • Therefore 20 -y 

^ "' " 20-y 20-y ' 

must be a divisor of 60 ; and neither x nor y can be greater than 9 ; hence 

we shall obtain as the only admissible solution 20-y=12, so that y=8 and 

0=7. Thus the numbers are 66 and 78. 

286. Let x^ denote the probability that a person of the given age will be 
alive at the end of r years ; then x^ is the probability that the m persons of 
the given age will be alive at the end of r years: therefore if ^ be the 

(j» 1* Xm^ ST " \ 

"V + -^ + -|r+ ••• J • ^^^ 1 -av is the pro- 
bability that a person of the given age will be dead at the end of r years ; 
therefore (1 - x,.)** is the probability that the n persons will all be dead at the 
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end of r years ; and therefore 1 - (1 - a;^)** is the probability that they will not 
all be dead. Hence the value of the annuity to continue as long as there is 
a suryivor out of the n persons is 

( l-(l-gi)« \-(X-x^ . i-Ci-ag" . ) 

Expand the binomials; thus we get a set of terms of which the general 
form is -(-l)r5'i(!L:l)::j^zr±ij^+^'+^ + ...j. and from what 

has been shewn above this is - ( - Vf , ^ -^r • 

[r 

'287. If «, y, s are all equal the expression yanishes ; if two of them are 
equal the expression is obviously positive ; if they are all unequal let y be 
that which is algebraically intermediate between the other two. Let 
&s=(d+c)'-X, so that X is necessarily positive. Substitute for 6' and the 
expression becomes {a (y - aj) + c (y - z))*- A (y - a:) (y - 2) : this is positive since 
y-sB and y-z are of different signs. 

288. Every number is of one of the forms 5n, ^n^^l, 6n:k2. Now 
the square of 5n is 25n'; the square of 5n±l is of the form 5p+l; the 
square of 5nds2 is of the form 6g+4, that is of the form 6(g+l)-l. 
Hence every square number is of one of the forms 5m, 5m + 1, 5m - 1. 

Nown"-n=n(»*-l)=n(n-l)(n+l)(w*+l). The prodnct (»-l)n(n+l) 
is divisible by 18. If neither n- 1, nor », norn+1 is divisible by 5, then 
n is of the form 5m + 2 or 5m- 2; and then n*+l is divisible by 5. If n 
be odd then n-l, n+1, and n^+ 1 are all oven; and either n-l or n+lis 
divisible by 4 : thus (» - 1) (n + 1) (n» + 1) is divisible by 2 x 4 x 2, ,that is by 
16. Hence n(»-l)(n+l)(n3+l) is divisible by 16 x 3 x 5, that is by 240. 

289. There are n hypotheses which are to be regarded as equally proba- 
ble before the observed event ; namely that all the balls are black, that all 
but one are black, that all but two are black, and so on. The probability of 
the observed event on these hypotheses is respectively 



'. C-i-T. (¥)■• ■■■ ©•• 



Hence after the observed event the probabilities of the hypotheses are re- 
spectively -^ , ^ " , ^ — ^— , ... -=• , where 8 stands for 

n«+(n-l)«+(n-2)H... + l», that is for !^Min?!l±l). 

The probability that a third draw will give a black ball is 

n« . (»-!)« n-1 (n-2)« n-2 1> X ^, ^ . 

•^xl + ^ -, ' X + ^ — 5-^ X + +-« X-, that is 

a 8 n S n 8 n 

^j»» + („-l).+(„-2).-H...+l.j. th.ti»i|?tMf. thatis£±|. 
T. K. R 
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1 n^ 

290. Put «= - , thus we get — . Now, by Art. 642, 

y tr 

It is obvioas that by taking n large enough t^ can be made greater than any 

assigned multiple of nP. In fact if r be greater than p the single term 

(log w)**w*' " fiP 

^~^ — - can be made greater than any assigned multiple of nP. Thus -- 

is imefinitely small when n is indefinitely large. 

291. We have x=z — -j ; therefore l+x?=2a5"; therefore l-oc^-o^ (l-fl;)=0. 
Dividing by 1 - « we get 1 +« - a»=0 ; and by solving this quatdratio we have 
«== — ^^. Again y'=f-^; . therefore l+y'=2y; therefore 
l-y-y{l-y') = 0. Dividing by 1-y we get l-y(l+y)=0; and solving 
this quadratic we have y= — ^^ . Since x+y ia not to be zero we must 
take the upper sign for both x and y or the lower sign for both. Hence 

_y8= s-^» y= o"^» *=—- «r^» ^= — o • *^^ *^®^® four terms 

are in Arithmetical Progression, the common difference being 1. The sum 
of the four terms is ±2 \/5 ; and it will be found that s^ +y^ a2so= :i:2 V^. 

292. Proceed as in Art 478. 

Let »=lV+3V + 6V»+... + (2n-l)«r*; then 

«r= lV + 3V+... + (2n-3)«»« + (2n-l)V-+i; 

therefore by subtraction 

«(l-r)=r+8r{r+2r» + 3r»+... + {»-l)*^M-(2n-l)VH-M 
Then, by Example zzxi. 18 we have < (1 - r) 

and it will be found that this reduces to 

^j-i-Tj fr (1+ 6r4.r«) -{(2n- 1) (1 -r) + 2}*r"+i - 4r«+»J. 



298. Here'^ = (|±J)V=(l+2A\V, thUoanbe 
ir to r as we please by taking n large enough : thus if r is lesf 



brought as 



near to r as we please by taking n large enough : thus if r is less than unity 
the series is convergent by Art. 559. Now when n is made indefinitely great 
f*+* is indefinitely small; and so is {(2»-l)(r-l)+2Pf»+^ as we see by 
Example 290. Hence the sum of the series continued to infinity is 
r(l + 6r+r^) 
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294. If y/1 is conyerted into a continned fraction the quotients are 

2, 1, 1, 1, 4, 1, 1, 1, 4, ... ; the first two oonyergents preceding those formed with 

8 127 

the quotient 4 are ^ and -^ . Thus x=% and y=8 is one solution; and 

a; =127, and y=48 is another. 

295. Since the first quotient is 6 we have iV=25+a^ where x is either 
1 or 2 ; for since the second quotient is 5 we have \/N less than 5+?, and 





therefore 2^1ess than 27+oV. Thus^/26+a;=6+^/26+a;-6=5 + 



X 



26* "^ ^ A^^5+flB+6* 

Then ^ =5+ a proper fraction, by supposition. If we put for x 

in succession 1 and 2, we find that the greatest integer in ^ is 

X 

respectiyely 10 and 5 : thus x=s2 is the only admissible yalue, aud N—21, 

Qi? 4* 2a^ 

296. We have to shew that if oj is positive is greater than 

X 

: now it will be found that — ^^—- ' ^ — ^, which is 

a XX 

necessarily positive : this establishes the theorem. 

297. Suppose the steamer to move at the rate of v miles per hour : then 

2000 
the voyage lasts hours. The number of tons of coal consumed in an 

hour is Av^y where A is some constant; but when «= 15 the amount is 1*6 

1 t;* 

tons : therefore .4 (15)5= 1-5, so that A =2250 * ^®^^ 2250 *^^^ ^* ^^ ^^ 

iQmS 

consumed per hour; and the cost of these in shillings is onrQ* Therefore 
the whole cost for the voyage is (2250"*'^^) ^^'^"^^8S| that is 

16 [!>*+ j . By Example 296 the least cost is when «8-iooo, that is 

when v=10, and it is 4800 shillings. 

298. Since the number is odd and has an even digit in the tens* place it 
will be of the form 20p+9, where p is some integer, and q stands for 1, 8, 5, 
7, or 9. If this be raised to the power n the result consists of g**+ a multi- 
pie of 20. Thus the digit in the tens' place will be even provided the digit 
in the tens' place of ^ is even ; and this is known to be the case : see 
Example 218. 

299. The sum of the coefficients of the even powers of a; in the expansion 
of (x+x'+a^)* gives the number of cases in which the sum of the numbers 
drawn is even; and a similar result is true for the odd powers of x. Now 
(x+x«+xS)*=(x+x3)*+4x2(x+x8)8+6x*(x+x?)2+4a^(x+x3)+x8. Hence the 
sum of the even coefficients is (1 + 1)^ + 6 (1 + 1)' + 1, that is 41 ; and the sum 
of the odd coefficients is 4 (1 + 1)H 4 (1 + 1), that is 40. 
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800. ThiB may be demonBtrated by indnotioiu We can easily yenfy 

that it holds when n=l, or when n==2. Let & denote the value of the can* 

tinned fraction when n components are used. Then, by Art. 781, we have 
2 

isii xs ««i—HM«iwaM . We shall now shew that we may always take 

111 (-1)"+^ 

2^=«+l andi»^«(n+l)flf^ whew 5, denotes jTg - 273 '*'87i" •• ■*'^0»+l) ' 
For assume that these relations hold np to p^ and g* inolnsiye ; then 

p^ aSL+n^,, ^n^^'i'^- njn-,!)] (-1)^ 

2,H-i"" 2+n 11+2 '^^(n + l)(»+2)""^"+^^' 

Henoe we may take i>ii-fi=^(*+2)^wfi '^ AWfi^^^+^i <*<> ^^^ ^® '®^' 
tions which hold up to p« and a,, hold also men n is changed into n + 1. 
Thus they hold nniyersally. And 

=».l+2Jl-| + i-J+...|; 
thos when n is infinite we have ^=2 log 2 - 1. 



THE EKD. 
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